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PREFACE 





The birth of Stellar Djaainios may quite fairly be associated with Kapteyn’s 
discovery of star-streaming in 1904; within the short space of a third of 
a century the subject has grown to such dimensions as to constitute one 
of the most important departments of theoretical and observational 
astronomy. Hard on the heels of Kapteyn’s disoovery^oame the mathe- 
matical researches of Eddington on the two-drifts theory of stellar motions 
and of Schwarzschild on the alternative ellipsoidfd hypothesis; in each case 
the theory was submitted to as stringent a teat as the rather Umlted 
observational material available at the time permitted. With the recent 
rapid increase in the number of aocmrate proper motions and radial 
velocities, this kinematical part of the subject has steadily expanded and, 
so far as one can predict, it will form the basis of many extensive observa- 
tional programmes in the years to come. 

The region of d3mamicB is definitely entered with the researches of Jeans 
and Eddington on stellar systems, almost a quarter of a century ago. 
Further development only became possible with the increase of accurate 
observations and in 1920 the subject received a Irosh impetus when Oort 
published his first mvestigation on galactic rotation. 

Such, in brief, are the main stages in the history of Stellar Dynamics. 

Tliis book is an attempt to x>vesont the subject in its full mathematical 
and observational development. After an introductory chapter, in which 
the correction of observational statistics is given a place, the mathematical 
theory of a single star-drift is described in Chapter n with considerable 
detail. The following chapter discusses the problem of the soleu: motion in 
many of its aspects, historical, theoretical and practical. Chapter iv is 
devoted to the theory of the two star-streams, with its mathematical 
foundations resting on the theorems of the second chapter. Chajiter v deals 
in detail with Schworzschild’s BlIi[)soicIal hypothesis ; in both Chapters rv 
and v si)ecial emphasis has been laid on the practical ax)plioations of the 
several tlioorotioal methods described. 

Cliaptor VT is devoted to a rlisoiission of the various methods of deriving 
statistical parallaxes of the stars from a knowledge of their proper motions, 
with due consideration of their distribution in the sky. The information 
supplied in this way is of great value; in particular, the scale of tlie dis- 
tances of the globular clusters depends largely at present on the application 
of the statistical method to the Cophoids. In the succeeding chapter 
Dyson’s formula for the distribution of the stars is made the basis of an 
investigation dealing with proper motions; results involving the two- 
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Btreeons theoiy and th.e ellipsoidal theoty aie given in some detail. Qeneral 
theoiems on stellaf statistios aro brought together in Chapter vm. Although 
much of the theoretioal work desoribed was published a quarter of a 
century ago, praotioal applications have been comparatively few owing, 
in the maia, to the general paucity of observational material. Chapter ix 
deals with moving, open and ^obular dusters with sections on the galactic 
absorbing doud. 

Chapter x conl^pins the fundamental work of Jeans and Eddington on 
the Dynamics of Stdlar Systems, and Chapter zi deals with Qalaotio 
Dotation, to a great extent, from the observational standpoint. The final 
chapter on the Dynamics of the Galaxy incorporates several recent re- 
searches on different aspects of galactic phenomena. 

Although I have consulted a very considerable number of memoirs, it 
has been impossible to treat, within the compass of a single volume of 
reasonable dimensions, all the various view-points of the subject. Another 
author would, almost certainly, have proceeded on somewhat different 
lines, but 1 hope that the systematic account of Stellar Dynamics given in 
the book will form the foundation on which the reader can build a more 
complete structure. 

There remains the pleasurable duty of thanking several astronomers for 
valuable assistance. To Sir Arthur Eddington, O.M., I am specially in- 
debted, first, for my introduction to the study of steUar motions while I 
served under him at Cambridge and, second, for helpful and illuminating 
discussions on practically every department of the subject. Dr Alan 
Fletcher has read the manuscript with the utmost care and patience ; in 
detecting errors and removing obscurities and ambiguities his assistance 
has been invaluable and I am very gratefifi to him for all the time and 
labour he has so ungrudgingly devoted to a long and tedious task. I am 
also deeply obliged to Dr S. Chandrasekhar for his careful reading of the 
proofs. Finally, it is a pleasure to express my thanks again to the Officials 
and Staff of the University Press for their attention and care while the 
book was assuming its final shape. 


-DNIVBIBaiXV OBSBBVAXOBY 
OI.ASQOW, W.2 
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CHAPTER I 


INTRODUCTION 

1*1 . Chnerdl description of the galactic system. 

The astaronomioal ohjeots visible in a telescope — ^with the exception of 
those recognised as members of the solar system — ^may be broadly classified 
as follows: stars, open star dusters, diffuse nebulae, planetary nebulae, 
globular dusters, spiral and other extra-galaotio nebulae. The assembly of 
stars is generally referred to as the galactic system, and within its bounds 
are to be foimd the objects mentioned above with the exception of the 
globular dusters and the spiral and extra-galactic nebulae. The spiral 
nebulae are now bdieved to be independent galaxies, comparable in size 
with the galactio system and separated from each other by distances many 
times greater than their diameters. The globular dusters, of which about 
one hundred are known, are believed to form a spherical system concentric 
with the galactic system. 

Modem research has established that the galactic system has the spatial 
characteristics of an oblate spheroid. The median plane defines the 
galactic equator (the coordinates of its north pole are; it.A. 100°, declination 
-I- 28°) and in its immediate neighbourhood are to bo found the great star- 
clouds forming the Milky Way. The star-density — ^that is, the number of 
stars per unit volume of space — ^is greatest in the galactic equator and 
decreases rapidly towards the galactic poles. The galactio equatorial plane 
is thus a plane of maximum stellar concentration and a plane of maximum 
extension. The sun’s position in the galaxy is not known with any great 
accuracy; however, it is believed to be a little on the north side of the 
galactic equator and distant about ten thousand parsecs from the centre of 
the system. The excentrio position of the sun may be qualitatively inferred 
from the observed positions of the globular clusters in the sky, if it be 
assumed that these have a more or less symmetrical distribution with 
respect to the galaxy as a whole; nearly all the globular clusters are to be 
found in one hemisphere of the sky, with almost equal numbers on either 
side of the galactic equator. The direction of the centre of the system of 
globular clusters is in the constellation of Sagittarius* and it is significant 
that here the Milky Way douds are densest, from which the inference is 
drawn that the centre of the galactio system is also in the direction of 

* The position givem Shaptoy, Star Ohuten, 22, 1030, Is; s.a. 17» OS’*, dec. -20”, voty (dose 

to the point oonunon to SagittariiUp Ophlnohiis and Sooirpio. 

BSD X 
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Sagittarius. InTestigationB based on oonnts of stats also fortify this oon- 
\oltisiou, but perhaps the most stiikiDg oonfiimation is derived from oon- 
sideratiaDS based on the idea that the galaotio system is in a state of 
rotation. In several instanoes the rotation of extra-galaotio nebulae has 
actually been observed speotrosoopioally and it is not unreasonable to 
assume that our own galaotio system has wTnilaT dynamioal dharaoteristdos. 
The hypothesis has been put to the test within the last deoade and various 
investigationa have oonfinned the rotation about a distant centre whose 
direction is ahnost exactly that foreshadowed by the distribution of 
^bular dusters. The use of the expression “galaotio rotation’’ is somewhat 
misleading — ^the underlying idea is that of the orbital motion of the in- 
dividual stars about a distant centre of attraction analogous to the orbital 
revolution of the [Janets around the sun. As we shall see later, it is also 
possible from the appropriate observational materM to make an estimate 
of the sun’s distance from the galactic centre and of the gravitational mass 
responsible for the orbital motions of the stars. 

There is some evidence that the stars in the neighbourhood of the sun 
form a loose duster — ^known as the local duster — with characteristios of 
distribution somewhat different from those of the galaotio system as a 
whole. For example, the bright stars of spectral dass B have a plane of 
concentration inclined at about 12° to the galaotio equator; on the other 
hand, the faint B-type stars, which are presumably at much greater 
distances, are situated symmetrically with respect to the Milky Way and 
thus conform to the general galaotio distribution. 

The greater part of the succeeding pages will be devoted to studying the 
motions and spatial distribution of the galaotio stars; we shall omit detstiled 
oonsideratLon of the recessional velodties of the spiral nebulae. 


1'21. SpectrcU types of the stars. 

From oonsiderationB of the characteristics of their spectra, the stars are 
arranged by astrophysicists in the following main spectral classes: 

0, B, A, F, G, K, M, 

with the further decimal subdivision of each class, e.g. AO, Al, ..., AO. The 
sequence is a continuous one; in partioular it is a sequence of decreasing 
effective temperature. In this work we shall not be concerned with the 
physical foundations of spectral dasaifioation; it is suffident for our purpose 
to accept this system of dassification so that stars of very gimilar physical 
characteristics may be considered together, as a group, in rdation to 
partioular problems of stellar distribution and of stellar motioTifl in the 
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galaotio system. We add for lefereuoe* Table 1, in whioh are giren the 
oolours and the approximate effeotive temperatures of stars of different 
spectral types. 

Table 1. Odlovra and effective temperaturee according to spectral class 


Spectral 

class 

Odour 

Effeotive temperature 

Giants 

Main series 

0 

Blue 



BO 

Blue 



AO 

Bluish-white 


11,200 

PO 

White 


7,400 

GO 

YeUow 


6,000 

KO 

Orange 


5,100 

MO 

Red 

8060 

8,400 


1'22. SteUar magnitudes. 

Hipparchus, more than two thousand years ago, was the first to classify 
the st6us, visible to the na>ked eye, according to apparent brightness. The 
twenty brightest stars were designated stars of the first magnitude, and 
stars just visible to the naked eye of the sixth magnitude, stars of inter- 
mediate brightness being assigned to intermediate magnitude classes. The 
accurate classification, according to brightness, of the myriads of stars 
visible even in a telescope of moderate aperture evidently requires to be 
based on precise principles, and magnitude has now come to mean a num- 
ber, on a certain scale, associated with the brightness of a star. If and 
m, denote the magnitudes of two stats on this scale and li and their 
apparent brightness or luminosity, the difference of magnitude is 

defined by the formula r 

n 


.( 1 ) 


A difference of five magnitudes thus corresponds to a ratio of 100 : 1 in 
brightness and a difference of one magnitude to a ratio of 2'612 ; 1. The 
zero of the magnitude scale is chosen arbitrarily. On the visual magnitude 
scale adopted in practice the magnitude 1-0 corresponds very closely to the 
mean brightness of the two nearly equally bright stars Altair and Alde- 
baran. The various magnitude systems will be briefly noticed. 


(a) Visiidl magnitudes. 

These are determined from observations made by the eye directly. The 
instrument used, called a photometer, is generally one of two types. In 
one type the brightness of a particular star is compared with that of a 

* RqiboU, Dugftn and Stowart, Astronomy, 784, 1927. More reoemt and detailed informatioii 
ie giyon by G. P. Kuiper, Ap. J. 86, 180, 1037. 
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Bbaadaixl Btaor Buoh as Polaris, while in the other tyx>e on ariafioial sooioe 
of li^t is the standard by which comparisons are efifeoted. 

(6) PlMk>graphk magnikidea. 

If a photograph is taken of a field of stars, the bii^test stars will, as a 
role, give rise to the largest images or, if the plate is placed outside the 
focus of the objeotiye, to the images of greatest density. Thus measures of 
the diameters of the imetges or, in the second case, of the density or degree 
of blackening of the extra-focal images, famish a method of comparison 
of brightness so far as actinic effect is concerned. As the ordinary photo- 
graphic plate is more sensitiTe to blue light than to yellow or red light, a 
blue star will form a larger image on the plate than a yellow star of the 
same visual magnitude and will consequently have the smaller magnitude 
on the photographic scale. The zero of the photographic magnitude scale 
is adjusted in such a way that, for a star of spectral type AO, the photo- 
graphic magnitude is defined to be the some as the visual magnitude. 

(c) Photovutud magnUiudea. 

These are essentially equivalent to visual magnitudes but ore determined 
photographically by allowing only the light to which the eye is most 
sensitive to fall on a special kind of photographic plate which in this 
instance is sensitive to the some range of radiations as the eye. This is 
achieved by placing a yellow filter in front of the photographic j>latq. 

(d) PTufto-eleetric magniiudea. 

These are measured by means of a photometric apparatus embodying a 
photo-electric odl. The relation between photo-electric magnitudes and, 
say, photographic magnitudes is dependent on the particular kind of cell 
in use. Very great accuracy can be attained by a photometer of this type 
and the instrument is employed mainly in the detection and measurement 
of the light changes in variable stars. 

(e) BoUmelno magwtudea. 

Visual, photographic and photo-eleotrio magnitudes are concerned with 
different sections of a star’s total rsKliation ; in the case of visual mebgnitudes, 
for example, it is the section of the spectrum to which the eye is sensitive. 
Magnitudes based on the total radiation of the stars ore called bolometrio 
magnitudes. So far, very few direct detenninationB have been made, but 
it is possible to calculate bolometrio magnitudes fairly accurately from the 
'visual magnitudes when the effective temperatures are known. 

The difference between the photographic magnitude and the visual 
or photovisual magnitude of a star, in the sense ntp— m,, is called the 
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colour mdex. The ralues* of the colour index (o.l.) for different Bpeotral 
dlasBee ore shown in Table 2. 


Table 2*. Colour indicee 


Spectral 

olaes 

C.I. 

Spectral 

class 

OJ. 

Qiants 

Dwarfs 


-0“-33 

00 

+0“*e7 


B6 

-0-18 

Q6 

+ 0"98 



0*00 

EO 

+ M2 


A6 

+ 0-20 . 

E5 

+ 1-67 



+ 0-83 

MO 

+ 1-78 


F6 

+ 0-47 





From type GO onwards in the table the stars are divided into “giants ” and 
“dwarfs”, that is, stars of high intrinsio luminosity and stars of low 
intriosio luminosily. In investigations involving large numbers of faint 
stars for which a rough separation into spectral dasses is r^arded as 
important, the colour indices can be readily determined photographically 
and the corresponding spectral classes inferred within fairly narrow limits. 


1*23. 8tdiar parallaxes. 

To Bessel, in 1838, belongs the distmction of the first positive deter' 
mination of the distance of a star (61 Qygni) and within a few months 
Henderson and Struve announced successful parallax measurements of 
a Centauri and Vega respectively. As the earth moves in its orbit around the 
sun, the direction of a near star, as viewed against the background of the 
very faint and, presumably, very distant stars, alters by a nodnute amount 
which depends, amongst other things, on the distance d of the star and on 
the radius a of the ecuth's orbit (which in this connection may be assumed 
oircular). The angle of parallax, p, is defined by sinp = ajd or, expressing 
p in seconds of aro, a 




since the angle of parallax is at most an extremely minute quantity — ^for 
the nearest star it is 0*-76. The angular displacement of the parallax star, 
due to a change in the earth’s position in its orbit, is a function of pi 
hence if the displacement can be measured, the value of p can be obtained. 
A parallax determined according to these principles is called a trigona- 
metrical parallax. At the present time, such parallaxes are obtained photo- 
graphically; generally, at least a score of plates with two or three exposures 
per plate are necessary for a reasonably accurate determination of the 


* BuimU, Bugon and Stewart, Asinmomif, 784, 1927. Soo also a paper by ICiBS Payne in 
Harvard Awtah, 89, No. 6, 1935. 
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parallax of a aingle star and even than the probable error of the result is 
usually estiiiaated to be about ± O'-OIO. The normal praotioe is to measure 
the parallax displaoement -with reference to stars of the tenth to the 
twdfbh magnitude. The resulting parallax is, accordingly, a rdative 
parallax, for the funt comparison stars are also displaced by amounts 
depending on their pcaallaxes which are generally of the order of O'-OOS. 
The determination of the absolute parallax of the star thus involves the 
determination of the paraUaxes of faint stars which are too distant for 
the application of the trigonometrical method. The necessary information 
relating to the faint stars is obtained by statistical methods depending 
on principles to be considered in detail later. 

The unit of stellar distance in general use is the parsec which is defined 
to be the distance oorret^onding to an angle of paraUax equal to 1'. Thus, 
from (1), 

1 parsec s a ooseo 1' 206,265 astronomical units 

or, siuoe 

1 astronomical unit = 149*5 x 10* km., 

1 parsec = 30*84 x 10^* km. or 19*16 x 10^* miles. 

The distance of a star of parallax p is evidently 1/p parsecs, where p is 
expressed in seconds of arc. 

The light-year is another unit of distance generally encountered in 
popular writings; it is the distance traversed by light in the course of a 
year. As the velocity of light in vaouo is 299,800 km./aec., 

1 light-year = 9*46 x 10^* km. or 5*88 x 10“ miles. 

We have also the relation, easily derived from the previous data, 

1 parsec = 3*26 light-years. 

1 * 24 . Abaaiute rnagnitudes. 

Assuming that there is no absorption of light in interstellar space, the 
apparent brightness of a star as viewed in the sky depends on the intrinsic 
luminosity of the star and on its distknce from us. If all the stars were at 
the same distance, a knowledge of their apparent magnitudes would, by 
formula (1) of section 1*22, enable us to compare their relative luminosities. 
When the distances of several stars are known, we can calculate the 
magnitudes they would be observed to have if they were situated at the 
same distance from the sun. The apparent brightness, I, of a star at a 
distance d varies as 1/d*. Hence, if L denotes its brightness if it were at a 
distance D, g% 

T“5* 


( 1 ) 
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or, if 2^ and P are the parallaxes ooiiesponding to d and D, 

L ^ 

I “ 


( 2 ) 


Denote by m and M the apparent magnitudes, say on the visual scale, 
ootresponding to the brightnesses I and L. Then we have 


P* 

£_ „ ioo-46«-J*) 

or, on taldng logarithms,* 

M—m = SLogp— SLogP. 

For the comparison of the intrinsio luminosities of the stars, the value of P 
adopted in practice is 0'*1 (corresponding to a distance of 10 parsecs) and 
the magnitude M is then called the abaohUe magnitude. It is given, by the 
preceding formula, in terms of the apparent magnitude m and the parallax 
P^7 if a m+6 + 5Logp. (8) 

It is sometimes found convenient to express the intrinsio luminosity of 
a star in terms of the sun’s luminosity as the unit. It has been calculated 
that on the visual scale the sun’s apparent magnitudef is — 26°>'72; this 
of course corresponds to its geocentric distance of 1 astronomical unit or 
sin 1* parsecs, ^tting p = 206,266 in (3), we find that the sun’s absolute 
magnitude is + 4>°'85. If L is now taken to mean the luminosity of a star 
of absolute magnitude M, in terms of the sun’s luminosity as the unit, 
we have LogD = 0-4(4-86-if). (4) 

from which the luminosity of the star can be easily calculated provided its 
absolute magnitude is known. 

It is found that the stars vary greatly in absolute magnitude; at one end 
of the scale are stars of absolute magnitude —6 and at the other end are 
stars of absolute magnitude +16, the corresponding luminosities being of 
the order of 10* and 10~* respectively times the sun’s luminosity. The very 
luminous stars are the giants and the feebly luminous stars are the dwarfs. 
There is no precise line of demarcation between giants and dwarfs, but as a 
rough working rule it may be assumed that stars with absolute magnitudes 
algebraically less than +2 are giants and that stars with absolute magni- 
tudes greater than + 2 are dwarfs. The sun is, accordingly, a dwarf star, its 
spectral tyjTC being GO. 

Within recent years, various small differences in the spectra of giant and 
dwarf stars of the same spectral types have been detected, notably the 
differences in the relative intensities of several absorption lines. For stars 


* The logarithm of a quantity x to base 10 will be denoted 1^ Log x and to base e by log <*■ 
f H. Spenoer Jones, OmertU Aairmomy, 806, 1084. 
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of known distanoe, these differenoes exhibit a definite ooirelatiou with 
absolute magnitude. Thus, for a star suffidently bright for speotrosoopio 
observation, the absolute magnitude may be inferred, and, farther, its 
pA.Tn.llA.T oan then be oaloulated by means of (3). Parallaxes determined in 
t.biH iray are called spectroacopie parc^Utxes. 

1*31. Proper moUona. 

In 1718 it was noticed by Halley that the positions of three bright stars 
— Sirius, Aroturus and Aldebarem — ^were appreciably different from the 
positions as recorded in the catalogue of Hipparchus, compiled more than 
eighteen centuries before, due allowanoe being made for the effects of 
precession on the coordinates of the stars during the interval. This could 
only be interpreted as due to the individual motion of the three stars at right 
ATiglftg to the line of sight against the otherwise apparently unchanging 
background of the stars. Since Hedley’s time precise observations have 
shown that every star examined is in motion and the conception of a fixed 
stellar background must, in theory at least, be abandoned. However, we 
oan retain the idea of a fixed stellar background in practice if we have in 
TTimd the stars, say, of the twentieth magnitude which are, in the main, so 
distant that linear cross-velooities of the ordinary stellar sizse would be 
insuffioient to change the directions of the stars by an observable amount 
even after the lapse of a century. The rate of change of direction which we 
are oonsidering here is called proper motion and is usually measured in 
seconds of arc per annum. 

Proper motions of the bright stars are derived firam meridian-oirdle 
observations covering an interval of at least 60 years in general. If ec^, 
are the coordinates of a star observed at time and referred to the mean 
equator atkI equinox for the beginning of the year of observation, and if 
Of, Si are the coordinates at time and referred to the same mean equator 
ATid equinox as in the first observation, the coordinates of the star have 
altered in years at the yearly rates of (aj-ai)/(^a-*i) 

(Si—8i)l{ti—tj) in right ascension and dedUnation respectively. These 
quantitieB are the proper motions of the star in right ascension and declina- 
tion respectively and they are generally denoted by /t, and /tf respectively. 
It is to be understood that all the correotions customary in meridian- 
ourole work have been applied. In particular, the coordinates and dg are 
obtained after the removal of the effects of precession for the appropriate 
number of years; consequently, an error in the constants of precession is 
refieoted in the deduced proper motions. The possibility that such an error 
exists is taken account of in certain statistical investigations involving 
proper motions (for example, see section 3*32). 
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The pioper motions of the &int stars are detennined most easily by 
photography and considerable progress in extending our knowledge the 
motions of stars as faint as the fifteenth magnitude has been made in recent 
years in representative areas of the sky. In 1906 Eapteyn put forward his 
Plan of Sdected Areaa and, as one part of the Plan, several observatories 
have measured, or are measuring, the proper motions of stars in the areas 
accessible to their telescopes. The selected areas, 206 in nnmber, are centred 
on the parallels of declination 0°, ±16®, ±80®, ±46®, ±60®, ±76® together 
with two polar areas. There are, in addition, 46 “special areas” to deal with 
representative or special features of the Mil^ Way. Parallax jfiates oan 
also be used for the purpose of obtaining proper motions; in securing them 
the utmost precautions are taken as regards both menhanioal and obser- 
vational conditions, and the proper motions derived firom the comparison of 
such plates with others taken after a suitable interval (usually 10 to 20 
years) are generally of a high order of accuracy. The method now widely 
adopted is to photograph the parallax field at the second epoch throu^ the 
glass; that is to say, the plate is placed in the telescope with its film-side 
away from the incident beam which, accordingly, has to pass throng the 
plate glass before affecting the emulsion. This procedure enables the two 
plates — ^the parallaz plate and the reversed plate — ^to be placed film to film 
so that corresponding images can be made to overlap approximately. 
Actually the plates are given a small relative displacement with the result 
that each star is represented by a pair of images resembling a double star. 
The displacement of one image from its companion is measured in directions 
parallel to the equator and to the meridian corresponding to the equatorial 
coordinates of the centre of the plate. A number of stars distributed over 
the region are used as comparison stars and the reduction of the measures 
for aU the stars leads to proper motions relative to the mean motion of the 
comparison stars. If the proper motion of one star has been obtained from 
meridian-drole observations, the correction to be applied to the relative 
proper motions to convert them into absolute proper motions (that is, 
according to the system of meridism proper motions) is at once obtained. 
Actually, owing to the errors inherent in the observations of both meridian 
and relative proper motions, it would be necessary in practice to have 
several stars with well-determined meridian proper motions m order to 
provide the necessary accuracy for this correction. It is the exception rather 
than the rule to have a sufficient number of such stars in any photographic 
region and accordingly an indirect method of ascertaining the correction 
has to be employed; this is based on the parallaotio motions of stars of 
definite magnitude groups, for which mean parallaxes are known. The 
method will be further considered in Chapter vi. 
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If 8 and 8' axe the positioiiB of a star on the odestial sphere at the begtn- 
ning and end of a year and refexxed to the same mean equator and equinox, 
the arc iS/S' is the onmtaZtotoZpfoper motion, denoted by /(. If P is the north 
pole of the equator oonoemed, the an^e P88' is the position angle* of 8' 
'with xeq)eot to 8. Denoting it by 6, we have the formulae 

/i^ooed /itand; fig^fiooad. ( 1 ) 

In praotioal applications vre diaU always assume that fi, and Ht are 
expressed in seconds of arc. 

The linear ydooity corresponding to the total proper motion n can be 
found if the star’s parallax is known. This linear yelooity -win he referred 'to 
as the oroBS-yelooity or the tangential or trsmsyerse yelooity. If d is 'the 
distance of the star in kilometres, and T is the transyerse yelodty ex- 
pressed in kilometres per second, we haye 

/(sml 

where n is 'the number of seconds in a year; hence, by (1) of section 1*23, 



Inserting the yalues 149*6 x 10* and 31*66 x 10* for a and n respectiyely, 
we obtain » 

P = 4-74 “ 

P 

or, 'writing x s 4*74, P = — . (2) 

P 

1*32. Badial vdocitiea. 

The rate at which a star (or any other heayenly body) m approaching the 
earth or receding from it can be measured directly by the spectroscope. The 
yelooity so obtained is the component, in the line of sight, of the star’s 
spatial 'velocity; it is called 'the line-of-sight yelooity or 'the radial vitocity. 
The star’s speotrom, obtained by means of a slit-spectroscope, is photo- 
graphed and alongside the stdlar spectrum a comparison spectrum produced 
by a terrestrial source of light, such as an iron arc, is also photographed. 
As 'the wave-lengths of the iron lines are known with high accuracy, the 
wave-length of any line in the stellar iq>eotrum can be obtedned. The differ- 
ence between this wave-length and the normal laboratory wave-length of 
the element or compound oonoemed gives the displacement of the stellar 
line. According 'to the Doppler-Uzeau principle, a line of normal wave- 
length A is displaced towards the red end of the spectrum — that is, in the 
diceotion of inoreasing 'wave-length — ^by uA/c, where u is 'the velocity of 
* The position angle at the point S is zneasiiTed mtwarda firom the meridional aro dfP. 
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leoesEdon of the star with lefteenoe to the observer aad e is the velooity of 
light. If the star is approaohiog the observer, the displaoemeat of the 
stellar line is towards the violet end of the speotmm and is given nmnerioaJly 
by the formula just mentioDed. The convention as to the sign of the radial 
velooity is that a velooity of recession is positive and a velooity of approach 
is negative. 

The important point about such spectroscopic observationB is that the 
radial velocity of a star is determined directly in Mtometces per second. 

The velocities so measured are rdative to the observer. They are affected 
by two variable factors, one the component in the line of sight of the 
observer’s linear vdooity due to the earth’s diurnal motion, and the other a 
Himilar component due to the earth’s orbital motion around the sun. These 
components are easily calculated and when they ate removed from the 
star’s observed radial velooity, the radial velocity relative to the mm is 
obtained. It is in this latter sense that the term “radial velociiy ” will be 
employed in succeeding pages. 

A few stars have radial velocities of two, three or four hundred km./aec., 
but for the great majority of the stars the radial vdodties lie within the 
comparatively nTn»11 range of — 40 to +40 km./seo. 

1*33. The eqvatoriai linear components of a atdlarvdoeily. 

Fig. 1 represents the celestial sphere centred at the sun, 0; OZ is parallel 
to the earth’s ftfin and the great 
circle X YN, of which Z is the pole, 
is the equator. We te^ke OX, 07 
and OZ as the equatorial system of 
rectangular coordinate axes, OX 
being directed towards the vernal 
equinox, and 07 towards the point 
on the equator with ri^t ascen- 
sion 90°. 

Consider a star, whose equatorial 
coordinates are {a,d), at 8. The 
B.A. component /t. of its proper 
motion gives rise to an aroual dis- 
placement at 8 of amount cos d, 
parallel to the equatorial plane and 
perpendicular to the meridional plane through 8. 17 x denotes the corre- 
sponding linear velodty, * is given — according to (2) of section 1*81 — ^by 



X = K — ooad 
P 


( 1 ) 
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and the direotiaa of this velooily is parallel to ON, where N is the point 
(a+90%0). 

The component of the proper motion is parallel to OQ, where Q is the 
point, distant 90° from 8, on the prolongation of the meridian 8Z. The 
oonei^ndiDg linear Telocity y is given by 


y 



( 2 ) 


The radial velocity J2 — which we shall temporarily denote here by z for 
purposes of symmetry — is directed tJong 03. 

The axes ON, OQ and 08 clearly form a reotangolar system with refer- 
ence to which the components of the star’s linear vdocity are (», y, z). 

Let (ti,v,vj) denote the components of the star’s linear velocity with 


reference to the equatorial system OX, 07, OZ. Eesolving along ON, OQ 
and 08 in order, we obtain (remembering that N is the pole of the great 
drcle 8ZQ), 

» = tt COB -1- » cos rjT, 


y — uoosZQ-f-ooos TQ+woobZQ, 
z = ucoaXiS+vcos T8+woobZ8. 

The coefficients of u, v and w in these formulae are easily expressed in terms 
of a and d; for example, 

oobXQ = cosXJf cosJlfQ = ooBceoos(90°-H j) 

= — cosa Bind. 


Replacing x and y by the expressions in (1) and (2) and writing JS for z, we 
have the formulae 

— «Bina+i>oosa =x^oosd, (3) 

—ucosa Bind— vsina sin j-|-u;oosd = jr—, (4) 

P 

«oosaoosd+vsinaooBd-t-«>sind = J2. (6) 

This system of equations will be found useful later. 

The expression of each of the components u, v and w in terms of /t„, /if 
and B can be obtained either by solving the equations (3), (4) n-nH (6) or 
directly as follows. 

Resolving along OX, 07, OZ in order we obtain 

u <= a!oosX2/'-|-yoosXQ-h2oosXj9, 

V = a; cos 7N+yooa 7Q+z(ioz 78, 

V) = a; COB ZN+yooz ZQ+zooa Z8, 
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from which the desiied fonnnlae are eaaily found to be 

tt = — K— sinaooB^— /c— ooBaBind+jRooBa oofld, (6) 

p p 

v<= /e — oosaooBtf— /r— ainaam^+jBsmaooad, (7) 

p p 


10 ss 

1*41. Galactic coordinatea. 


K—ooci +jRwa.d. 
P 


( 8 )' 


In many problems, it is a matter of great importance to investigate the 
positions and motions of the stars with reference to the galaotio eqnator — 
the median pleme of the galaotio system. The position of the galaotio equator 
or, more particularly, the position of the galaotio pole with respect to the 
usual equatorial system of coordinates, can be estimated in various ways: 
(a) the Milky Way douds provide one source of information; (6) from counts 
of stars it is possible to define a plane of maximum stellar distribution, 
regions of obscuration by dark nebulae being of course avoided in the com- 
pilation of the statistics; (c) several classes of celestial objects, for example, 
Cepheid variables and stars speotroscopioally designated with the c-cha- 
raoteristio show a strong concentration towards the Milky Way and the 


plane of symmetry can be estimated. 
The several methods agree in plac- 
ing the north galaotio pole* near 
B.A. 100°, declination +28° (mean 
equator and equinox for 1000-0). 

The conversion of equatorial co- 
ordinates into galaotio coordinates 
is easily ofieoted. In Fig. 2, P is the 
pole of the mean equator for 1000-0, 
W(ao>^o) the pole of tho galaotio 
equator U TV, 3 is the position of a 
star (a, d) and T is the vernal equi- 
nox. Tho position of (Sf is specified 
with reference to the galaotio equa- 
tor by means of its longitude 0 
(the arc VT — measured from the 



ascending node U in the direction UT) and its latitude g (the arc T8). 


Galaotio latitudes ore reckoned positive if the objects concerned ore in 


the hemisphere containing the north celestial pole. From the figure the 


* A. KohlMhattor adopts +87” u the deolinetlon of the geJeotio pole in oelooletloiu of certain 
galaotio quantities relating to stars of Bou’s PrtUmiiiary OmartA Oatatogna (P.<7.0.)i v, YtHiff. 
dv JJniva SkmwarU cu Boring No. 22, 19S0. 
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foUowing formulae are easily fonnd by means of which the galaotii 
longitade and latitude of any star can be calculated, the values of a 


and So being supposed known: 

sin(a-ceo)tan(3‘ = coadotMi^— sin(>oOos(a-ao), (1) 

Bing = SLn^osind+cos^o<)C’Bjoos(a— ttg) (2) 


Some astronomers measure galactic longitudes, not from the ascendinj 
node U, but from other points on the galactic equator suggested by par 
tioular lines of investigation. The direction of the centre of the galaoti< 
system, for example, would give a suitable point of departure for measuring 
longitudes, but as this is not known with snfGlaient accuracy it would b< 
unwise — at any rate, at present — to adopt thin system in the oonstructioi 
of tables. 

It is to be noted that, in our definition, U is the ascending node of th< 
galactic equator on the celestial mean equator for a specified epoch, namel 3 
1900*0; aocordin^y, the mean coordinates of the stars for 1900*0 must b< 
used. Extensive tables giving the galactic longitudes and latitudes hav< 
been compiled at the Lund Observatory* at intervals of one degree in righ 
ascension and in declination. 

In Eig. 2, the angle WSP, denoted by is called the galactic pa/raUacHi 
angle. It is conventionally measured from the galactic niari<liii.n 8W to th< 
meridian 8P, in the direction of the arrow, firom 0° to 360°. The apherica 
angle WSP of the spherical triangle, as shown in Fig. 2, can be oalculatec 
firom the formula 

ain(a— aQ)cotPr<SP = cos^tan^o— sin^oos(a— ccg) (3) 

In this instance (Fig. 2) there is no doubt as to the appropriate quadrant ii 
which ^ lies; in other oases, the rule to be observed is that (p lies betweei 
0° and 180° when a lies between Og and agH- 180° (that is, between 190° anc 
10°), and ^.lies between 180° and 360° when a lies between 10° and 190° 
The Lund tables {ho. eit.) contain also the values of 

We can now obtain the components jiq and /ig of proper motion in galactic 
coordinates in terms of and pg. From Fig. 3 it is easily seen that 


Pgcoag = /^aOosdoosfi-f/tgain^ (4) 

and Pg = -/t.oos^ain^i+;t,ooB^. (6) 


1*42. The galetOie linear components of a stellar velocity. 

In Fig. 4, let P and W be respectively the poles of the celestial equatoi 
and of the galactic equator. As in Fig. 1, for a stu at 8 the linear com 
ponents of velocity x, y and z — where x and y are given by (1) and (2) o 

• Lmd Aiutdb, No. 3, 103S. Other taUea are to he found in Barvard Atmah, 56, 2-7, 1912 an< 
PvbU. Speecia VaUeana, No. 14, 1629— the latter oaloolated by P. TUmannAiii Far rough purpoeee 
0. B. Walkey’s table (MJf. 74, 201, 1914) may be found ueefoL 
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seotioii 1*33, and zsB, the radial Tdiooity — are parallel to the radii ON, 
OQ and 08, JV being the pole of the meridian P8 and the aro PQbemg equal 
to the star’s declination 9. 

We require to find the components £, and ^ of the star’s velocity, parallel 
to the galaotio rectangular axes OU, OV and OW, the galaotio longitude of 
V being 0 O“. 

Let I 3 , m 3 , be the direotion-oosines of 08 with respect to OU, OV and 


OW. Then ^ ooa qos 8V, «, = cos 8W (1) 

Consider any point Z with equatorial coordinates iA,D). Then 

oos/SZa 8in(lBini)+oosdooBi)oos(^— a). (2) 



Now the equatorial coordinates of U, V and W are as follows: 

17,(ao+90“,0); F, (<*0+180“, 90“ -do); IF,(ao.^o)- 


Hence, from ( 2 ), 

Zgaoos N17 s oosdBiu(<*— (* 0 ) 

m, 500s NF » smdooBdo-oosdsindo008(<x— (* 0 ) 

n, sooB/9TF — sin d sin do + cos d cos do oos((X— <* 0 ), 


( 3 ) 


Let li, mi, be the direction-oosineB of ON with respect to OU, OV, OW. 
Then Zi= cosNCZ, mi= cosNF, = coaWW. 


Now the equatorial coordinates of N are (a + 90°, 0 ); hence, by putting 
(a + 90“ ) for <x and 0 for d in (3), we can write down the values of li, mi and 
%. The results are 


Zi 5 cos N17 » cos (a — <Xo) 
m^scos NV » 8 iudoBin(a— tto) 
ftiSCOsNIF <» — cosdo Bin(a(— CKo) 


( 4 ) 
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Again, let 1^, tn^, »g denote the direotion-oosiiijeB of OQ 'with respect to 
OU, OV, OW. Then 

Zj = COB QU, m, = ooB QV, n, = oos QW. 

The equatorial coordinates of Q are (180°+ce,90°— d); hence, putting 
(180® + a) for a and (90® — d) for d in (3), we obtain 


Z,50os Q(7 •-Bindsin(a— Og) 
m|SOos QF <= oosdoosdo+Bindsindo oos(a— ccg) ■. 

ngSOOsQIF = cosdsindo— sindoofldg008(a— O q). 


( 6 ) 


We can now expreBB g, ^ and C ia terms of x, y and z; the formulae are 


i^liX+lty+lsZ 
If = m^x+m^y+m^z -, 
^ = 7ii»+»,y+n,* . 


( 8 ) 


in which x = k— cosd, y ^k—, a=j8 

P P 

and the values of ...»a are given by (3), (4) and (6). The valuee of 
Z]^, ...»B have been computed by Kohlschlitter* for stars in Boss’s P.0.0. 
for which 'the complete data required in (6) are known. 

When tables for the conversion of equatorial coordinates into galactic 
coordinates are available — such as the Lund tables — ^the calculation of the 
components ^ ^ can be effected more easily than by the method summarised 
in the formulae (6). It is advisable first to compute the values of {Lq and 
by means of the formulae (4) and (6) in section 1*41 . We have 'then a system 
in galaotio coordinates analogous in every way 'to the system in equatorial 
coordinates treated in section 1*33; the components if, ^ are accordingly 
given by the analogues of (6), (7) and (8) of that section. The formulae are; 


ga=-/c^BmG*oosfl(— COB O' sin flr+ Boos Geos flr, (7) 

7 = ^f^cosGcosg— K~ainG smp+jBsinG oosp (8) 


K^ooag +J?Bmp. (9) 

It may be verified that (7), (8) and (9) are the same as the 'three formulae 
of (6). For example, in the first formula of (6) the coefficient of z is Z^ or 
COB (a — acg). Now apply the polar analogue of the fundamental formula to 
the triangle PlFiS (Fig. 2); we have 

ooB(a-ao) = — sm0 cos ^ + cos Osin ^ sing 
and 'the right-hand side of this formula is the coefficient of a; in (7) when the 
formulae for /tg and /tg are substituted. 

* Vtriff. Bonn, No. 22, 1980. 
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1 * 5 . The Bciar motion. 

The disooveiy of stelleir motioiiB inevitably led to the infacenoe that the 
sun — itsdf a star — is also in motion. But at this steige we require to dis- 
tinguish between the observed motion of a star and the motion of the sun. 
As regards the star, its movement is inferred from its proper motion and 
radial velocity and these are obtained relative to the sun; aotiudly, the 
measures of proper motion are essentially geocentric but, owing to the 
star’s great distance compared with the sun’s distance from the earth, the 
observed proper motion may be regarded as identical with the proper motion 
relative to the sun; also, as we have previously noted, we mean by the term 
“radial velocity’’ the line-of-sight motion relative to the sun. Thus the sun 
is the point of reference for the specification of the observed components 
of stellar velocities. As regards the solar motion, however, there is no such 
simple point of reference and the best we can do, having regard to the com- 
paratively small section of the stellar system which can be adequately 
surveyed by our instruments, is to define the motion of the sun with respect 
to the group of stars in the immediate neighbourhood of the sun, say within 
a sphere of radius one thousand parsecs. The centre of mass of this group of 
stars suggests itself as the most suitable point of reference for the solar 
motion; but, as stellar masses are known only in a comparatively few 
instances, this procedure is at present impracticable. As, however, a star’s 
motion is sensibly rectilinear over very long intervals of time, it is sufficient 
to take as the theoretical reference point the centre of position of the group 
of stars. It is in this sense that tlie solar motion is defined. A detailed 
discussion wiU be deferred to Chapter ni but, meanwhile, it may be stated 
that witli reference to the naked-eye stars the study of proper motions and 
of radial velocities separately places the direction in which the sun is moving 
near the point of the celestial sphere at b.a. 270° and declination -f- 30°. 
From the radial velocities the solar speed is found to be approadmately 
1 0^ km./sec. The point of the heavens towards which the solar motion is 
directed is called the solar o^er; the anti])odal point is the solar antapex. 

Wo can now divide the observed velocity of a star (that is, relative to the 
sun) into two ]>artB, one part relative to the point of reference connected 
with the group of stars concerned, the other part depending on the solar 
motion. ’Pho former is the star’s motus pecidiaria', the latter is called the 
paraUactic motion. It was for long assumed or taken for granted that the 
j)eouliar motions of the stars were entirely haphazard in character. How- 
ever, in 1004 Kapteyn’s discovery of star-streaming introduced a new 
feature into the laws governing the distribution of stellar velocities, namely, 
the recognition that there is a certain direction, associated with the galactic 
system, parallel to which the stars show an unmistakable preference for 
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moving. If the galaotio system is in, or near, a steady state, the argument 
of eymmetry — and according to observation the galaotio system may be 
desoribed as symmetrioal as regards its large-scale features — Pleads to the 
expectation that the direction of preferential motion should be paraUd to 
the galaotio equator. Most investigations dealing 'with the preferential 
motions of the stars confirm this point satisfactorily. 


1*6. SteUarmaaaea. 

The masses of the stars can be determined directly only from observations 
of binary, systems. A binary is a double star, each component of which 
revolves around the common centre of mass in an elliptio orbit under the 
force of gravitational attraction. Sir William Herschel was the first to 
demonstrate the existence of such systems in the heavens. When each com- 
ponent is visible in the telescope, the system is known as a vwuoZ binary. 

If and «n, are the masses of the components of a visual binary, T the 
orbital period and a (in linear measure) the semi-major «.Tia of the orbit of 
one star rdative to the other, Kepler’s third law gives 

( 1 ) 


where G is the constant of gravitation in terms of the units employed for 
T, a, and m 2 . For the earth’s orbit around the sun, we have similarly 


in which mg denotes the sun’s mass, the earth’s mass being neglected in 
comparison with m,. For units we take the solar mass to be unity, Og to 
be one astronomictd unit of distance and Tg to be one year. In terms of these 
units, we have from (2) q _ 


and hence (1) becomes 


^, = »h+«h* 


The observed orbit is the projection of the true orbit on the plane at right 
an^es to the line of sight, and the apparent separation of the components is 
measured in seconds of arc. The study of the observed orbit leads, in par- 
tionlar, to the period T, the molmation of the plane of the true orbit to the 
plane petpendicular to the line of sight, and the n.-ngnln-r measure a corre- 
q)onding to the true semi-major axiH a. If p is the parallax, a <=> a/p in 
astronomical units, a andp being expressed in seconds of arc. Hence from (4) 

= (®) 

If the parallax is known, the sum of the masses can be easily calculated by 
means of this formula. It is found that the masses of visual binary systems 
are appro xi m a td y , on the average, twice the mass of the sun. 
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This last lesult leads to an indirect method of estimating the parallax of a 
binary when the orbit, or a portion of the orbit, has been suffioiently wdl 
observed BO as to give satisfMtoiy values of aandT. Ifwe equate (nix + mg) 
to 2 iu (6), we obtain in terms of the quantities a and T derived from the 
observations. Parallaxes obtained in this way are usually called dynamieal 
parctUaxea. It is to be noted that if the true value of the total mass of the 
system is, say, twice the hypothetical value, the dynamical parallax is 2V>, 
or approximately, times the true parallax. Even in this probably exoep- 
tiond instance, an error of 26 % in a parallax detenmnataon is not un- 
satisfactory and in the case of a parallax of 0'*01 the accuracy is superior to 
that attainable by the direct trigonometrical method. 

The individual masses ntj and can only be detennined if the orbit of 
one component about the common centre of mass of the system can be 
observed. In some instances, such as the binary system of Sirius, meridian- 
cLrole observations can be used to give the necessary information; in other 
instances photographic methods are employed. 

In 1889, E. G. Pi^ering discovered the first of another class of binaries by 
means of the spectroscope — ^these are known as apeetroscopio binoriea. In 
such a system the components are very much closer together than in the 
case of visual bincuies and (dmost invariably beyond the resolving powers of 
the ordinary telescope; moreover, the relative orbital motion, in linear 
measure, is also very much greater and is of a magnitude easily measurable 
by the speotrosoope. If each component of a spectrosoopio binary is bright 
enough to register its own charaoteristio lines in the spectrum, the line-of- 
sight component of the velocity of each star about the common centre of 
mass can be deduced. The study of the velocity curves enables the values 
of mxsm’‘» and m,sin‘» — and, consequently, of the ratio — ^to be 

derived, where » is the inclination of the orbital plane to the plane per- 
pendicular to the line of sight. Unless the value of % can be determined, 
as in the case of a very few systems that are also close visual binaries, the 
information provided by the speotrosoopio bioaries can only be utihsed 
statistically to yield average values of the individual masses. 

The following table,* quoted by Spencer Jones, gives the relation of mass 
(or rather, the mass multiplied by sin’’ t) and of mass-ratio to spectral type> 
with the number of spectrosoopio binaries for which the requisite informa- 
tion wau then available. 

The main apparent difference, other than differences due to spectral 
characteiistios, between visual and spectroscopic binaries lies in the relative 
dimensions of their orbits or, owing to the comparatively small range in 
stellar masses, in the orbital periods. The periods of visual binaries range 

* H. Spenoer Jonee^ Chnardl Astronomy, 885, 1084. 
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Tables. MoMea of apeeiroacopic binaries 


Spectral class 

miSdn^i 



Number 

06-B4 

13-18 

10-60 

1-26 

21 

B6-B9 

606 

3-40 

1-49 

9 

A0-A4 

1-71 

1-01 

1-69 

21 

A6-F4 

1-80 

1-24 

1-46 

18 

F5-G4 

1-01 

0-89 

1-13 

16 

G5-E:4 

0*87 

0-68 

1-28 

3 


from a few years to several centuries; the periods of speotrosoopio binaries 
range from a third of a day to several thousand days. This separation into 
two classes is due to the limitations of the respective observational 
methods and not to intrinsic differences. 

A third class of binary from which valuable information can be derived 
is that of the ecUpavng variable which is essentially of the same character as, 
etnd is also frequently observed as, a spectroscopic binary. If the line of sight 
is in or near the orbital plane, edipses of one component by the other will 
clearly occur, thus leading to a diminution of the light reaching the observer. 
The study of the light-curve of a typical eclipsing binary yields the radii of 
the component stars as fractions of their linear separation, the inclination of 
the orbital plane to the line of eight, the relative brightness of the components 
and, with an assumption as to the ratio of the masses, the mean densities 
of the two stars. If the system can also be observed as a spectroscopic 
binary, the dimensions of the system and the masses of the stars can be 
deduced; both spectra must be observable if the assumption of the mass 
ratio is to be avoided. In many of the best-observed systems the problem 
of deriving the quantities just mentioned is complicated by several other 
factors — ^the ellipsoidal forms of the stars (if they are very near together), 
darkening at the limb (due to the diminution of light, proceeding to the 
observer, from the centre of the disc towards the limb) and the reflection 
effect (the brightening of one star by means of the incident radiation emitted 
by the other). 

hVom all the information garnered mainly within the last few years, the 
masses of the stars are found to range from about one-sixth of the sun’s 
mass to about twenty times the sun’s mass. A few stau^ exceed the latter 
figure; the most massive star so far investigated is B.n. -H 6° 1309, a speotro- 
soopio binary with components at least 86 and 70 times respectively more 
massive than the sun. 

An indirect method of findiTig the mass of a star is based on Eddington’s 
maaa-lfuminoait!/ rdaiionahip* From purely theoretical considerations, 
Eddington establishedaformula connecting the mass andabsolute magnitude 

* A. B. BdiUngton. M.N. 84. 808, 1924. 
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(bolometrio) of a giant star of whioh the material, owing to its eztremelj 
low denaily, ia in the state of a “peifeot gas”. Unexpectedly, it was found 
that dwarf stars of well-determined masses, with densities comparable 
with that of water, all satisfied the relationship; the conclusion naturally 
followed that dwarf stars, despite their high density, are also in the con- 
dition of a peifeot gas, the explanation being based on the extreme smallness 
of the stellar ions as compared with terrestii^ atoms. The relationship — 
shown diagrammaticaJly in Fig. 6 — is thus applicable to giant and dwarf 
stars alike, the only exceptions being the “white dwarfe ’’ in which the mean 



The abfloiflBae aio iho logarithnu of the mass; the ordlnAtos are iho absolute bolomoirio znagni- 
tudoB. The fiill-line curve represents the ihoorotioal relationship between mass and lummosity. 
Each dot is plotted from observational data obtained from mdi^dual stars. 

density of the stellar material is of the order of 10^ times the density of 
water. Thus the diagram can be used to estimate the mass of a star if its 
absolute bolometrio magnitude is known. 

1*7. Stellar evolution and Oye time-acode. 

The recognition of the great diversity in the absolute luminosities of the 
stars dates from the beginning of the century; in particular, the great 
diversity in the absolute luminosities of stars of the «ame speotral type 
(G,K,M) was pointed out by E. Hertssprung,* who coined the terms 
“giants” and “dwarfs” to express the distinction between stars of high 
« AJU. 179 , 878 . 1909 ; Potadam PM. 63 , 1911 . 
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intrinsio biightnesB and low iutrinsio biightaesB. In 1913, H. N. Buseell* 
provided ad^tional mateiial to support this view; he had at his disposal 
the measured parallaxes of several hundreds of stars with their speotral 
olassifioation, and from these he oaloulated the absolute magnitudes. The 
relation between speotral iTpe and absolute magnitude is shown sohematio- 
aUy in Fig. 6 — known as the Hertzsprung-Bussell diagram. In particular, 
it will be noticed that stars of type M fall into two sharply divided groups; 
in one group near X, the absolute magnitude is about — 2 and in the second 
group near Z, the absolute magnitude is about + 12. Thus stars of the first 
group are of the order 10'’ or 10* times more luminous than stars of the 



Fig. 6. The Hertzapnmg-RwaeU diagram 
The dbeohUe magniUidea {p/rdAMtea) are plotted against spectral type 

second group; these are respectively the giants and the dwarfs of spectral 
dUtss M. As the spectral types are the same for the two groups, thus indicating 
similarity in the effective temperatures, the difference in luminosity is to 
be ascribed to the great diversity in surface area and consequently in the 
radii of the stars. Later determinationB of stellar parallaxes have added 
weight to the relatiocship between intrinsio luminosity and speotral type as 
exhibited by the diagram. One of the most conclusive pieces of evidence, 
relating to the branch X'YZ {the main eeriea) in Fig. 6, has been provided 
by Hertzsprungt in bis study of over 1000 stars in the Pleiades cluster. 
With proper motion as the criterion, the stars belonging to the duster oeua 
* Observatoiy, 36, 824, 1918. f Jfjr. 89, 660, 1029. 
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be separated from the non-oluster stars; as the paraUaz of the duster is 
known, the absolute magnitudes of the duster stars oan be easily obtained 
from the apparent magnitudes. As most of the steurs are too faint to permit 
of their spectral types being determined in the usoal way, Hertzsrprung 
measured their colour indices which are rdated to spectral types as dbnwn 
in Table 2, p. 5. The result of the investigation was to show that , the stars 
of the Pleiades reproduced the main series in the diagram 

An additional observational feature of the Hertzsprung-Bussell diagram 
is that the sequence XT Z is one of increasing density; the stars at X ore 
extremdy diffuse and the stars at Z have densities several timaA the density 
of water. This suggested to Bussdl that the course of evolution of a star 
was in the sense X-^T-^Zin accordance with the theoretical investigations 
of Lane and Bitter. A star in a highly diffused state, such as a giant M star, 
contracts under gravitational attraction and its temperature rises. Accord- 
ingly, it is supposed to pass from X to 7 where the density reaches such a 
value that the gain of heat energy by contraction is balanced by the loss due 
to radiation. Thereafter, that is, along TZ the star gradually cools as the 
density increases and finally reaches the state of a dwarf star of dass M. 
The turning-point at 7 was originally believed to mark the point where the 
star ceased to be in the condition of a perfect gas. 

There was general acceptance of this theory until 1024 when Eddington 
established his masB-lominosity relationship illustrated in Fig. 6. In 
Bussell’s theory, stellar mass was not one of the physical factors directly 
involved although, even with the small amount of information available 
at the time, it was noticed that the stars of smallest mass were found 
near Z in Fig. 6. But, since mass is observed to be correlated with 
luminosity, the Hertzsprung-Bussell dia>gram acquires a new feature, 
namely, the diminution of stellar masses in the direction X-*-T-*-Z. If 
Bussell’s theory of stdlar evolution is to be maintained, it follows that if a 
star starts its luminous career as a giant M star and passes through the 
sequence of changes indicated hj XT Z, it must lose approximately 99 % 
of its mass in the process. (If the mass is finally one-fif^ of the sun’s mAJM 
when the star is a dwarf of type M, its mass origmally as a giant M star may 
be postulated to be of order 20 times the solar mass — a not extravagant 
value.) According to the theory of relativity, mass and energy ore inter- 
related eatities so that, by the sunple process of radiating light and heat, a 
star is automatically losmg mass at a rate that can be calculated. For 
example, due to this cause, the sun’s mass is deareasing at the rate of about 
four million tons per second. But an important physical question arises as 
to the mechanism whereby mass is eventually converted into radiant 
energy. It may be noted in passiog that gravitational contraction can 
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provide a oertam amount of energy which is converted into radiation, but it 
is wholly inadequate to account for more than a small fraction of the energy 
radiated by the sun during the period of its ezistenoe as a luminous star. 
There is a oonfdstent body of evidence giving 2 . 10* years as the age of the 
earth and presumably the sun must be at least as old. But gravitational 
coatraction of a diffuse globe to .the present dimensions of the sun can pro- 
duce energy sufficient only for the comparatively short interval of twenty 
million years. Thus contraction must be ruled out as anything more than a 
minor contributory agent with respect to the supply of stellar energy. Two 
suggestions as to the source of stellar energy, or to the mechanism at work 
within a star, have been offered. In one it is supposed that matter is actually 
destroyed through the annihilation of protons and electrons, the energy of 
mass bemg converted into rsMliant energy; in the other, the source of energy 
is found in the synthesis of the atoms of the various chemical elements 
from hydrogen atoms. 

If the first hypothesis is true, it is possible for a star to begin its evolu- 
tionary ceureer as a giant of type M and by the process of self-annihilation 
to pass along the sequence of states represented in the Hertzsprung-BuBsell 
diagram. Moreover, it can be calculated that about 7.10^ years would be 
necessary for the sun to arrive at its present stage if it started as a massive 
star. When we pay regard to the stars with masses anm-llpir than that of the 
sun, we can conclude that the time-scale is of the order of 10“ years. If, on 
the other hand, stdlar energy is derived from the synthesis of the elements 
from hydrogen, it would appear that the loss of mass could amount only to 
rather less than 1 % and, accordingly, the Hertzsprung-RusseU diagram, 
although representing facts, cannot represent the course of events in the 
hfe-history of a star. 

The theory of stellar evolution is thus at a deadlock, and all that we can 
say definitely is that, according to present knowledge and present ideas, 
Russell’s original theory can only be saved by the hypothesis of the annihi- 
lation of matter within the star. But this implies a time-scale of the order of 
10“ or 10^* years which is now seriously challenged by the relativistic theory 
of the ezpansion of the universe as evidenced in the recessional motions of 
the extra-gaJaotio nebulae ; in this latter theory the time-scale is not greater 
than 10“ years. Various suggestions have been put forward to attempt a 
reconciliation between the two time-scales but, for the present, no obser- 
vational evidence of a wholly conclusive character has been produced to 
settle what is, perhaps, the most baffling and the most important problem 
of astronomy to-day.** 

* For a dlBcn mnon of tbs aigam«atB in ftTonr of eaoh of the two time-Boalee. see Obatnaloni. 

58, 108, 1035. 
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1*81. The correcti(m of an observed freqwncy eurve. 

Many important inToatigationa depend on the oompilation of atatiatioa 
exhibiting the number of atotB with an obaerved vahie of a partioular 
oha<raoteiistio x, which may be parallax, proper motion, magnitude, eto. 
The praotioal procedure is to determine the number, y, of atars with values 
of the characteiistio lying between x—^Ax and x+^Ax, where Ax denotes 
a small step in the oharacteriatio x; in parallax statiatios, for example. Ax 
may be taken to be 0*'006, and in magnitude atatiatioa 0"‘*2 or 0°^*6. Plotting 
y against x we obtain a series of points and it is generally possible to draw a 
smooth curve y = v(x) to give a good representation of the observed £»- 
quenoy. The problem is to deduce the true frequency curve y <= u{x), when 
information as to the precision of the observations is available. 

We have to recognise that each observation is liable to on error which we 
shall denote by e, and, if these errors foUow the Gaussian law, the proportion 
of errors falling between e and s+de is given by Ce^^de, in which h is 
known as the modulus of precision. The constant 0 is found from the con- 
sideration that for all errors in the range — cxx s < oo 




6"^de = 1, 


so that G => h/^. 

The probable error, r, is defined to be such that the proportion of errors 
for which — r<£<ris0'6; that is to say, the exi)eotation of the error falling 
within this range is equal to the chance that it is outside the range. Prom 


the definition. 


l_ A f 


e~^de < 


if 

J 0 


e-^dx. 


From numerical tables of the last integral, it is found that 


hr = 0*4769. 


( 1 ) 


When the probable error, r, of a deduced result is known — such as the 
measure of the parallax of a ster — h can be obtained fix)m (1); for a group 
of parallax observations made at a particular observatory, the probable 
error varies very little from one determination to another and, accordingly, 
h may be regarded as a constant associated with this group of observations. 

We have 


u{x)dx = true number of stars with the value of the charaoteristio 
between x and x+dof, 

v{x) dx = observed number of stars with tlie value of the characteristio 
between x and x+dx. 

If « is the error* of observation when the observed characteristio is x, the 


* In the some of being applied algebraioaUy to the true value to give the obwrved value. 
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true value ia x—e, and the proportion of observatioiis with eirrorB lying 
between e and e+deia 

ie-Wie. 

^jn 

Let t denote the true value of the oharaoteriatio ooiTeq>onding to the 
observed value x; then 

i =s x—e. 

The number of stars with true values of the oharaoteristio between t and 
t+dtia u(t) dt and, of these, a number 

u(t).^er^^de 

will be observed with errors lying between e and e+de. 

Change the variables t, e to x, e. Then, sinoe 

dxdes^^^ dtde^dtde, 

0(*,e) 

the number of stars with the observed oharaoteristio between x and x+dx, 
the errors lying between e and e+de, is 

^u(x—e)e'^dxde, 

Apr 

The total number, v{x) dx, of stars with observed oharaoteiistios between 
X and x+dx will be obtained by summing the previous expression for all 
values of e between — co and +<X). Thus we obtain 

<’(*) = "C f u(x—e)er^‘^de. (2) 

yZr J _oo 

By means of this formula the true frequency funotion u{x) is to be found 
from the given observed frequenoy funotion v{x). 

In actual praotioe the funotion v(x) is identified with a curve of whioh the 
ordinates at points Xf{i=‘l,2, ...n) are determined in the first instance frrom 
the observed numbers of stars with oharaoteristioa lying within small 
intervalB x^—atox^+ a. The curve is thus based on n points oonesponding 
to » distinot values of x; and when the observations are 

smoothed we may still regard the smooth curve as being determined from 
n points. Thus v(x) may be supposed to be a polynomial of degree (» — li- 
lt is dear frmn (2) that, if u(x) is a polynomial of degree (n— 1), v(x) is 
also a polynomial of degree (n— 1); conversely, if t;(a;) is regarded as a 
polynomial, as derived from the observations, the frmotion u(x) is a poly- 
nomial of the same degree. 



1-81 


Introduction 


27 


Expanding u{x—e) by Taylor’s theorem and denoting ^7 Vn(^)> 

we find that (2) oan be written 

T\ ~ Ti ■•■"•) *"**** ‘*®’ 

in wMd. tto aariea temdB»tee, the I«t t™ 


£^+lg-AM jg sa 0 


for integral yalnes of p. Hence 




and, as the integral is uniformly convergent, 


Hence 


1 =-“/: 


e*e-'^de = -^. 

Q ^ 


^ gge ^ln 


Similarly, we oan derive the general formula, for positive integral values 

“> 


Hence (8) becomes 


V(X) = i*(*) + ^,««(*)+^4«4(»)H-.+^ 


«lp+.... 


Regarding the probable error r — and consequently 1/A by (1) — as a small 
quantity (otherwise the statistios would be of comparatiyely little value), 
we derive u(x) in terms of v(x) and its derivatives by the process of successive 
approximations. Thus, 

(i) u{x) = v(x), 

(ii) «(*) = ««(»), 

(iii) u{x) = («(*)-^,f2(*))-3^4»«(®) 
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It is easily se^ that the general formula is 

«(») = v(x ) — ^ Vj{x) + 2 ^^ 5 j 5 “ 31 ( 4 ^ 8)8 ®«(®) + • • ■ > (®) 

a formula first giren by Eddington.* 

Eddington’s proof depends on the use of symbolio operators. Let D denote 
the operational eymbol djias. Then 

«(a!-e) = er^.u{x) 

by the symbolio form of Taylor’s theorem. Henoe (2) becomes 
«(*) = c-****~^ . u{x) de. 

Now J = 

Henoe v{x) = . «(*), 

so that u{x) = . v{x) 

or u{x) = + •••• 

which is formula (6). 

In this proof, questions rriating to the convergenoy of the function «(*) 
arise in the general case but, as explained previously, we are concerned 
in practice only with n different numbers corresponding to the values 
Xi,Xf, ...x„ of the characteristic, and in the present case both the functions 
u(x) and v(x) can be described as polynomials. 

There remains the evaluation of the functions Vs(a;), v^(x), .... We shall 
suppose that v(x) is obtained from the smooth curve of the observations for 
each of the series of values of the abscissa 

...*— 3a, *— 2a, x-a, x, x+a, x + 2a 

Further, we suppose that the interval a is small and we shall neglect 
powers of a higher than the fourth. Assume that the tabular differences 
corresponding to a value x have been found, and let fr and d denote the 
second and fourth differences respectively. Then 

6 = t>(a!+a)+w(*— a) — 2t)(a;), 

whence b = a‘v 2 (sf) + jg 

Also d = v(x+2a) — 4!v(x+oc) + 6v(x)—4iv(x—a)+v(x—2a) 

= a*V2(x). 


* MJf. 73, S50, 1018. Some oritidBms of a theoietioal natnie are given by H. JeOitiya, 
M.2r. 98. 190, 1038. 
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From these lesolts we obtain 


.? 

II 

i W 

126-d 
= lite- • 

(7) 


Also the value of A is presumed to have been oaloulated by ( 1 ) from the given 
probable error of the observations. From (6) and (7), the fArmnlft (6) 
becomes — ^keeping only the first three terms — 

, , , . 126-d d 

<®) 

Thus the value of the true frequency function corresponding to any given 
value of X can be determined and in this way the true frequency curve 
y = u(x) can be obtained. 

1*82. The correction of observed mean values. 

As before, the number of stars with the observed characteristic between 
X and x+dx, with errors lying between e and e + ds, is 

~ ®) ****** d»de. 

<y7r 

Let e denote the average error for the stars with the observed characteristic 
between x and x+dae\ then s is given by 

(•« r«o 

e = eu(x-e)e~*^de 

J —00 J —00 

or, with the help of (2) of the previous section, 

e‘^v{x)=‘j ctt(*-e)e-**^de. (1) 

When integrated by ports, the right-hand side of (1) becomes 

of which the integrated part vanishes at both limits. Also, 

Heno« = 

from which ( 2 ) 

a resulf" depending only on the observed distribution. 

* Thifl roault, duo to A. S. Eddington, was flnt given by E. W. Dyson, 86, 686, 1026. 
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It is to be lemembered that e has been used in the sense of being applied 
algebraaoaJly to the true value of the oharaoteristio to give the observed 
value; oonsequently, the quantity, as derived from (2), to be applied to the 

observed statistios Trill be given by 

Formula (2) has been used extensively by Dyson* and Nassaut for the 
ooneotion of parallaxes Trith a given mean probable error. The folloTring 
table relating to paraUazes measured at the LeandAr MoConniok Obser- 
vatory is given by Nassau 


Table 4. Statiatics of pordUaxea 


LiioitB of p 
(unit O'-OOl) 

Observed 
numbOT 
of stars 


Ooireoted 
number 
of stars 

-30 to 

-25 

3 

+ 20 

0 

-26 ,. 

-20 

7 

26 

0 

-20 „ 

-16 

7 

22 

0 

-15 „ 

-10 

17 

18 

0 

-10 „ 

- 6 

27 

13 

0 

- 6 „ 


30 

8 

2 

0 

6 

46 

4 

13 

6 


61 

+ 2 

160 

10 

16 

66 

- 1 

109 

16 „ 

20 

50 

- 2 

66 

20 „ 

26 

43 

- 3 

67 

26 „ 


46 

- 4 

42 

30 ,. 

35 

43 

- 6 

38 

36 „ 


32 

- 6 

42 

40 „ 

46 

33 

- 6 

17 

46 „ 

60 

20 

- 7 


60 „ 

66 

21 

- 6 


66 „ 

60 

12 

- 6 


60 „ 

66 

17 



66 „ 


13 



70 „ 

76 

15 

- 6 


76 „ 

80 

12 

- 7 


80 „ 

86 

6 

- 8 


86 „ 

90 

6 

- 7 


90 „ 

06 

6 

- 7 


96 „ 

100 

5 

- 6 

3 


In the second column are the numbers of stars observed to have paral- 
laxes, p, Trithin the limits indicated in the first column. These numbers 
give the broken curve in Fig. 7 ; the full-line curve is the smoothed curve 
y = «(*). Formula (2) may be Tmtten approximately 

1 1 dy 


e = -Trr5- 


2h®y' J*’ 


.( 8 ) 


Corresponding to the interval x to x+Ax (or p to jp in the abscissae 
the value Ay oan be taken from the smoothed curve. For AxsAp = 0'>006 


* Loe.eU. t J- J- Nimmo, MJf. 88, 441 and 588, 1828. t M.N. 88, 684, 1028. 
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and the probable error ± O'-GOOG (from which 1/A » 0*0096/0'4769 nomeiio- 
aUy), as given by the observers, fonniila (3) becomes 

g = -0'-040^, (4) 

SO that the correction to be applied to the observed statistios is + 0''040Jy/y. 
This correction is given in the third column of the table. Each value of the 
observed paraUaz is corrected and the distribution of the corrected paral- 
laxes is shown in the last column. The result of applying the oorrectionB is 
to remove practically all of the negative parallaxes from the distribution. 



Fig. 7. Parattax SteUialioi (NoMon). The abaciMM aro the valuoa of tho parallax, p, the nnlt beizig 
07001; tho ordixiatOB ere the numbon of oton with paralloxoB within IntorroJa of 0700S. 


Applying the above method, Dyson {loc. cU.) has corrected the parallaxes 
measur^ at the Boyal Observatory, Greenwich, and computed the absolute 
magnitudes of the stars concerned and their transverse linear motions, 
using for the latter the observed proper motions. An extension of the method 
in connection with the combination of trigonometrical and spectroscopic 
parallaxes has been given by T. N’icohni."' 

* Cahmio, OontHbvH No. 87, 1887. 
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A 8INQLE STAR-DRIFT 

3*1. In 1906 Eddmgton* introduced the term drift to denote an isolated 
assembly of stars whose linear relodties rdative to a system of coordinate 
axes are entirely haphazard. The axes are fixed in direction and the origin 
is chosen so that 

Zu = Zv = i:v> = 0 , ( 1 ) 

where (u, v, to) are the components of motion of a stsf parallel to these axes. 
There is the further consideration implied in the term “haphazard”, 
namely that, corresponding to a given numerical value, Uq, of a velocity 
component, say u, the number of stars with positive values of u between 
ttg and itg+duo is equal to the number of stars with negative values of tt 
between -ttg and - (ttg-l-duo)* The formulae (1) show that we can regard 
the centre of position of the stars forming the drift as at rest (this is identical 
with the centre of mass if the stars are all assiuned to have equal masses) 
and we can tahe this point as the origin of coordinates. With this origin and 
system of axes the motion of the sun with reference to the assembly of stars 
can be defined without ambiguity. In the same way we define the velocity 
of the drift to be the motion of this origin relative to parallel axes through the 
sun. Actually, the motion of an individual star at any instant will be deter- 
mined by the gravitational potential of the system and, over long periods 
of time, we should have to take into account the accelerations produced. 
No linear acceleration and no curvature in the path of a single star have 
hitherto been detected which can be ascribed to gravitational causes — ^we 
exclude, of course, the members of binary or multiple systems — and, 
accordingly, the theoretical concept of a drift can be related to the practical 
study of stellar motions. 

Before 1904 the mvestigators of the solar motion assumed that the stellar 
system, as then explored, formed a single drift, but Eapteyn’s discovery of 
star-streaming showed that this hypothesis was not in accord with the 
observed facts; in other words, that the individual motions of the stars were 
not distributed at random. Eddington’s devdopment of the theory involved, 
mamly, the division of the stars into two drifts and agreement between 
theory and observation followed. In this chapter we shall be concerned with 
a smgle drift of stars and the results will be used later in discussion of the 
two-drift theory. 


* M.N. 67 . 34 , 1006 . 
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Let («, V, w) denote the oomponetitB of the linear relooity IT of a star with 
respect to the coordinate axes associated with a drift. Then 

TT* = «•+«»+ U)*. (2) 

The mathematioal expression correspondiog to a haphazard distribution of 
velocities must satisfy several conditions. In the ftcst place, we have to 
rule out infinite velocities and thus the functional expression must vanish 
for infinite values of v or t; or w; secondly, the expression must be in- 
dependent of the orientation of the axes; thirdly, it must be a function of 
u* and v*andt«‘, since the distribution is the same for negative as for positive 
velocities. These conditions imply that the function is of the form F{W), 
where W is given by (2), it being assumed that F->-0 as u or v or i 0 -»-oo. 
We therefore have that the proportion of drift-stars with linear com- 
ponents between (u,v,u>) and (u+du,v+dv,w+du>) is 

F{W)dMd/odw. (3) 

This distribution of velocities is called a spherical velocity ditMimHon. 

In the practical applications to be considered later, the form of the 
function wHl be taken to be 

(4) 

which is the MaxweUian frequency law, G and h being certain constants. 
As Eddington remarked,* “we are notat the moment concerned with what 
law stellar motions are likely to follow; that is a dynamical problem. We 
are rather choosing a standard of comparison with which to compare the 
actual distribution of motions and that standard ought to be the simplest 
possible. Further, there is a special propriety in taking Maxwell’s Law as 
it is the nearest possible approach to an absolutely chaotic state of motion.” 
Also, it is to be noted, that with Maxwell’s Law there is no correlation 
between the u, v and w components of vdlooity. 

We now develop the coiisequenoe of the general distribution of velocitieB, 
as given by (3), on formal lines. 

2*2 1 . The mean random radial speed for a drift. 

Consider a small area of the celestial sphere, with the sun as centre, at 8, 
in which there are N stars per unit area with the given spherical velocity- 
distribution. We here assume that our point of observation — ^the sun — ^is at 
rest with respect to the drift; consequently, all velocities concerned will be 
random velocities. This procedure is equivalent to observing the stars of 
the drift in any direction from any point fixed with respect to the coordinate 
axes associated with the drift, and we shall assume that the stars in any 
sample volume of space obey the velocity-distribution law (8). 

« SaOar JtovmmU, 1S8, 1014. 
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Let the w-azia be the radius passLog through 3. Then w is the random or 
peculiar radial Telodty which we shall generally denote by 22. It is to be 
noted that, theoretioally, the values of B range from — oo to + cx). 

If dN is the number of stars, per unit area at 3, with velocity components 
between {u,v,w) and {u+du,v+dv,tu+dto), we can write 

dN = BF{W)dudvdw, 

where, on summing for all theoretioally possible values of u, t; and w, JB is 
defined by 

F(W)dudvdw, 

J — 00 J — 00 J —00 

or, sinoe F{W) is an even function of u, v and to, 

jV = 8B f f 1* F{W)dudvdw, (1) 

Jo Jo Jo 

In this formula the integration is taken through the octant of the sphere 

r* = u^+v^+vj^ 

of which the radius, r, tends to an infinite value emd for which u, v and w 
play the part of current coordinates. 

We set 

u = Woos^Bind, V = Wsin^sinB, w=WooBd (2) 

so that the element of volume of the sphere is W^amOdWddd^. Hence 

/•oo /•ir/8 fir/fi 

2?- = 85 W*F{W)dW sinBeW d(f> 


Jo Jo Jo 

or N 4!7rBQi, (3) 

where (^) 


Let B denote the mean arithmetical value of the random radial velocitieB, 
B — or the mean random radial speed — of the stars concerned. Then the 
nximber of stars for which B lies between w and w + dw, for all possible values 

ofuandv, is /•« /•<» 

Bdw F(W)dudv 

J -CO J —00 

or iBdw I I F{W)dudv. 

Jo J 0 

There is an equal number of stars for which B lies between —w and 
— (w+(2w). Oonsidering only the ariihmetical values of B, we then obtsun 
for S the formula 

jrif = 85 wdu) J J F{W)ditdv. 
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Uaiog the traoBformations in (2), we find that 


NS = 85 W»F(W) dW ain0 ooB^dd d^, 
whence NS = 2nBQ^, 

where = JJ W‘F{W)dW. 

From (3) and (6) we obtain S = . 


( 6 ) 

( 0 ) 

(7) 


It is to he noticed that this value of the mean radial speed depends only on 
the form of the frequency function F and not on the munetical distribution 
of the stars. It is thus constant for all areas of the celestial sphere. 

The results just obtained will be used in the sections immediately fol- 
lowing and in Chapter x. 


2'22. The mean random transverae speed. 

With the same convention as in section 2*21 with regard to the lo-asds, 
the transverse linear component of the motion of a star at 5 is 
which we denote by T. We denote by T the mean of the arithmetioal values 
of T for all the stars concemod. The number of stars with transverse vdocity 
components between (u, v) and (u + du, v + dv) is, for all possible values of w, 

BdudoT F(W)dw. 

J -<*> 

Accordingly, T is given by 

Nf = 45 f" dw r r(u»+v‘)V*F(W)dudv, 

J -ee J 0 Jo 

the coefficient 4 arising since the number of stars with negative u-com- 
ponents is equal to the number with positive components, with a similar 
argument as to the v-components. The transformation (2) of the previous 
section leads to 

I* CO rwl^ /• ir/2 

AT? = 85 WF{W)dW An'OdB d^, 

Jo Jo Jo 

whence, in terms of the function Q^, previously defined, 

NT - n*BQ^ 

or, by (3) of the previous section, 

^-r|- <*' 

As in the case of S, this value of the mean random transverse speed depends 
only on the form of the firequenoy function F and is independent of the 
distribution of the stars. 
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Ecom (7) of section 2*21 and (1) above, we obtain 

T = ( 2 ) 


and Ms reafuU is independerU of the frequency function F. 
2*23. The mem linear speed. 

Let W denote the mean linear speed and we have at once 

NW = SB f" f“ f“ WF{W)dndvdu>, 

J 0 J 0 J 0 

which, with the nsiud transformation, becomes 

= 85 W»F(W)dW ^ddd dif. 


Jo Jo Jo 

Hence, we derive in the same way as before, 

FW = inBQf 

and, nemg (8) of section 2*21, W = (1) 

Vi 

We then have the result B:!P:W = 2:7r:4, (2) 


which is independent of the form of the function F. 


2*24. Formulae for S, T and W according to the MaxweUian law. 
When F(W) = (formula (4) of section 2*1), we have 




so that, by 1*81 (4), 


/•oo 

'-J. 

and, as the integral is uniformly convergent, 

-2A 


W^e-^dW, 

0 

_C^ 

4A» • 


We-^dW=^ 


Hence we have 


0 A® 

Q 


From the results for 5, T and W in terms of and Q, finally obtain 

^-4- 

w 


( 8 ) 
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We regard the modulns h as a oonatant the dispersion of vdooitieB 

in the drift and it oan be eyalnated by means of (1), (2) or (8) if any one of 
the qnantitieB S, T and W is known. 

Another oriteiion that may be adopted is the yalne, Wi, of the median 
speed snoh that the proportion of stars for which 0 < TT < 1^ is equal to the 
proportion for which W > In this case, 

\-K»^dW * i re-*»^dW 

0 Jo 

or I* 

Jo Jo ^ 

Tables of the integral giye 

hWi = 0-4709, 

which may be used as a definition of h. 

2*3. The drifl-cmve. 

We shall now find the distribution of the transyerse yelooitieB for a small 
area of the sky at 8 (Fig. 8), the sun 
being the centre of the celestial sphere, 
taking into account the drift-yelocity 
relatiye to the sun. If the solar motion, 

V, is directed towards Aq (the apex), the 
drift-yelooity relatiye to the sun will be U 
in the direction of the antipodal point A 
(the antapex). We take the area at to 
be defined by the two small ciroles at 
angular distances A and A+ dA from A 
and by the two “meridians” ^ and 
^+d^. The area at i9is thus sinAdAd^. 

As before, we shall take the w-axis 
of the haphazard motions to be the 
radius through 8. The projection of the 
drift-yelooity, U, on the tangential plane 
at is 17 sin A and we shall take the corresponding direction on the tangent 
plane to be the u-azis. We write 

V = UsinA. (1) 

The transyerse yelooity, as observed from, the sun, for any star is com- 
pounded of the haphazard transyerse yelooity OQ (Fig. 9) with components 
(tt, v) and the constant yelooity F (the peu»llaotio yelooity) represented by 
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OP in the diieotioii of the tt-ozis. The observed transverse veUxiiy is thus OR— 
which we denote by T — ^maMng 
an an^e 6 with the direction of 
the paraUaotio motion. 

Let n denote the number of 
stars in the small region at 8 
(Eig. 8). We shall assume that 
the Maxwellian law holds for 
this sample of stars, so that, 
if (2n is the number of stars 
with random transverse yelooity 
components between («, v) and (S'*™) 

(u+du, v4-d»). 


dn = dudv. (2) 

Hence n = A \ j e~*^^'*^dudo 

J — eo J —00 

and therefore j4 = — . (3) 

7T 


It is required to find the firequenoy of the observed transverse velocities in 
the small sector, defined by 6 and 6+d0,of the tangent plane. 

From Fig. 9, we have 

tt®+v® = T*~2TV 008^+ F*. 

Also, ussTooed — V, «=Tsin0, 

from which dado = dTdB = TdTdB. 

Using these results in (2), we obtain 

•nh^ 

da = —e->^T*-iTFaoiO^ TdTdB-, (4) 

7T 

dn is thus the number of stars moving in the sector 6, 6+ dd and with 
observed velocities between T and T+dT. The total number of stars 
moving in the small sector is obtained by summing dn for aU values of T 
between 0 and oo; consequently, if we denote this number by n{0)dB or 


pdd, we obtain 

reo 

p=n{d) =— ye-W!r*-*2rcoBfl+F*)d2’, ( 6 ) 

n Jo 

We write * = A(T — F oos^), (6) 

r = hV cosd, (7) 

KT = x+T. 



so that 



2-3 A Singk Star-Drift 

Then (6) becomes 

39 


psn(d) = r (!B-i-T)e-**da!. 

TT J 


But 

j (a!-HT)e-®*daj = J e-**dii!. 

..(8) 

Hence we have 

psn(d) [ 6~«^d!i!|. 

..(0) 

Eddington,* to whom this formula is due, defines a function /(r) by 



/(t) = e-^'dajj . 

.(10) 

We thus write 

= ^e'^/(T). 

.(11) 


The values of /(r) oebu be derived from the dataf of Table 5. 


Table 6. Vahtea of log/(T) 


r 

l0g/(T) 

T 

10g/(T) 

r 

10g/(T) 

-1.2 

00411 

-0-1 

9-0763 

1-0 

0-7461 


9-0874 

0-0 

9-7614 

M 

0-8761 

-10 

9-1356 

0-1 

9-8303 

1-2 

1-0103 

-0-0 

0-1860 

0-2 

9-9131 

1-3 

M520 

-0*8 

9-2378 

0-3 

0-0001 

1-4 

1*3003 

-0-7 

9-2923 

0-4 

0-0910 

1-5 

1-4656 

-0*0 

9-3493 

0-6 

0-1870 

1-6 

1-0177 

-0-5 

9-4088 

0-0 

0-2880 

1-7 

1-7871 

-0*4 

9-4711 

0-7 ' 

0-3947 

1-8 

1-9637 

-0-3 

9-5363 

0-8 

0-5001 

1-9 

2-1478 

-0°2 

9-0046 

0-9 

0-6232 

2-0 

2-3393 

-0-1 

9-6763 

1-0 

0-7461 




We can write the function /(t) in the alternative form 


( 12 ) 

•where K{t) = J e-^dx. (13) 


The values of K(t) are easily obtained from tables such as that in Brant’s 
The Combinalion of Obaervationa (2nd edition), 234, 1 931 . 

Now /9 is a function of 0 — ^it is given by (11) — and the curve obtained by 
calculating p for different values of 0 between 0° and 360° is c^ed a d/rift- 
curve. It is clear that a drift-curve is symmetrical about the radius vector 
corresponding to 0 = 0. 


• MM. 67, 34, 1006. 

t A. S. Bddixigton, StdLar Movtt/mia, 129, 1914. 
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Fig. 10 shows foTii diifb'Onrves* drawn for the yalnes 0*3, 0*6, 1'O and 1*6 
aShV. In each case Oisthe oiigin from, which the radii veotores,/), are drawn, 
the it-azis, or the direction of the paraJlaotio motion, is given by 9 = 0. 





hV=0‘6 



2*41. The mean value of the observed linear transverse motions in a given 
direelion, for a small area of the shy. 

The number, dn, of stars with transverse velodtieB between T and T+dT 
and lying in the sector between 6 and d+ddis given by (4) of section 2'3. 
As n(d) dO is the total number of stars with velocities of all magnitudes in 
this sector, the mean value of T for the sector — ^we denote it by — ^is 
given by 

T^.n{d)d6 = —dd 

It Jo 

or, using (6) and (7) of section 2*3, 



hTi . »(d) = — f (* + t)* 6“** dx. 

ir J 

Now 

J ic*e-**daj = — jTe“^+jJ' tr^dx 

and 

J 2xe-*dx = er^. 

Hence 

hTi . n(d) = ^ + (t* + i) J* d»j 


* Xheee hare been taken from Eddington’s StiBaf Movementa, 88, 1914. 
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or, from (11) of section 2*8, 




whence 


ATi = T+ 




e~^dz 


^f{r) 


which may be written 


A3i = flr(T), 


.( 1 ) 

.( 2 ) 


where g(T) is the right-hand side of (1) and may be expressed in the alter- 
native form i 

Jn 


g{T) =■ T+- 


2t/(t) 


.( 3 ) 


The values of gij) have been tabulated by Eddington;* they are given in 
Table 6. 


Table 6. Vahiea of g{T) 


r 

9(r) 

T 

g { r ) 

T 

ff ( r ) 

- 1-0 

0*505 

- 0*1 

0-845 

0*8 

1*315 

- 0-9 

0*589 

0*0 

0*886 

0*9 

1-381 

- 0-8 

0*614 

0*1 

0*030 

1*0 

1>449 

- 0-7 

0*641 

0-2 

0*977 

M 

1620 

- 0-6 

0*670 

0*3 

1*027 

1*2 

1*504 

- 0-5 

0*701 

0*4 

1*070 

1*3 

1*669 

- 0*4 

0*734 

0*5 

1*134 

1*4 

1*747 

- 0-3 

0*768 

0*6 

1*191 

1*5 

1*827 

- 0-2 

0*805 

0*7 

1*252 

1*6 

1*008 

- 0-1 

0*845 

0*8 

1*315 

1*7 

1*991 


2*42. The mean tnthte of the (Aaerved Imea/r tranaverse motione in aU direc- 
tions, for a smaU area of the shy. 

We write the number, n(d) of stars moving in the sector d,d-\-ddae 

n(d)dO = Bf{T)d6, 
where B = 

For this number the mean value of T is as deduced in the previous 
section. Let T, denote the mean value of the observed transverse linear 
motions for all the stars, n in number, between the directions 6 •>0 and 
6 = 2ir. We then have r>ir 

nT, = J ^ Tin(e)de 

* SlOlar MovmnttUs, Ml , 1914 . 
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or, £n>m symmetry about ^ = 0, 

But, nsmg (12) and (13) of seotdon 2*8 and (1) of section 2*41, 
= T/(T) + 4e'*+-ie»*jK’(T) 

^JTT 

= (T*+i)e»*+^{T+(2T*+l)e’*jff(T)}. 


Hence = J^(t*+ J) 6»*<W+^ J^{T + (2T*+l)e**Z(T)}d&. 

Since r » AF oosd, we have 
and we can write 


f. 


rdJd = 0, 


( 1 ) 


’(2T®+l)e^jr(T)(W= r^*(2T*+l)e'’Z(T)<W+ f' (2ra+ l)e^Z(T)<W. 

0 Jo J ir/s 

(2) 


Patting (tt— d) for d in the second integral on the right of (2), we find that 
it becomes m% 

(2r»+l)e»*Z(-T)<W. 


Also K{—r) = —K{T)\ hence the right-hand side of (2) vanishes. The 
formula (1) then becomes 


nATL f" 

or, inserting the expression for B, 

We put (AF)“ = 26, (3) 

BO that T = V^oos0. (4) 

Hence J’e-i6eto*o (1 + 45 oos»0)d0 (C) 

or, in the alternative form, 




The integral on the right can be expressed in terms of Bessel funotionB of 
imaginary argument, sinoe 

f"e6ooB»d0 = itJ^{ib) 


(7) 



2-42 


43 


A Single Star-Drift 
and J'oo8 2(9e6«**«(W « = -iwJj,iib) (8) 

Hence T, = ^e-‘{(l + 26) Jo(»6) - 2»6Ji(<6)}. 


If n is an odd integer, poaitiTe or negative, J^iib) is a pnidly inoaginaiy 
quantity; if n is even or zero, <^(» 6 ) is real. Defining real fonotions IJjb) by 

W = (9) 

we obtain S’, = ^ e-* {(1 + 26) 1J)(6) + 2blj{b)}. 

Now, by ( 2 ) of 2-24, the mean random transverse linear speed, T, is given by 


Hence we have* = 3’j4'(6), ( 10 ) 

where ji'( 6 ) = e-*’{(H- 26 )/ 5 ( 6 ) + 26/i{6)}. ( 11 ) 


The values of e"*/o(a!) and e“*/i(*) are tabulated in G. N. Watson’s Theory 
of Beeed Funclions, 698-713, 1922, and the values of the fimotion ^{b) axe 
thus easily found. They are given in Table 7. 


Table 7. Vatuea of ^( 6 ) 


hV 

b 

m 

hV 

b 

m 

0-0 

0-0 

1-000 

1-0 

0-60 

1-446 

0-1 

0006 

1-006 

M 

0-006 

1-520 

0-2 

0-02 

1-020 

1-2 

0-72 

l-OlO 

0-3 

0-046 

1-045 

1-3 

0-845 

1-706 

0-4 

0-08 

1-078 

1-4 

0-08 

1-800 

0*5 

0-126 

1-121 

1-6 

1-125 

1-806 

0-6 

0-18 

1-172 

1-0 

1-28 

1-904 

0-7 

0-246 

1-231 

1-7 

1-445 

2*004 

0-8 

0-32 

1-207 

1-8 

1-62 

2-190 

0*9 

0-405 

1-300 

1-9 

1-805 

2*209 

l-O 

0-60 

1-440 

2-0 

2-00 

2-404 


We add for reference the following formulae for the /-functions (the 
modified Bessel functions): 


J g&ooaa^^ _ nl^(h). 

(12) 

oos 2 dfi*®*“’(W = 

db 

( 13 ) 


( 14 ) 


* W. M. Smart, M.N. 96, 127, 1984. !Ihe lesnlts given In leotloiia 8-43 to 2*46 following ace 
alao givon in thla paper. 




44 


2-42 


Also, 


A Single Star-Drift 


= J 

on 'writiiig ^ = 2d. We thus have the altematiTe foimula 

fbeote^ = 7riJ,(6) = irJf^(ib). 


i: 


The modified Besael fiinotion of older m is given by 


7r4(6) = J’ 


efioo^^ooBtnddd. 


(16) 

(16) 


2*43. The mean vabue of the observed linear transverse speeds for die whole shy. 

We shall assume that the stars are distributed uniformly over the odiestial 
sphere. The procedure in any statistioal investigation based on the result 
of this section must consequently be modified by considering only the means 
of the observed quantities over each small region (of standard area) con- 
sidered, irrespective of the number of stars utilised in such areas. 

Let TS denote the number of stars per unit area of the sphere. The number 
in the zone between A and A H- dA (Mg. 8) is accordingly 2vN sin AdA and the 
mean observed transverse linear speed of these stars is as given by (10) 
in the previous section, where 

26 = (AF)*. 

Now, sinoe F is the projection of the drift- velocity, 17, on the tangent plane 
at any point of the zone A, A -I- dA, we have F = 17 sin A, so that 


26 = (Al7)»Bin*A. (1) 

Set 2c = (A17)» = i7«. (2) 


Let 3g denote the mean value of the observed linear transverse speeds for 
the whole shy. The total number of stars is 4nN. We have, in consequence, 
for the whole sphere, 

4jrNTj = 27rN J’TjsinAdA 

or 2T8=?J sinA\i'(6)dA, 

which can be written, since 6 = csin^A, 

2a=>3’J^ sinA^{^(6)dA. (3) 

But db = 2csinA cosAdA. 





d6. 


Hence 
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Consider the integral on the right of this last farmnla; it is, by 2*42 (11), 

Integrating by parts, we find that it becomes, inring 2*42 (14), 


- 2[V^ e-»{(l + 26) Ji(6) + 267i(6)}]g 


The first line reduces to 2^c. .Also, Bessd’s differential equation for Jff(z) is 


dVo(g) l dtyo(g) 
(fo* da 


+ Jo(*) =■ 0. 


(4) 


which becomes, on writmg z ^ *6, 


cPJoiib) ldJ,{ib) 
db‘ db 


0 


or, since I^{b) = JS)(i6), by 2*42 (9), 

d%(b) 1dm 
db‘ "^6 db 


-m “ 0 . 


( 6 ) 


The integral concerned thus reduces to 

2.^+ 2 j" >^e-*{li(6) + Ji(6)}d6. 

We thus obtain 

1+^ j“^^e-®{Jo(6)+ii(6)}d» 

or, since the expression on the right of the preceding equation is a function 


of 1 ] — ^we have, firom (2), 2c = — ^we can write it as 

Ts^^Txiv). ( 6 ) 

where xiv) “ ^ C^) 

We shall later prove that xiv) “ identical with a fimction ^(7), given by 

0(7) = ie-»‘+^(27*+l)A:(7), (8) 

where K{ifi) is defined by (13) of section 2*30. The values of ^(7) ace given 

in Table 9, p. 61. 

Meanwhile we shall assume that is given by 

T,=Tm> ( 9 ) 

where ^ = hU (10) 

and U is the drift-velooil^ r^tive to the sun. 
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2*44. Themeanvdbueof the observed ntdialapeedB for a amatt area of the aky. 

We now consider the arithmetical yalues of the radial velocities — or the 
radial speeds — of » stars in the small area sia AdAdfi at 8 (I^. 8). Denote 
by dn the number of stars with haphazard radial velocities between i2 and 
B + dS. As before the w-azis (or the Ji-axis) is radial at 8. Using the general 
frequency function ^(17) of section 2-1, we have 

dn’=ndR\ f F{W)dudv 

J — OO J —00 

in which the sum is taken for cJl possible values of u and of v between — oo 
and + 00 . The integral on the right will be a function of B (we have 
IF* = + «• + i?*) and hence the above formula can be written 

dn=OG{B)dB, (1) 

where U is a constant and it is assumed that 0{B) is an even function of jR. 
Later we shall use the Maxwellian form, namely for 0(B), but mean- 
while it is convenient to retain the functional form. It follows from (1) that 

» = 0 J" 0(B) dB = 2U|J 0(B)dB, (2) 


which is to be regarded as an equation to determine C when n and 0(B) are 
supposed known. 

First consider the hemisphere in Fig. 8 for which 0<A<90°. The pro- 
jection of the paraOactio motion, U, on the tc-axis (or iZ-axis) at iSf is 17 cos A. 
We denote it by p, so that „ /av 

The observed radial velocity, iZg* ^7 star at 8 will thus be the sum of 
the parallactio component, p, and the haphazard radial velocity, B, and 


accordin^y 


Bq — .fi+p. 


.(4) 


In (4), p is a positive quantity for 0 < A < 90°, and B, being the haphazard 
radial velocity, can be positive or negative. 

Let 2»i denote the number of stars with random radial velocities such that 
0< I iZ I <p; this is, ofoourse, the number with radial speeds between Oandp. 
Let 2n. denote the number of stars with random radial velocities such that 


|JZl>p. Then 

n = 2(ni+n,). 

( 6 ) 

From (1), 

».-0j 

ro(iz)dJz 
' 0 

( 6 ) 

and 

«, = O’ 

• 

f“(?(JZ)dJZ. 

* p 

( 7 ) 
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We now form the Bum 2* | | for the n stars^at B. The n stars are divided 

into three groups: 

(i) (ni+ng) stars, for eaoh of which Ji is positiye. 

J2o is accordingly positive and 

SO that, summing for the (»i+ng) stars, 

2 I -Sol * f 1-81 + (»!+««) /t>- (8) 

th+fh -K-O 

(ii) stars, for eaoh of which H is negative and 0 < | i2 
jRq is accordingly positive and therefore 

|J2o|*-lJ2|+p, 
so that, summing for the stars, 

( 9 ) 

til n-o 

(iii) ?ia stars, for eaoh of which J! is negative and \B\>p. 

Thus iZg negative and consequently 

or jiJol = 

so that, summing for the ng stars, 

2l-Bol = I (10) 

fh R»p 


Hence, adding the results given by (8), (9) and (10), we have for the n stsun 

2l-®ol = 2f |i2| + 2»»ip, (11) 

n /i-p 

Let iZg denote the mean value of the observed radial speeds of the n stars; 

n 

Also, since by (1) the number, dn, of stars with random radial velocities 
between R and i2+di2 is CO{B)dR, we obtam the result 

T\R\ = 0 f"iJ(?(i2)di2. 

S^p J p 

Hence, using (6), the formula (11) becomes 

nig = 2C RO{R)dR+2pO ^'‘^Q{R)dR 

or nRt = 2(7 f"jBG'(J8)dJ2+2(7 {^(p-R) G(R)dR (12) 

JO Jo 
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The mean random radial speed, S, is given by 


Also, if vre set 

we have from (2) 
Hence (12) becomes 


Q = 1^6(5) dH, 


n = 20Q. 




It is evident that this formula also holds for a Hwinll region at S', antipodal 
to 8. The mean haphazard radial ^eed, M, is that investigated in section 
2 - 21 . 

We shall now find the expression for JZ, in (14) when the random linaar 
velocities are distributed according to the Maxwellian frinotion 

F(W) = 6-^’*^+^’*+^. 

Then Q{B) = and, by (1) of section 2*24, 


Also, (13) gives 
Hence (14) becomes 


_ 1 

2A - 2h^S' 


Write 


Then we have 


jB Cp 

^ = 1 + 2A* J ^ (p - R) dR. 

X = HR, 

i = lipshU oosA. 

= 1 + 2 J* (g-®) er^ da. 


which we write in the form 



(16) 

where it is easily seen that 


J’(g) = e-^+2gA(g). 

(17) 

It is to be noted that 


g = ^cosA, 

(18) 


where n — hJ3, according to (2) of section 2-43. Table 8 gives the values of 
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i 

m 


m 

£ 

m 

0-00 

1-000 

0-70 

1-468 

1-40 

2-603 

006 

1-003 

0-76 

1-616 

1-46 

2-688 

010 

1010 

0-80 

1-679 

1-50 

2-678 

0-16 

1-022 

0-86 

1-646 

1-66 

2-769 

0*20 

1-040 

0-90 

1-716 

1-60 

2-846 

0-26 

1-062 

0-96 

1-788 

1-66 

2-982 

0-80 

1-089 

1-00 

1-861 

1-70 

3-019 

0-86 

1-120 

1-06 

1-986 

1-76 

8-106 

0-40 

1-166 

110 

2014 

1-80 

3*194 

0-46 

1-196 

116 

2-098 

1-86 

8-282 

0*60 

1-240 

1-20 

2-178 

1-90 

3-870 

0-66 

1-288 

1-26 

2*264 

1-95 

3-468 

0-60 

1*840 

1-30 

2-886 

2-00 

8-646 

0-66 

1-306 

136 

2-419 



0-70 

1-463 

1-40 

2*603 




2'45. The mean vdtue of the obaerved radial apeeda for the whcle ahy. 

We shall again assume that the stars are distributed uniformly over the 
sphere so that, in praotioal applications of the formulae, the means of the 
observed quantities over each small region (of standard area) ate to be 
taken, irrespeotive of the numbers of stars in these areas. As the results for 
antipodal areas 8' are the same as for the areas 8, we need consider only one 
of the hemispheres, of which the antapex. A, is the pole. 

Let N denote the number of stars per unit area of the sphere. The number 
in the zone between A and A+dA (Mg. 8) is 27rWsmA(2A, and the mean 
observed radial speed of these stars is given by (14) of section 2<44. 
The total number of stars in the hemisphere is 2itN. 

Let iZg denote the mean observed radial velooiiy for the hemisphere. Then 


2irNB^ = 2>tN 


r 


jBgSinAdA. 


Hence J ?3 = if+i \ r(p-iJ)(?(iJ)sinAiAdif. 

V J 0 Jo 

But p = U cos A; hence sinAdA => — ^dp 


and jj, = ^ j^p (p - B) 0(it) dB (1) 

Now dp {p — B) 0{B) dB is the summation of the function (p — B) 0{B) 

over the strip AB (Fig. 11) of width dp, OQ bisecting the an^e between the 
p-axis and the i?-axis, and the double integral is the summation of the 
function over the triangle QOP in which OP = PQ s U. Ohangiag the 

4 


98D 
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Older of integration we sum first over the strip OD of width dB, that is 
between OE and U, thus obtabcung 

ru R 

djB (p-B)0{B)dp 

J OB 

ru 

or 0{B)dB (p-B)dp. 

J SO 

We then sum over the triangle QOP, 
that is from B = 0 to B= U. Thus 
the double integral is 


Jo JB ♦ u 

whidh is equivalent to Fig. ii 

Hence iJ, = 5+^ 



Henoe 


In the ease of a Maxwellian distribution of random velocities, we have, as 
before, i i 


Also, writing as before 
(2) becomes 

where ( 


hU = hB S3 X, 

Ba = 


1 T’ 

where = {ri—z)'e-^dx 

7 J 0 

or, in terms of the integral K{ii) s J' e-^ dx. 

This result may be obtained directly from (1) as follows. We have 

Set hp=s^ and, as before, hB = x, hU = ij. Then 


V VJo 
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= + 4^ e-** - ^K{ii), 

and the result, (5), follows immediately. 

The values of ^(17) ace given in Table 9. 


Table 9. Vahiea of ^{rj) 


V 

^ iv ) 

V 

m 

?/ 

m 

0-0 

1-000 

0-7 

1-166 

1-4 

1*668 

01 

1-008 

0-8 

1-201 

1-6 

1-622 

0-2 

1-018 

0-0 

1-260 

1-6 

1-608 

0-8 

1-020 

1-0 

1*804 

1-7 

1-766 

0-4 

1-052 

1-1 

1-862 

1*8 

1-841 

0-5 

1-081 

1-2 

1-423 

1*0 

1-017 

0-6 

1-116 

1-8 

1*487 

2-0 

1-004 

0-7 

1-166 

1-4 

1-658 




2*46. Proof of the identity ^(57) sx(^)- 
By (4) of section 2'46, we have 


^( 7 ) = 1 +^ J’( 7 -a:)‘e-»'d* 

1 « / i\f 

The integrand is a uniformly convergent series. Hence 


^(v) 


1 

>+3/ 


1 1 2_. 

♦•1 l2r+l 2r+2 

^■'■^r“H“'(2r+])(2r+2)(2r + 3)' 


) 


Now consider x{v)‘ ^EVom (3) and (6) of section 2*43, we have 


Xiv) = JJ ainAii^(6)dA, 

where 6 = csin’A and c » i(AI7)* = 4^*. 

We shall first express ^(b) as a power secies in b. 

Since S’ = ^, we can write (6) of section 2-42 as 


T, = - f'e-»"“*«(l+46oos»d)(W. 
7r j 0 


(1) 


( 2 ) 

( 8 ) 


(4) 


4-a 
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Also, by (10) of the same section, 

Tt = Tf(p). (6) 

Hence we define ^{b) by means of (4) and (6) as 
o /•»/* 

M) = - e-»»^*<’{(H-46)-46Bin*0}(W. 

jtJ 0 

The integramd na-Ti be expanded into a uDifarmly conveigent series and we 
obtain 




8in*‘0 2ain*^*^ , 2sin*^0n 


2r— 1.2r— 8.... 1 n 
2r.2r — 2....2 *2 


_ (2r) I n 
2»-(rl)*‘2* 

Hence i/r(b) = 1 +| ( - 1)' (26)' • 

The right-hand aide is seen to reduce to 

i+2y(-i)r-x(^V 

^ t ^ ^ W (r-l)I(rl)* 

and accordingly we can write 




^2/ rl{(r-|-l)l}* 

Insert now the series given by (6) in (2) and we have, putting 6 = csin*A, 

Hence xiv) = ^ + ^f(“^)'(2r-|-3)(2r-t-2)(2r-t-l).rl 
or, sinoe 2c = by (2) of section 2*43, 

A:(7) = 1 + 2 ^ ( - 1)' ^2r + 3) (2r - 1 - 2) (2r -t- 1) .Tl 

and the expresEdon on the right is the same as that in (1) ; henoe 

xiv) = <f>iv) 


and the identity is established. 
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It follows from the pieoeding seotioiis that 

R^.T^^RxT 

and consequently that B^\Tt = 2:n. (8) 


Thus the ratio of the mean observed radial speed to the mean observed 
transverse speed for the whole sky is the same as the ratio of the mean 
random radial velocity to the mean random transverse vdooity in the drift. 
The result (8) seems to have been first stated explicitly by W. J. Lnyten.* 

2*51. Proof of t'herdaitwM,Ri\T^'.W^ = 

As in the previous sections, JS, and denote respectively the mean ob- 
served radial and transverse speeds, taken over the whole sky, for a sin^e 
drift of stars. We denote by W^, in a smuleu: way, the mean value of the 
observed toted speeds, for the whole sky. l%e following proof of the 
formulae was given by F. J. W. Whipple.^ 

Consider the stars, n per unit area of the 
sky, with the acme velocity relative to the 
sun and in the seme direction. LetOZ(Fig. 12) 
be the given direction of Pl^, the sun being 
at the centre, 0, of the celestial sphere. As- 
suming uniform distribution of the stars over 
the sphere, we have that the number of stars 
with the given value of in the zone 6 to 
0+d6 ia 2jmeiD.6d6. But the radial velocity 
of these stars, observed with reference to the 
sun, is W^oaed and their transverse velocity 
is PPosm^. Hence, if 12^ and denote the 
mean observed radial speed and the mean 
observed transverse speed respectively for all the stars of velocity in 
directions parallel to OZ, and taken over the hemisphere 0 <d< 7 r/ 2 , we 
have — since the total number of such stars over the hemisphere is 27 m — 



2TmRjf = 27r7»H^J 

r»r/« 

sin0 coBOdO 

^ 0 


and 

27m2V ” StttiWo J 

f 0 


Hence 

Rw ” 


0) 

and 



(2) 


The hemisphere, 7r/2 < d < tt, provides identical results and so the formulae 
(1) and (2) hold for the whole sphere. 

* Proe, Nat. Acad. o/Sdenoes, 11, 192, 1926. 



t M.N. 96, 442, 1986. 
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Avecagirig for aJl poseible values of Wq and for all directions we obtain 
from (1) and (2) 

(4) 

whence = 2:n':4. (6) 

It is thns seen that the relations 

SiS’iW => 2:7r;4, 


given by (2) of section 2*23, are a particular result of the more general 
fatmula (5). 


2 * 62 . Fli^fe’sproo/o/fAe/omulae = T<j>{ii). 

In previous sections the avenge observed transverse and radial speeds 
have been obtained for any small area of the sky (these results will be used 
in a later chapter) and the mean observed transverse and radial speeds for 
the whole shy follow by integrating over the celestial sphere. To obtain the 
results for the whole shy, Whipple* proceeds by integrating in a different 
order and by maMng use of the formulae of the preceding section. 

Let W denote the haphazard linear velocity of a star, with components 
u, V and w. Then, with a Maxwellian distribution of velocities, the number 
of stars with velocity components between (u, to) and (u + du, v + dv, w + dw) 
ifl Oe^“’+®*+^dttdwdtti, 


where (7 is a constant related to the total number, N, of the stars concemed. 
Let the direction of W make an 


angle 6 with the direction of the 
solar motion, which will be taJren as 
the tp-axis (Fig. 13), and write 

«= Woos^Jain^, 

V = TTsin^ sind, 

10= W OOB$. 

Then the number of stars with hap- 
hazard velocities between W and 
W -i-dW, indirections between^ and 
d+dd, ^ and^+d(&is 



or Oe~*^W*^ddWddd^. 


Kg. 18 


* loc. oU, 
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Henoe, if dN denotes the number of stars mth haphazard velocities between 
W and W +dW and in directions lytog between the oones 6 and d+d(?, 

dN = 2n0e-^ W^wnedWdd. 


We thus obtain N = 2^0 f W*e^'^dW f sinddd, 

Jo Jo 


from which 
so that 


0 = 


Nh^ 


dN = ^ W*dW^edd. 


But 


If Wo denotes the velocity, rdative to the sun, of a star with haphebzard 
vdooity W, we have 

Wl^W*-2WUooBd+V*, 
where U Is the solar motion. 

Denoting, as before, by the mean speed, relative to the sun, for all 
stars in the drift, we obtain 

W, = - 2 W 17 0080+ D'«)V*e-ww* W*iWsin 0 d 0 , 

in which it is to be understood that the square root has the positive sign. 
Integrating first with respect to 0, we have 

W, = 3^ U)>-(W~V)»}e-*^^ WdW. 

|J{(W+ V)*-{W~ V)»}e-^^ WdW 
= JJ{(W+ U)^-(U- Wf}e-^ WdW 
+ J*{(W+t7)»-(W-17)»}«-^ WdW 
= 2 JJ(W»+3Wj7»)6-^ WdW 
+ 2 J“(3W*C7+£7«)6-»*’»^ WdW 
= 2 JJ(3W*Cr+ j7»)e--WF* WdF 
- 2 JjC^- WdW, 

Wo = ^W)e-^dW-^^\u- W^e^WdW^ 


Hence 
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= M, hU = 17 and hW ®» x. 


Then |J {3®* +^%b) e-^dx — ^j^(V ~ x)*e~^xda ^ . 


Bnt 


J sfie-^dx = J xer^dx = 4 


and (‘^—x)^e~^xdx = — ^^( 7 — | »)*e"**( 2 a! 

Hence we obtain = 25|l J*( 7— x)*e“®^da!| . 


But the ezpieeaion within the parentheBes is 
consequently ^ 

But from (6) of section 2>61, 


by (4) of section 2'46; 


Hence 

Similarly 


B, = 


But T^IR. 

Hence S’, = 

But by (6) of section 2‘43, J, = Txi^j) 

and we accordingly have the result that xiv) = ^(7)- Whipple’s procedure 
thus contains implicitly the proof of the identity of the functions ^(ij) and 
X{'0)t given by the expressions 2-43 (7) and 2’46 (4), which we proved 
directly in section 2*46. 


2*61. The frequency fmdion of (he obaerved tranaverae vehdtiea for the 
V)hdle ahy. 

The principal formula of this section was given by W. J. Luyten* in a 
paper on “The mathematioal expression of the law of tangential velocities 
The following is a modification of his work. 

From (4) of section 2-3, if there are n stars in a small area of the shy at an 
angular distsmce A from the solar antapex (Fig. 8), the number dn of stsus 

* Froc. Nat, Acad, ofSoieneea, 11, 87 , 1925 . 
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mth transrerse linear oomponents between T and T+iT, relatiye to the 
Bun, and in the seotor d,d+dSk given by 

= 2:Le-*'(2^«arooetf+F^2TJ7i^ 

It ’ 

where F = 17 sin A, (1) 

XJ being the solar motion. Hence, if denotes the number of observed 
transverse velodtieB between T and T+dT for all values of 6, 

, ^ TdT 

w Jo 

or, in terms of the modified Bessel function of zero order, by 2*42 (15), 

d»i = 2nA*e-^2'+»^/o{2A*^^) TdT. (2) 

This formula holds for all smaQ areas in the zone between A and A+ dA a>nd 
it will accordingly hold for the whole zone between A and A+dA, whose 
area is 27rBinAdA. 

Let N be the number of stars per unit area of the sky, so that is the 

total number over the sky. If n, dn and d% now refer to the area of the zone 
between A and A + dA, we have 

n = 27r.?7sinAdA. 

Hence (2) becomes, using (1), 

dni = 47rJFA«sinAdAe-^'(*’+'^»‘"**)/o(2A*TC7ainA)!rd2’. 

If W{T) denotes the frequency function for the observed transverse 
velodties over the whole sky, so that W(T)dT is the proportion of stars 
with transverse vdodties between T and T+dT, we have 


4mNW{T)dT = 47rJFA*'rdJ’ J'ainAe-^’<*’+«^»‘“‘«Zo(2A*2’t7BinA)dA. 

We write hT = z, hU = ti 

and ^*TU sin As 2 i 72 am A => i. 


Then 


j;,{2A*T17sinA)sJ„(tf) 


1 +- 




ij«z«sm«A 

A (jl)* • 

Hence T{T) = h*Te-* 

which we shall write in the form 

!F(T) = 2h*Te-^^BfZ*i, (3) 

where Bi = 7^7^ I e“***‘“*^sin*^+^AdA. 

* 00* Jo 
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Ezpandiiig the exponential function in the ptevioue fonnnla, fre obtain 

r ^.2j—2 2 2j+2.2j....2 i;> 

2 ; + 4 . 2 j + 2....2 7 ‘ “1 

■^^•+6.2j+3....l’21 "J 

and, finally, 

B (2?)** fi ^3 + 1) V\ nj+l)U+i) V* \ 

(2j+l)l\ 2j+3 ‘ll'^(iy+3)(2j+6)'21 ”7 ^ * 

The fotmulae (3) and (4) define the frequency function. 

Since the ohserred transverse velocities, T, are signless — (2) has been 
obtained, effectively, by integration mth req>eot to 6 from d = 0 to ^ = 27r 
— ^the definition of V(T) gives 


and hence, using (3), 
Since 

(6) becomes 


|V(T)dT= 1 

I 


•(») 


oo A I 

0 ^ 




1. 


•( 6 ) 


which is the relation connecting the coefficiente, 

2 * 62 . The mean vaj/ue, T^, of the observed Ircmsverse speeds for Ihe whole sky. 

The results of the previous section can be employed to derive the formula 
for T,, the mean value of the observed transverse speeds for all the stars of 
the drift scattered uniformly over the sky. We have 

IrrNT^ = isrN JJ TW(T) dT, 

which, by (3) of section 2-61, becomes 


Now 




.( 1 ) 


> (^'+2)1 
2 •2«+*0'+l)l 
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and, lining the foizaiila 
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T = ^ 

■* oi» 


we obtain 21 


2A’ 

(2? + 2)l „ 


InsertiDg the valne of Bf given by (4) of the previona aeotion, we have 


T 2? + 2 ?yV ^'+2-^‘+* 1 

* t^'ir 2^-+3-1I'^^-+3.27+6-21 ■"!' 
It is easily found that, up to the term in y, 


•( 2 ) 


y.=r|i+^.- 


S.6.2r 6 


V" 1 
.7. Sir 


.(3) 


This result was given by Luyten* and it is readily verified that the series 
on the right of (3) is identical with the corresponding terms of the expression 
of x(v) in series form in (7) of section 2*46. 


2*71. TAe represmtationo/tAe/ormula/or a drift-curve by a I’emrier Series. 

By (11) of section 2*3 the radius vector, fi, of a drift-curve, which is 
indiued at an an^ 0 to the axis of symmetry, is given by 


or, using the form of/(r) in (12) of section 2-3, 

p = JC(T)j] , (1) 

where t = AV oob0, (2) 

Z(t) = (8) 


and n is the number of the stars forming the drift. Following Eddington,t 
to whom the following analysis is due, we write, by Fourier’s theorem, since 
p is a fimction of 0, 

p = -B-i--Ooosd-|--i)oos2d-|--J^oos3d-l--Foos40-(-... 

■n It It It It 

+ j5j sin ^ + B, sin 2d , 


where -B = ^ f pdB or »B = i f pdB, (4) 

7T Z7T J 0 Jo 

riw 

nO = \ pooB0d0, (6) 

* Proe. Nat, Acad, of Bciwcca, 11, 90, 1026. 
t M.N. 68, 688, 1008. 
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f 9» 

aD as I pooeiddd. 

(0) 


fftr 

nE \ pooaSddd, 

(7) 


r2ir 

s J pooaiBdd 

(8) 

and 

1 r*' 

Bf = -j p^pdS. 



The ooe£5.oie]ita Bj ajl vanish owing to the symmetry of the diift-ourve. 
We then have 


p = — {J5+C7oosd+2)oos2^+J2foos3 ^+ ^*008 40+ ...} 
IT 

and we reqnire to evaluate the ooeffidents B, C, ... F. 

(i) Evahuxtion of B, 

r*' 

We have I pdO = ». 

J 0 


Henoe, by (4), 

(ii) Bwduation of C. 

Fxam (6), using (1), we have 




nC = [i+Te»* {y +-S^(’-)|] dd, 

where T is given by (2). We shall write, as in previous sections, 

A*F> = 26. 




Then 0 = j^’ooB»ee«>o^o^+K{T)^dd. 

Now j ooB^de^°^^E(T)dd 

fir/9 fir 

= 2 00B*dfi®«»*«J:(T)<W+2 ooB‘de”>^0K(T)de 

Jo J »/« 

and, writing (v—&) for 6 in the last integral, it becomes 

r*r/2 

2 COS*06“<>“*«'.K’(-t)<W. 

Also E(—t) = —K(ry, hence L = 0. 

We then have 


e-» cos»0e»«»^»(W 


oos*(9e*®®**®dd. 
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Now, by 2*42 (12), 


and consequently 


A Single Star-Drift 

= nloib) 

jVo<***(W = WJ!i(6). 


!E!rom (13), by differentiation with respect to b, we derive 


2 J 00S*d6*“**®(id = TTC® 




^7re^{Jo(b)+Ii(b)} 

on using 2*42 (14). 

Hence we obtain from (11) and the last result 
C = ^Are■^{Io(b)-^■I^(b)}, 

in which b = iA‘V*. We can now readily ccdoulate 0 from (16). 


(iii) Evaluation of D. 
We have, from (6), 


rin 

nD=\ pooaZddd 

/•2jr rSiT 

= 2 pooB*ddd— I pd6 
Jo Jo 

= 4j pooa‘0d&—n. 


Referring to 2'3 (6) we see that p is defined by 


reo 

P = ^ g-WT>+r*-aTreo»to (17) 

whence 

f’pcoB*0d0 = — f" re-W2'+»^-*2T^«»o)eoe*d.Ti2’(W 
Jo ^ J 0 J 0 

= ^ J"e-w<i’+»^ |J*coB*0e“’^«»'’d0j TdT. 

( 18 ) 

Write 2A*2’F = z. Then the integral with regard to ^ in ( 18) is 


Now by 2-42 (16), 


from which 


co8*d^“*»i^. 


e»«»0dd = nJoiz), 


ooB*5e*®**®dd = n 
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Henoe J'p oo8«(9(W * «A*e-» J 

Butby2.48(6), 

Henoe 

J%0O8*<9d5 = ^*6-» A J„(a)jd/p. (20) 

Also, firam (17), 

n = ^j’pdd = 

or » = 2«A*e-*J e^^If,{z)TdT. (21) 

Henoe, from (20) and (21), 

2j'pooe>tf« = »-j^e-»J*r^A^,(,)iI’. (22) 

Now, 

J"e-^®*^ii(*)i2’ = [c-^^i;,(*)]J + 2A* J"e-»'2*j;,(s) TdT. 

(23) 

The valne of the integrated part on the ri^t of (23) is — 1 and the integral 
is given by (21). We thus obtain from (22) 

2j’^co.>W-»+^-^ 


and finally, from (16), D = 1 -^^(1 -e"***^). (24) 

(iv) EvedmHon of E and F. 

By following the previous methods the expressions for E and F oan be 
easily obtained. The results are 

-3^AFe-‘[io(6) + (l-|)/i(6)) (26) 

or, perhaps more simply, E = 0—^^tr*I^{b) (26) 

and l-^{(3+W*)e-»^ + 2A*P-3} (27) 

or F = ^(b + l-er^-ZB). (28) 


F is easily expressed as a series in A7; thus, writing (A7)* = a;, we obtain 

2»* 4x® 6«* 8** 
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which oonyeorges lapidly fox values of x less -Hum uiuIt^; (20) is a convenient 
form for calculating F for values of hV between 0 and 1. Foi Icurger values, 
it is better to obtain the values of F fix>m (28), the values of D having 
pievioucdy been calculated. 

The values of 0, D, E and F are given in Table 16, p. 127, for values of hV 
between 0 cmd 2*0— the values of 0, D and E have been taken from Edding- 
ton’s table.* 

The principal formulae of this section will be employed in Chapter iv for 
the purpose of deriving analytioally the constants of iixe two star-streams. 


2*72. Oenerd method of de/rwmg the Fowier constamta of a drifi-cwve. 

The following analysis has been given by A. Sletcher.t 
We write the Eouxier series for p in the form 


p =<-(JAo+A|_oosd+A,ooe2d-f ...). 


The identification of the constants in (1) with those in the previous section is 
J5 ^ ^ (or Ag — 1), Aj^ C, Ag * JD, Ag “ Ej Ag ® F* 
Then, from (1), 

If** 2r' 


By 2-71(17), 


BO that A. 


» 1 r** 2 T' 

-A„->-J pooemBdO^-x pooemBdd. 

mjt% fa 

pt= — \ g-*»(!r«+F«-*3'rooB«) JTjjry 

Jo ’ 

= ^ J'ooB md j TdT^ < 

= f "Te-****( {\^^«*OooBm6d 

n Jo (Jo 




'“are-**** oostnddd] 


Now the modified Bessel function IJ^pc) is defined by 




COB mdd^. 


Hence, writing t s AT in (3), we have 


= 26-ft^|"«e-^j;„(2A70<ft. 


As before, we write 


b » iA«F». 




* MJSf. 68, 092, 1908. 

t MJif. 96, 877, 1986. 
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This integral is oonvergent at its lower limit pioTided m > — 2. .Also, we 
haTO the formulae''' 



I,(6) = ii(6)-|A(6). 


Usiiig these in oonjunotion with the expressions for Aq, Ai, and A^ 
0 is giyen in section 2-71 by (16), .Ag si) by (24) and by (26)), 

we see that 

A^ = ^linSe-0{I^+I^)^l, 

^ = ^/pe-^(^+/^), 

Ai = ^Jl^erO{l^+Ii), 

Ag = Vp6e-*’(7i+ij), 

the argument of the /-functions bemg b. 

The formulae just given suggest that the .A’s follow the general expression 

Am = ^\ftb (®) 

Thus, referring to (4), we have to prove that 

j"ter^lmiMt)dt=J^^{Iv„_^{b)+I^^ ( 6 ) 


Consider the integral (sir) on the left-hand side of this equation, and 
write X for t*. Then 


i = i J e-^Imi^^x) dx 
_ r«-^« (26a;)»^ 

"*Jo r^^r\r(r^m+\) 


dx 


= i2. 


(26)«^ 
r^'orir(r+m+l) 


j: 


e~*af+l"*daj 


* {2bY^r{r+lim+l) 

*,±o r\r{r+m+l) ’ 


* G. N. WatBoa, Theory of Beattl fvinetions, 63-65, 1922. 
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OoDsider now tibe right-hand ride of (6). We use the following relation 
d». to Kmmo« . mr-IXr+.+j) 

' ^r -0 r\r(r+2v-\-l) ' ^ ^ 

We thna have 

ood (.0) 

Adding (9) and (10), we obtain 

"Jb rlAr+m+l) W+"*)+»^} 

= (11) 

,ro rir(f+m+l) ' ’ 

We thus see from (7) and (11) that the general relation (6) has been 
established. 

The Fourier ooeffldent oan be readily expressed in the form of a series 

by means of the companion formula of (8), namely, 


' rlJlr+to+I) • 


We then obtain, by a procedure similar to that in deriving (11), 

e"*{A(m-D(&) + Wn(i)} 

wUMtoe, by (5), A. j/- <**> 

This series is convenient when mis even. Thus, form = 4, we readily find that 
A, = |i(AF)‘-i (AF)«+|j (AF)*- .... 

• WatBon, Theory of BeaHi Functions, 101, 1922. Tho formula (8) may be derived fbr y> - 
which Is all that matters in the present connection, from the formula 

'#r(i.+*)yo 

We then hA7« e»7„(6) = — 

■<^r{v+*)Jo 2 2 2 

Bzpand the exponential in the integral and integrate term by term; the result (8) is then obtained. 
Similar]^, the series for used in establishing (12), be obtained. 


SBD 


5 



CHAPTER m 


THE SOLAR MOTION 
3 - 11 . Df^nitumoftheadlar motion. 

We shall consider a group of stars — in the ideal ease, scattered oyer the 
sky — and we shaU suppose that for each star the proper motion has been 
observed or that, adtematively, the radial velocity of each star is known. 
The group consists, consequently, of stars which depend for their choice on 
the capabilities of the instruments used for the measurement of either 
proper motion or radial velocity. For example, the proper motions of the 
naked-eye stars of Boss’s Preliminary Oeneral Ccetalogiie as faint as the sixth 
magnitude have been determined with great accuracy from meridian-drcle 
observations spread over several scores of years; a large proportion of these 
stars have also been observed spectroscopically for the determination of 
radial velocity. If the solar motion is to be derived from the proper motions 
of Boss’s stars, the magnitude and direction of the solar motion are to be 
defined with reference to this particular group of stars and to no oilier; in 
the same way, if we employ the radial velocity measures of stats of a par- 
tioular catalogue the solar motion is to be defined strictly with reference to 
such stars. 

Consider a group of N stars and let the coordinates of a star be {x, y, z) 
with reference to rectangular axes through a particular point as origin. 
We can dearly choose the origin so that 

Zx=‘Zy — Pz = 0 , ( 1 ) 

and we define this point as the geometrical centre of the group. The geo- 
metrical centre is evidently the same as the centre of mass, or centroid, of 
the group if all the stars are all of the same mass. Frequently, the geometrical 
centre is referred to as the centroid but this latter term must not be identified, 
in this connection, with the centre of mass. 

Let (U, V, W) denote the rectangular components of motion of any star 
with referenoe to axes fixed in direction and passing throu^ the geometrical 
centre. Then, by (1), 

i:V = ZV^IW = 0. ( 2 ) 

^t (^, Tj, 0 be the components of the sun’s motion with respect to the 
axes considered. Further, let {u,v,w) denote the components of the star’s 
motion rdative to the sun and with respect to axes parallel to those of the 
first system. We then have 

U = u+i, V = v-^7i, F = w + C» 


( 3 ) 
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and Bumming for the N stars of the group and Hiring (2) we obtain 

Zv+Nij^Q, irw+jr{[>=0. (4) 


In these equations, the components (tt, v, w) of a stellar velooily, relatlTe 
to the sun, can only be found — see section 1'33, where the components are 
defined for the usual equatorial system of axes — ^if the components, and 
/If, of the proper motion, the star’s radial vdooity and the parallax, p, are 
all known. 

It is to be remarked that the assembly of stars under consideration need 
not form a “drift” in the technical sense in which this term has been used 
in Chapter n; in other words, we are not concemed with a particular law 
governing the distribution of the vdocity vectors (17, V, W). 

As remarked previously, there is no observational evidence that the 
motion of any given single star is other than uniform and rectilinear and so 
the geometrical centre of the group will have, at least for several centuries, 
a uniform and rectilinear motion with reference, for example, to the centre 
of the whole galactic system] thus the geometrical centre forms a dynamic- 
ally convenient point of reference to which the motion of the sun can be 
related. 

As we shall see later, the equations (4) are readily adapted, with the 
addition of certain assumptions, to the practical determination of the solar 
motion either from the proper motions alone or from the radial vdocdtieB 
alone. 

3*12. Heraohd'a investigation of the solar motion. 

Sir William Heraohel* was the first to investigate the diVedion of the 
sun’s motion. As judged by modem standards, 
he had at his disposal a very meagre amount of 
observational information — ^the proper motions 
of but thirteen stars, in all, were available when 
he made his first attack on the problem. Let us 
assume for the moment that each of these stars 
is at rest with reference to fixed axes as defined 
in the j^revious section and that the sun, 8, 
alone is in motion, towards the solar apex 
(Fig. 14). A star, X, will consequently appear to 
have an equal linear motion, relative to the sun, 
in the opposite direction XA , that is to say, in the 
direction of the solar antapex. This apparent 
motion of the star will have a component along 
XB, perpendicular to the line of sight, and this transverse component will 
* PhU. Trana. 73, 247, 1783; OotUeted Seianiifie Poftra, i, 108, 1912. 
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be observed as a proper motioiL along the great drde are joining X to the 
position of the antapez on the celestial sphere. It is easy to see, in this case, 
that the amount of the proper motion varies iaversely as the distance of the 
star from the son and directly as sin A, where A is the angolar distance of the 
star ficom the antapez. On the hypothesis stated, the proper motions of all 
the stars in the group wonld be directed towards a definite point in the sky 
(the solar antapez) which could be simply ascertained from the obser- 
vational data. However, the hypothesis is very far from the truth and, 
aocordin^y, the observed proper motion of a star is actually the com- 
bination of the effect produced by the reversed solar motion* and by the 
star’s individual motion (or peculiar motion) with respect to the fixed axes. 
Neverthdess, the directions of the observed total proper motions should 
beezpected to indicate a general convergence towards a particiilar point in 
the shy. This was the argument advanced by Hersohel, and with the data at 
his disposal he placed the apez of the solar motion near the star A Heroulis. 

Let the observed proper motion of a star, X, be along the great drcle 
XY (Fig. 16) and let d denote the position angle PZF; let A be the angular 
distance of X from the antapez A, and x the position angle of A with refer- 
ence to X. Also, let AB ( sd) be the great drcle arc drawn perpendicular 
from A to Zr. Then ' dni = flmAsin((9-;^:). (1) 

We have siniilar formulae for the other stars. Knowing 6 for each star, we 
have to determine a point A such that 
the distribution of the values of d will 
indicate the mazimum degree of con- 
vergency. If we regard the angles (d—;^), 
calculated for an assumed position of 
A, as of the nature of aoddental errors, 
we choose that position of A for which 
Sd^ is a Tnfaiwiimi, applying the usual 
procedure in the theory of errors. In 
Hersdhers time the theory of errors had 
not been developed and the criteiion he 
applied in effect, although not expressed 
in mathematioal language, concerned 
the choice of A for which Ed was a 
Tnimmum, the length d of the great 
drde arc AB being reckoned positive in each instance. 

Any method involving the use of formula (1) directly is inconvenient in 
practice, as it involves a vast amount of computation: we shall subsequently 

* The oomponeat along XB (llg. 14) of the w vwaed solaE motloii givea liae to tlie paraBaetio 
proper motion; tha oompoiioiib ilong XO la the poraBaetie roBM wtooUp. 
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derive other methods depending on the same bario idea and comparatively 
ea^ to apply, however abimdant the observational material may be. 

3 * 13 . A simple method of deimiwM/ng an apprommate position of the solar 
apex. 

The method to be described appears to have been first given by Bnesell, 
Bugan and Stewart.* If we consider a large number of stars scattered over 
the sky, it is clear that for stars on the same meridian as the solar apex the 
general tendency of motion, so far as the proper motions are concerned, will 
be in declination; consequently, for this right ascension we should expect 
the number of positive values oi/i^ to be the same as the number of negative 
values. For stars in right ascension, say, 2^^ greater than that of the apex, 
the number of positive values of /«, should exceed the number of negative 
values, since the position angle of the antapex, towards which the general 
tendency of motion takes place, for stars in this meridian is between 0° and 
180°. Similarly for stars with right ascensions, say, less than that of the 
apex, the number of negative values of should be espected to exceed the 
number of positive values. Sitnilar arguments apply to stars on meridians 
in the neighbourhood of that of the antapex. 

Let now and denote, respectively, the number of positive and of 
negative values of /t, for stars lying between two meridians, say, 1^ apart. 
Let P denote, algebraically, the relative preponderance of positive values 
over negative values, so that 

We can then find very easily, from the observed data, the vtdues of P corre- 
sponding to different mean values, a, of the right ascension. Drawing a 
graph with the values of a as abscissae and the values of P as ordinates, we 
readily find the two values of the right ascension for which P vanishes. That 
value near which P changes from negative to positive is evidently the right 
ascension of the apex, and the other is the right ascension of the antapex. 
The two values should, theoretically, differ by 12ii, although in any appUoa- 
tion of the method this difference is not likely to be obtained exactly. 
A similar procedure with the values of Pf leads to an approximate deter- 
mination of the declination of the apex. 

Kg. 16 is adapted firom the results of an investigation by F. K. Edmond- 
son, f based on the proper motions of 7602 stars in Sohlesinger’s Oatalogve 
of Bright Stars; the ordinates are the values of lOOP, oorresponding to in- 
tervals of I** in right ascension. It will be seen that the right ascensions of 
the apex and of the antapex are dlose to 18^ and 6^ respectively. To fix the 

t AJ. 41. 143, 1031. 


* Aatronomy, 2, 669, 1027. 
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tight asoeiudons mote aoourately, Edmondson found the values of P, for 
intervals of 6 minutes in the right ascension, for some disteinoe on either side 
of 6^^ and of IS^*; and by drawing a straight line through the ooixespondiog 
points of the graph so as to fit the observations as closely as possible, the 
right ascensions of the apex and antapez were found to be 13*^ and 3°^ 
leE^otively. If we apply the condition that the difference in these right 



ng. 16 


ascensions should be we may take the right ascension of the apex to be 

or 272°. The deoliDation of the apex was found in a niTni1«.r wiaTiTiflr 
to be + 33°'6. It is to be noticed that the finA.1 determination of the right 
ascension of the apex depends only on stars within 30i>^ or so of the right 
ascension of the apex and of the antapex; a RiTnilar argument applies 
to the declinations. We add that thin position of the apex is in very good 
agreement with that found by more general methods which take account 
of the proper motions of all the stars, irrespective of their positions on the 
celestial sphere. 
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The Solar Motion 

3*21. The method of Bramia. 

Brarois * first considered the solax motion as defined \vith reference to the 
centre of moss of the system of stars forming a selected group ; but as stellar 
masses were entirely unknown in his time he was later oompdled, in the 
application of his method, to suppose that the masses of the stars were all 
the same. This procedure, as we have seen, is equivalent to determining the 
solar motion with reject to the geometrical centre of the group— the 
conventional defixdtion of the sun’s motion. 

We shall take, as the fundamental equations, the formulae (4) of section 
3*11, namely: 

Bu+Ni^O, Bv+Nv^O, BW+NC--0 (1) 

in which, it may be recalled, (u, v, w) are the components of a star’s linear 
velocity relative to the sun and, as we shall now assume, with respect to the 
usual equatorial system of axes; also (^, if, ^ are the components of the solar 
motion, referred to parallel Sixes through the geometrical centre, and N is 
the number of stars in the group. 

Let r denote the heliocentric distance of a star and (2, m, n) the direotion- 
oosmes of the heliocentric radius vector to the star referred to a parallel 
system of axes moving with the sun. The heliocentric coordinates of the 
star are then given by 

* = Zr, y=‘ mr, z = nr. 

j&lso Z^cosacosj, m = sinaoosj, n = Bmd. (2) 

Then, relative to the sim, we obtain 

X = tr+U, etc. 

or u = lr + ^, V ’^rhr+mp, w^hr+np, (3) 

where p denotes the star’s radial velocity relative to the sun. Also 
i >=> — /tgSinacosd— /t, cosa sind' 

ms /tgCosa cosd— /(jSina sind -. (4) 

As Pt cos d 

In these expressions we shall assume that the unit of tune is a year; con- 
sequently, and pf are, for the present, the components of the observed 
proper motion expressed in drcular measure. The formulae (1) and (3) 
then give 

M = -Blp ^ 

Ni} = —Bmr—Bmp •. (6) 

N^ = ~Bhr -Bnp J 


* LiottvHU't Jovnui, 8 , 486 , 1848 . 
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=» Hr/i^ojia ooBd+Hr/ifOOBa^i—Slp ' 

Nij a -2>/t„oosa 008 ^+i7r/{, sin a ^H—Smp ■ (6) 

N^= —iTr/tj ooB^ —Snp 

These equations, (6), are the equatLons of Bravais. They involre the three 
observable quantities /t,, Pf and p and if, in addition, the heliooentiio 
distances of the stars are known the equations are sufELdient for determining 
the oomponeuts of the solar motion and the direction in the sky in whioh the 
sun is traveUing. 


3*22. Modif£aH(m of the equations. 

In the time of Brayais, the speotrosoopio method of measuring radial 
velooitieB had not even been foreshadowed; consequently, the equations (6) 
cannot be used with anything more than a knowledge of the observed 
proper motions — we leave over for the present the question raised by the 
appearance of the stellar distances, r, in the equations. An assumption as 
to the distribution of the linear velocities of the stars is evidently required. 
We proceed as follows. 


Multiply the three equations in (3) of section 3-21 by I, m and n; adding, 
we obtain p = hi+mv+nw, (1) 


smce 


Z*+m*+»* = 1 


and 


• 1 d 

U+mrh+nn s ■^■^(P+m^+n*) 


0 . 


Also, if Jt denotes the peculiar linear velocity of a star, in the direction 
defined by the direction-oosines (I, m, n), with respect to fixed axes, we have 

B = lU+mV+nW, (2) 

where (U, V, W) are the components of the star’s linear vdooity relative to 
the fixed axes. Hence, since U = «+ etc., we obtain, firom (1) and (2), 


Substitute this expression for p in (6) of section 3-21. Tha n 

—^Slm+rj — = —Zmr—SmR -. 

iSln-qlkim+^Sil-n') = -SAr-ZnB 


( 3 ) 

(4) 


These are accurate formulae. 

We now introduce the assumption made by Bravais for n^nliHing the 
equations in association with the observed proper motions of the stars. 
Assume that 215 = ZmB = SnB = 0, (6) 
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the sammatioii extending orer the group of N stars. Now J9 is the individutJ 
or peouHar radial velocity of a star with reference to the system of fixed 
axes and the equations (6) may he stated in the form that the sum of the 
projections of the peculiar radial vdodtieB in any given direction is zero. 
The assumptions summarised in (6) form a natural corollary if the space- 
motions of the general assembly of stars are distributed at random in accord- 
ance with the single-drift hypothesis and if the group with which we are 
concerned is a representative sample of the totality of stars. For, if we 
consider a small area of the shy with stars, the contribution to the value 
of T IS provided by these Ni stars is, taking I constant, Z T .B and, B being 


now a random vdodty, this sum tends to vanish; acoordin^y TZJ2 may be 
considered to be zero. " 


But the single-drift hypothesis does not actually represent the distribu- 
tion of stellar velodties. As is well known, stellar motions are represented 
almost equally well on the two-stroams theory and on the ellipsoidal 
hypothesis of Schwarzschild. In the first, the totality of stars is supposed 
to be formed £rom two intermingled aggregations. If the number of stars in 
each drift is the same, the geometrical centre of one aggregation will move 
in a particular direction with velocity V relative to the geometrical centre 
of the totality of stars, while the geometrical centre of the other will move 
with velocity V in the opposite direction. This direction defines the axis of 
preferential motion. 

Consider now a number of stars in a small region of the sky and suppose 
that they form a irepresentative sample of the stars in general. There will 
be a number of stars whose radial velocities relative to fixed axes will consist, 
first, of a common part — ^namely, the projection of F in the direction of the 
region — and second, ofthe peculiar radial velocities relative to the geometrical 
centre of the drift or stream concerned. There will also bo an equal number 
of stars belonging to the second stream and their radial velocities relative to 
the fixed axes will consist of a common part, namely, the projection of — F 
m the direction of the region, together with the peculiar radial velooitieB 
associated with the stream. Tlie numbers being equal, the contribution of 
all the stars of the region to the sum ZIB may be expected to vanisli. Thus, 
the aBBum])tionB represented by (6) are in conformity with the two-streams 
theory, with equal numbers of stars in the streams. If the numbers of stars 
in the streams are not the same, say and n 2 , the speeds and of the 
streams relative to the geometrical centre of the totality of stars are still 
in opposite directions and, since this centre is taken as the “ standard of 
rest*’, we have ^ (6) 


Suppose now that the group of stars in a given direction of the sky contains 
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numbera belongiag to the two streams in the proportion of to nj; the 
contribution of the two aggregates to the sum SIR will again vamsh by 
virtue of (6) and of the random oharaoter of the radial velocities of each 
stream rdative to its own geometdcal centre. We conclude then that the 
assumptions (6) are iu accordance with the two-streams theory iu general. 
The ellipsoidal theory gives a similar result as, in this theory, speeds of a 
given amount are equally probable in each of two opposite directious. The 
condluaion at which we arrive is that the assumption of Bravais, as repre- 
sented by equations (6), is in accordance with the known distribution of 
stellar vdooitieB. 

Formulae (4) then become 


= —Smr ■ 


(7) 


We shall now write f = — X, ij =s — Y, ^ = —Z, (8) 


BO that the components of the solar motion are (—X, — T,—Z); thus the 
motion of a star relative to the sun, ignoring its individual or peculiar motion, 
has components (X, T, Z). 

Using (8) and msertuig the values of I, m, n given iu (4) of section 3*21, we 
write (7) as follows: 


—AX+cT+bZ = Xr/t,,sma coB^-fXr/tjCosasind' 
cX— J5X-t-oX = cos a cos 5-}- Xr/tj sin a sin d ■, 
bX+aY—CZ = —Er/ifOoad 

in which A sX(l -Z*) = X(1 - co8*acoB*d)' 

BsX(l— »i*) = X(l— sin*a cos*d) 
OsX(l-n*) =XcoB*(y 
asEmn EwiadnSoosS 

b s Enl — EcoBaemd cob 8 
esElm Xsina ooBa cos^d; 


(9) 


( 10 ) 


The formulae (9) are those to be used in determining the Bolar motion from 
the observed proper motions of the stars. It is to be noticed that the dis- 
tances, r, enter into the right-hand sides of the three formulae (9); we shfll l 
consider this feature more folly later. 

If the stars with which we are dealing in this problem of the solar motion 
are numerous and uniformly distributed over the sky, it is easily seen that 

a = 6«c = 0 ( 11 ) 

and that A, B and 0 each tend to ^N, where N is the total number of stars 
considered. For example, we can find the value of 0 as follows. The number 
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of etais per unit area of the sphere is Njeur and therefore the number in the 
zone between the parall^ 8 and S+d8 of deolination is 

N 

— 2inaoB8.d8. 

4 ^ 

Hence C s roos*3->2 J'^“^oo8»^.<W 

The values of A and B are easily obtained in a similar manner. 

These results, however, are most simply derived as follows. From the 
jQrst three formulae of (10), 

A + B+0 = 2N, 

and, for uniform distribution of stars over the sphere, A = B = 0 since the 
choice of axes has no special significance. Hence 

A = B = 0=>iN. 


3*31. Airy’s me^ad. 

Tn deriving the formulae for the solar motion, with the components of 
the proper motions as the observational data, by Airy’s method* we shall 
first assume that each member of the group of stars, to which the solar 
motion is to be referred, is at rest relative to the goometrioal centre. Let 
(z, y, z) denote the coordinates of a star, measured from the sun at a given 
epoch r, with respect to the usual equatorial system of axes, the equinox and 
equator being specified for thin epoch r; those axes ore accordingly con- 
sidered to be fixed. Let r be the corresponding beh’oeentrio distance of the 
star; then z = Zr, y — mr, z — nr, 

where (Z, m, n) are the diceotion-coaines of the heliocentric radius vector to the 
star at the epoch r; Z, m sued n are given by (2) of section 3*21. TaJdng, as in 
the previous section, {—X, — T,—Z) to be the components of the solar 
motion relative to the given fixed axes (we take the unit of time to be one 
year), we see that the coordinates of the star, relative to the sun, at the end 
of a year — ^that is, at time (t + 1) — ore 

X+lr, Y +mr, Z+nr. 

If is now the corresponding heliocentric distance of the star and (Z^, n^) 


are the direction-cosines, we have 

X+lr^l^ri, F+fnr = TUit*!, Z+nr^niVi, (1) 

where Z^ = oosoqcos = sinoicosdi, »i«Bin^i (2) 


oq and 8i being the right ascension and deolination of the star at time (r + 1) 
with reference to the equatorial system of axes at time r. The diflerenoes, 

• Memoirs, RJIM. 28, 14S, 1860. 
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ipt^—a) and (d^-d), are the components of proper motion resulting &om 
the solar motion; we write 

Oj-a = P,, 8i-S * P,. (3) 


From (2) and (1), 


tanoi = ^ ! 

h. 


Y+mr 


.(4) 


X+Vr’ 

which may be written, by virtue cf (2) of section 3*21, 

1 + Tlmr 

Now Xjr and 7/r are small quantities — ^for the nearest star r is approxi- 
mately 4 . 10^ km. and, as the solar motion is about 20 km. per second, 
X and 7 are not greater than 6 . 10^ km. per ftmuiTn — Whence, neglecting all 
quantities of order smaller than Xfr or 7/r, we obtain from (3) and (4) 


from which 


tana+seo*a.ii = tana 

X . ^7 

smaH — oosa = 

f r 




' JJ,oos^. 


.(6) 


Again, from (2) and (1), 

a±^_cx±a±(i^*^ 

*• 7^ (Z + W)® 

from which, on keeping small quantities of the first order only, 


oan-loc^i 

' n*+2nZlr 


. 27 oosa . 27aina' 
= oot*d{H r + 


roos3 rooB^ji rain^j’ 


j I rsu 


whence 


X y PS 

cosasin^ sinasin^H — oos^ = J*. 

r r r 


■( 6 ) 


The formulae (6) and (6) have been derived by the procedure adopted by 
Airy; they are essentiaUy equivalent to the formulae (3) and (4) of section 
1-33. We have to remember that in (6) and (6), if we express r in kilometres, 
the unit for X, 7 and Z is the velocity of 1 km. per annum and that P, and 
are the components of the annual parallaotio motion expressed in 
circular measure. 

We now consider the general problem in which the observed proper motion 
of a star is compounded of the parallaotio motion and the angular motion 
resulting &om the star’s individual linear motion with respect to fixed axes, 
which we shall suppose, as before, to be defined with reference to the geo- 
metrical centre of the group of stars under consideration. Let {it,v,w) 
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denote the lineax oomponeutB of the individual vdooity of a star at X 
(]Fig. 17), the axes being ohosen so that 
the it-oomponent is paitdlel to the 
equator and perpendioular to the me- 
ridian, the v-oomponent is tangential 
to the meridian at X and the to-com- 
ponent is radial. The last component 
has no etEPeot on the proper motion of 
the star. The unit of time being a year, 
the u-oomponent gives rise to an 
aTmnftl angular motion, u/r, along the 
parallel of deolination at X. Henoe, if 
and fit denote the observed annual 
proper motion in right ascension and 
dedination (expressed in oiroular 
measure), we have Tig. 17 

/i„oobS = PaOOs5+^. 

Similarly, lit = P*+“- 

Equations (6) and (6) now become 

— — smaH-— oosa-h- => /*a 0 oso, (7) 

— ^cosasin^— ■^sinasm^+^oos(J+^ = Ht (8) 

3*32. The correeliona to the proper motions due to errors in the processional 
and other constants. 

The accuracy of the observed proper motions derived &om meridian- 
oirole observations depends, inter alia, upon the accuracy of the preoessional 
constants. Due to precession the right ascension of a star increases at the 
annual rate,/, given by* 

/= ;:tcoBe— A+;^sine sinatan jsm' — A+nsinatani^, (1) 

where x the luni-solar precession, A is the planetary precession and e is 
the obliquity of the ecliptic. In reductions of star places, Newcomb’s values 
of these constants are employed and, although these are believed to bo of a 
high order of accuracy, small errors can have a considerable effect on the 
values of the proper motions derived in this way. 

Let (a, S) denote the equatorial coordinates of a star referred to the mean 

* Bee, for exunide, tlie atriihor’B Spierieal Anronome (Sad Bdn.), p. 288, 1986. 
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equinox and equator for epooh and (a^, the coordinates referred to the 
mean equinox and equator for epoch (^+<). It is to be supposed that a 
and ot^ are obtained &om meridian-oirde observations near and the 
actual interval between the observations being We have, due to pre- 
oessional and proper motion effects alone, 

«! = 

from which — (2) 

*1 *1 

The observed value of /«, is thus found from (2) using Newcomb’s constants 
in the expression for/in (1). If, however, m'+Am\ A+dA and n+An are 
the true values of m', A and n respectivdy, the true value of the right ascen- 
sion component of the proper motion, which we denote by is given by 

m 

where Af = Am'—AA+An^a tand. Hence, from (2) and (3), 

(/»«) (4) 

' h 

As the observations have been supposed to be made near and and 

ti are nearly equal and, as in (4) Af must be regarded as an ertremely small 
quantity, it will be suGBioient to write ^ so that 

(/*«) = (6) 

Also, the true value will be in error due to an erroneous value of the motion 
of the equinox; if the error of the latter is Ae, we have fnally 

(/»«)=i««-4f+'^e, (6) 

which we write in the form 

(jiJ <= flg^—Ah—AneiaatakaS, (7) 

where Ak bs Am' —A\—Ae. (8) 

Thus on the right of (7) in section 3*31 we have to write in place of cos S 

(jia—Ah—Anmiatei3xd)ooBS. 

Again, ^ ^ 

where g = n cos a, 

and we obtaia in a similar way, denoting the true value of the proper motion 
component in declination by (/(,), 

(Mt) = /«»-dnoosa. (9) 

We have titen to replace /t, on the right of (8), section 3-31, by — dn cos a. 
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The equatioDS for detenmiung the eolaor motion are now, adding e, and 

— ^the aoddental errors of obseiryation in parallel and in dedination — 

y Y 

— — aina+ — oosa+JAoosd+^lwsina sind+-+ea = fi^ooaS, (10) 

— ^oosasind— -^sinaaind+^oosd+idnoosa+^+e, (11) 

3 * 33 . AppKcaiionof Airy's meOiod; first Jiypoffieaia. 

The oomplete solution of equations (10) and (11) of the previous section 
involves the determination of the quantities X, 7 , Z, dk and An from the 
observed values of the components of proper motion; we shall suppose for 
the moment that the distances, r, are known. We require tJso dftfiTiit,A in- 
formation ooncemiug the distribution of the individual linear velodty com- 
ponents, u and V. We can make two hypotheses: first, that the values of 
u/r and vjr, which are angular motions expressed in the same way as 
/t.oosd and fig, are of the nature of aoddental errors; second, that the 
distribution of u and v is associated in a definite way with the random 
motions of the stars forming tho group tmder consideration. 

In the first hypothesis, wo can then suppose the aoddental errors tt/r 
and e, combined ; this is equivalent to omitting u/r and vjr from the equations 
and regarding the errors 6,, Cg now as the combined aoddental errors with 
probable errors depending on those of ujr and /t.oosd, and of v/r and fig. 
The equations can then bo solved by the method of least squares. For 
example, (10) of section 3‘32 gives rise to the four normal equations: 

iiE'-\Bin*a— YS ^dnaoosa— d^i7-sinaoosd 
r* f 

— sin*a sin d = — i7- a, sina oos 
r r * 

— JiT^sina ooBa+ Fi^^oos^a+dAjirioosa oosd 
r* r® r 

+AnX-Biaa cosasind = i7-a_oosa oosd, 

— XX-ekia ooBd+ 7 Z'-cosa coBd-|-dJb27oos®d 
r r 

-j-dnZsina sindcosd = Zfi^ooB*S, 

-XX-Biofia 8ind+ 7i;'-Bina oosa sind+d^iTsina sind oosd 
r r 

+i:l»i^sin®a Hin®d =: i7/t„sma Bind cosd. 

In a similar way tlie equation (11) of section 3’32 gives rise to four normal 
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equations iaTolying X, 7, Z and An. The solutions can then be effected in 
the usual way. 

However, the hypothesis is hardly likely to be vaJid for stars at varying 
distances as it implies greater linear peculiar vdooities at greater distances 
ffom the sun. Of course, if the various members of our group are at nearly 
the same distance firom the sun, the hypothesis is not open to the same 
objection. But in statistical investigations of the solar motion we have, 
generally, insufiaient information about the distances of the stars and, 
actually, in dealing with faint stars, whose proper motions are derived 
photographically, direct information oonoeming distances is almost wholly 
lacking; in this case, the distances may be distributed between compara- 
tively wide limits, so that the objection to the hypothesis remains. 

3'34. AppUeation ofAiry^a method: aecond hypothesis. 

We consider now the hypothesis that the irregularities in the proper 
motion components are entirely due to the random linear motions of the 
stars. Omitting e„ and eg, we write the equations (10) and (11) of section 
3*32 as 

— Xama+ 7 ooaa+rAkooBd+rAneina sind+^t = r/i^oosd, 

— Xcosasind- 7siaa sind+Zoosd+r^ncosa+v = r/ig. 

Suppose that X, 7, Z, u and v are expressed in kilometres per second, 
that Hg, Ah, An are expressed in seconds of arc per annum and that, 
instead of the distance, r, we use the parallax, p (in seconds of arc); then 
the equations become 

—Xmna+Tooaa+Ak.-ooBS 

P 

fC fC 

+d».-amasind+tt = -/t.oos J, (1) 

— XooBiz aind— 7Bma Bmd+.Z oosd 

K K 

+An.-ooaa+v <= - fig, (2) 

p p 

where /cs4-74. 

We now form the normal equations in the usual manner (we take xAk 
and kAh as the unknowns mstead of Ak and An). Remembering tliat u and v 
are random in dharaoter, the four normal equations derived from (1) ore: 

XXeaxi*ac~TZBma oosa— xdkZ’-sina oosd 

P 

— icdjtJP— ain*«Bind = — icX'-/t,Binaoosd, 


(3) 
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— XiTsma ooBa+ T UooB^a+KAhSJ-Qoaa ooad 

P 

H-ATidni^-Biiiaoosaain^s KZ-zt-oosacos^, 
P P 

11 1 
— J i7 - Bin a cos 5 + y 2^ - cos a COB ^ + /f J ; COB* d 


+zc/dn.27^Bina BindooB^ = ooB*d, (6) 

— JiCi 7 -Bin®aBm^+ rr-BinacosaBin^+zc/lfc 2 ^-^amaaind oob^ 

P P J>* 

+ieJ»ir-^sm®aBm*^ = /c27i/t(,BinaBm#oos3. (6) 

P P 

The four nonnal equationB derived from (2) axe, simiLarly, 

X^coB^a Bin*^+ FXsina oosaBin*^— XXooBa Bind ooad 

— icd«i7iooB*aBind = — /fX-ajCosaaind, (7) 

P P 

XZmia COBS sin^d+ T Xain^a Bin^d— ZXsina Bind coBd 

— icdnX-sinaoosaBind = — /:i7-/t>BinaBind, (8) 

P P 

— XXoosa Bind ooBd— T XBina aind ooBd+iIrXooa®d 

+/Cid»X-coa« coad = /ci7-a>ooBd, (0) 

p p 

— XX- oo8®a aind— rX-aina oosa Bind+Xxi ooaa ooad 
P P P 

+A:id»xj 500 B*a = /cX^/t,0OB«. (10) 

Combining (3) and (7), we have 

X X ( 1 — COB® a coa* d) — F Xain a cob a ooa® d — Z X cos a sin d cob d 

— /fidiX-aina ooad— #f^7^X-sind 
P P 

== — #cX^/t„aina ooad— ycX^/tjCoaasind (11) 

Combining (4) and (8), we have 

— XXeinaooBa ooB®d+ rX(l — 8in®a coa^d) — ZXsinaaindooad 

+KAk£-ooBa ooad = #rX-a_ooaa ooad-/rX-/t>ainasind. 

p p'^“ p"^’ 

( 12 ) 


asD 
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Oombining (6) cmd (10), we have 


— jr^’-am^+Zii'-oosa ooB^+A;Jjbi7-4ainixBm.^oos^ 

p P p 

+KAn£^(l—^^a oos®^) = /ci7^/t,£dnafliii# ooBd+zcZ'^/t^oosa. 

( 13 ) 


The equations (11), (12) and (13) together with (6) and (9) are the five 
oombined normal equatioius from which X, T, Z, jc Jib and x Jn can be found. 

ClompariDg these equations with (9) and (10) of section 3‘22, we see that 
we have reproduced the equations of Bravais, with the addition, of course, 
of the terms in KAk and xAn. 

The group of equations (11), (12), (13), (5) and (9) cannot be solved unless 
the various values of the paraUaz, p, are known. In default of this infor- 
mation, it is oustomaiy to restrict the choice of stars to be used in the 
equations by oonsideiing only stars of a limited range of magnitude and by 
omitting stars with very large proper motions. Other things being equal, a 
large proper motion suggests that the star is comparatively near. It is then 
assumed that the remaining stars have the same parallaz p^, and writing 

Xi for ^X, 3j. for ^ Z and for—Z, the equations of condition, (1) 

and (2), are (omitting the random components u and v): 


— XiBina-f-iiOoea+ JAoosd-f J»Binasind = ;taOOB#, (14) 

— Xicosasiud— I^sinaBind4-Zi0osd+J«cosa = /*, (16) 


from which the normal equations are formed in the usual way, the tiigo- 
nometrioal factors being the same as in (11), (12), (13), (6) and (9). 

These equations, (14) and (16), we shall call Airy’s equations; with or 
without the terms in Ak, An they are the equations generally employed for 
determining the solar motion when the proper motions furnish the obser- 
vational material. 


3*35. The aohttion of L. Boas. 

The equations (14) and (16) of the previous section were used by L. Boss* 
for the stars of the PrdimiTiary General Caicdogw. Stars with ammal proper 
motions greater than 0''-2 were omitted. The mean magnitude was 6°‘*7. 
Boss’s solution must be regarded as the best that has hitherto been obtained 
by Airy’s method owing to the high accuracy of the proper motions of the 
P.0. 0. stars, and the results are likely to be accepted as the standard values 
for some time to come. The resultsf are in our notation (Boss denotes the 
* AJ. 26, 96, 111, 187, 1910. f Xoe. oO. p. IIS. 
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components of the solaj motion by (X, F, Z) whereas we hare denoted them 
by ( — X, — F, — Z), and he also takes the century to be the unit of time): 


Zi = -0'-0003, Fi = +0'-0318, Zi=i-0*-0217 (1) 

If Jlf=(XS+Il+Zi)*, (2) 

the coordinates of the solar apex (og, dg) are found from 
Jf cosotg cosdg = +0'"0003, 

Jfsinag ooBdg = — 0''*0318, 

Jfsindg =+0'-0217, 

whence Og = 270®‘6, ^g = +34‘’•3. (3) 


Also M == 0*'0386, which is the ftTmiial parallactio motion for the stars at 
an angular distance of 90° from the solar apex, the parallax of the stars 
being pg. From the results obtained, we can easily derive the value of pg 
used implicitly in the equations. We have 

Xi=^X,eto. 

and consequently the solar speed, I^, is given by 

Fgs(X*+F» + Z»)‘ = -Jlf. (4) 

Po 

Since X, F and Z are expressed in km./seo., T’i is expressed in the same way. 
If we assume that Tg — 19'6 km./seo. as obtained from a study of the radial 
velocities of the stars, it is then found that 

Pg =. O'-OOO^ (6) 

The numerioal values of JX; and ,dn, as obtained by Boss, may also be 
noted; they are 

Ak = ~ 0'*0037, dn = + 0'-0034, 

the year as before being taken to be the unit of time. From various con- 
siderations, outside the scope of this book, concerning the values of-dA 
and de (see section 3*32), the definitive values of dX; and An wore tsbken by 
Boss to be dX!=i=-0'*0032, d« = -l-0'*0023. (6) 

Hence the correotioru to the annual proper motions of the P.Q.O. stars are, 
from (6): 

for -|-0»*00021 — 0®*00016sinatan^, (7) 

for /t*; — 0''*0023oosa. (8) 

Further corrections relating to the system of Boss stars have been sub- 
sequently obtained by Raymond;* these have been based on more recent 
meridian observations. 


* AJ. 36 . 126 . 1926 ; 37 , 88 , 1927 . 
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3*41. The ackarmoHcm from rctdMvdocUieB. 

Deaotisig, as before, the oomponente of the solar motion — — 

in km./Beo., ve see that, idatiTe to the sun, the star -will be displaced radially 
away from the son with the relodiy 

PpSlX+mY +nZ, 

W'heie (Z, m, n) are the diieotion-oosmes of the line joining the etin to the star 
and Pp is the radial component of the paraUaotio motion. The observed 
radial velocity wiU also indnde the peculiar radial velocity E referred to 
fixed axes through the geometrical centre of the group of stars considered. 
In addition, a constant term K, representing any ^stematio peculiarity 
in the radial velocities — such as would result from incorrect -wave-lengths 
of the lines in the comparison source — is generally added to the equation 
of condition which then taJkes the form, on inserting the values of I, m and 
n as ^ven in (2) of section 3*21, 

XoosaooB#+ raiaa 008 ^ 4 - ^^sin^H-^-fJ? = p, (1) 

in which p is the observed radial velocity (relative to the sun) in km./seo. 

Assuming that we may regard the peculiar radial velocities, R, as having 
the oharacteristios of accidental errors, the formula (1) leads to the four 
normal equations: 


Xi7oos^acos*d+F^Bina oosa oos’^+FZoosasin ^oos^ 


+K Zdoaa COB S == Zpcoa a GOB S, (2) 

Xi7sinaoosa oos^d-f- FiTsin^a oo8*^-l-^2^ain<XBia^ooB(^ 

+^i7smcis oos^ = Z'paina oos^, (3) 

X^Tcosasin^ooB^-f Fi^sina sin^cos^+^Xsin^^ 

+XXsind = Xpsin j, (4) 

XZcoBa cos j-H FXsincie ooBd+ZZ^i+NK = Zp^ (6) 


where, in (6), N is the total number of stars under consideration. 

Denoting the solar velodly by Tq and the coordinates of the solar apex by 
(ao.^o)» 

Vo oos«o 


Pjamoo 008^0 = — F}-, 


( 6 ) 


T^sind;, 


from which Tg, Og and dg can be calculated when the values of X, Y and Z 
have been derived from -the normal equations (2).. .(5). It is to be remarked 
that the solar velooiiy, Vq, is obtained in km./seo. 



The Solar Motion 


8-42 


85 


3*42. The solar motion ddemmied from the radial vdodties according to ihe 
meOud of Bravais, 

We begin 'with the fonniilae (4) of section 3*11, tmting the components 
of the solar motion as ( — Z, — 7, — Z) relative 'to fixed axes whose origin 
we may assnme to be the geometrical centre of the group of B stars; '^e 
equations are: 

'^n—NX = 0 , 

u, V and w being the components of 
a star’s linear velocity 'with respect 
to the sun and the usual system of 
equatorial axes OX, 0 7, OZ (Tig. 18). 

Sut we can describe the linear velocity 
of a star at S by the radial velocity p 
and rectangular components P and Q 
in the tangent plane at 3, the direc- 
tion of P being perpendicular to the 
meridian and Q tangential to it. The 
components p, P and Q are relative 
to the sun. 

Now P is composed of a parallaotic 
component, p, and a component, p', 
due to the star’s individual velocity relative to the geometrical centre, so that 


P=P+P'. (2) 

Similarly C = g + (3) 


where q is the paraUactio component along the tangent to the meridian at 
8 and q' is the component in 'this direction of the star’s individual vdooily. 
The direction-oosineB of P (or of p) 

— sina, +oosa, 0 

and the direotion-ooBmeB of Q (or of q) are 

— coBcesin^, — sinasind, -1-oosd. 

Also the direotion-cosines of p axe 

-l-oosacosd, -fsinaoosd, +Bind. 


Hence p — —Xwa.a+7 oosa, (4) 

j = — Zcosa Bind— 7sina sind-t-Zoosd. (6) 


These equations are essentially the same as (7) and (8) of section 3*31. 



N7 = 0, = (1) 
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"Now u is the sum of the projeotioiis, along OX, of P, Q audp, and therefore 
« = — Psina— ^oosa Bin^+/)ooBa ooad. 

Hence firom (2), (3), (4) and (6) we obtain 

« = — jp'sina-Bina(— Xsina+ roosa)-j'cosaBin^ 

— cos a dn ^( — X cos a sin — y sin a sin ^ + Z COB ^) + p cos a COB 

( 6 ) 

The first equation of (1) can be written as 

^(»-X) = 0. 

Hence inserting the expression for u, given by (6), in this formula, we obtain, 
after some simplification, 

XXcos^a ooa®(J+ iTXsina oosaooB*^^-ZXcosasin^ oos^ 

+Xjp'siaa+X 3 'oosasind = Xpcosa cos^. 

We assume now that the sums of the random tangential velocity com- 
ponents in any small area of the sky vspnish and, accordin^y, we are left 
with the equation 

XXoos‘a oos®(>-)- yXsina cosa cos'd 

H-ZXcosasindoosdaXpcosaoosd. (7) 

Let us examine more closely the assumption which we have just made. 
Consider a HTnall region of the sky at jSf in which there are » stars; we can 
write Xp'tana as smaXp'. If the n stars form a representative sample of 
the stars in general, we should expect the sum ^p' to vanish, or tend to 

n 

vanish. This is evident if the components of the individual motions are of 
a haphazard character as in a single drift and it is also true for star-streaming. 
In the latter case we shall assume for simplioity that the velocities Vi and Pg 
of the two drifts, rdaUve to the geometrical cernlre of all the stars belonging to 
the two drifts, are equal and opposite; this implies that there are equal 
numbers of stars in the two drifts and we shall also assume that this holds 
for the representative sample of n stars in the small region at 8 under con- 
sideration. Taking the ^ stars belonging to drift I, the component of a 
Unear velocity perpendicular to the meridian at 8 consists of the projections 
of the drift velocity in this direction together with the random com- 
ponent rdative to the geometrical centre of the drift. Similarly, taking the 
^ stars belonging to drift II, the component of a linear velocity perpen- 
dicular to the meridian at 8 consists of the projection of the drift-velocity 
in this direction together vrith the corresponding random component. But 
the direction of is opposite to that of consequently, sinoe = Tg, the 
systematio parts of disappear and the remaining random parts ensure. 
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imdeiT ideal conditions, that '2,p' = 0. The axgument is similar if the drift- 

n 

velocities and are different (relative to the geometrical centre of the 
whole assembly of stars), for in this case the numbers of stars in the two 
drifts are inversely in the ratio of the dnft-velooities. 

It win be noticed that, with the exception of the K term, the equation (7) 
is the same as equation (2) of section 3’41. The latter, being a normal 
equation, was derived on the assumption that the peculiar velocities had 
the characteristics of accidental errors. 

By considering the equations 

Zv—NT = 0 and Zw—NZ = 0, 

we obtain the equations (3) and (4) of section 3*41 — with the exception, of 
course, of the K term. 

3*43. ObaervcUiorud reavlU Jr<m the radial vdocitiea. 

A fairly recent determination of the solar motion from radial velocities, 
based on a homogeneous set of observations, is that of W. W. Campb^ and 
J. H. Moore.* The measures were made at the lick Observatory and at the 
lick southern station at Santiago, Chile. After excluding stars belonging to 
moving dusters and also 37 “high velocity stars ”, 2148 stars were available 
for use in the general solution. In this investigation, the criterion adopted 
for a “high velocity’’ star is as follows; assuming that the solar motion is 
20 km./seo. and that the apex is at b.a. 270°, declination -|- 30°, the paral- 
laotic component Pp is found for each star; if p— exceeds 60 km./seo., 
where p is the observed radial velocity, the star is classed as a high velocity 
star and is accordingly excluded from the equations. It has been foundf 
that the high velocity stars have systematic motions towards one hemisphere 
of the sky. We shall discuss this group of stars in a subsequent chapter. 

The 2148 stars were divided into 64 groups depending on their position 
on the celestial sphere and the mean was taken for each region. Thus there 
were 64 equations of condition of the type of (1), section 3*41, and these 
were weighted according to the number of stars in each region. The results 
are: 

ao = 270°'6, ^o = -t-26°*2, 1^ = 18*7 km./seo., Z = -H*3 km./seo. 

This position of the solar apex thus differs by about 6° from the posirion 
derived from the proper motions; the difference, it should be noted, is almost 
entirely in declination. 

* LUk PvtUeatioTU, 16, 1928. 

t and Joy, Ap. J. 49, 170, 1019; Strtmberg, Ap. J. 56. 260, 1922. 
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The results obtained by Smart and Green* from the radial velodties of 
3683 stars token fix)m Sohlesinger’s CaUdogtu of Bright Stars, 1930, are 

Oq = 267‘*-0, <S'o = +32°'0, 1^ = 19-6km./seo., £■ = +0*8km./sec. 

There is a significant increase of about 3° in the declination of the apex. 

The fact that the K term is non-vanishing — a zero value is to be expected 
on the hypothesis of random motions or of either kind of preferential motion 
— implies, from the strictly kdnematioal point of view, that the group of 
stars with which we ore concerned is expanding at a mean rate of about 
1 km./seo. But when the 0 and B type stars are alone considered, the value 
of the K tmrm from Campbell and Moore’s results is about -f 6 km./seo. 
A HiTnilftT result is found in the investigation of Smart and Green.* Also 
the contribution to the K term made by the other spectral dlasses is com- 
paratively trifiing and wdl within the limits of accidental error. Thus the 
inddenoe of a non-zero value for the K term is to be attributed entirely to 
the stars of types 0 and B. 

The kinematioal explanation for the existence of the K term was always 
recdved with caution as it was realised that small systematic errors in the 
adopted laboratory wave-lengths used in the measurement of stdlar spectra 
could adequately account for the apparent phenomenon. Port of the K term 
for the O and B stars (about 1 to -f 2 km./seo.) can be attributed to the 
gravitational displacement of the spectral lines towards the red end of the 
spectrum as predicted by the relativity theory and this displacement is of 
appreciable amount only in the case of the 0 and B type stars.f It has been 
stated by the authors of the paper just quoted that the gravitational dis- 
placement can account for the whole of the K term — ^its value they reduce 
to about -1-2 km./seo. — ^but their arguments are erroneous, j; Making allow- 
ance for the gravitational displacement, we find that there is a residual 
K term amounting to + 3 or -k4 km./seo. Whatever the final physical or 
kmematioal explanation of the K term may be, it is important to preserve 
it in the equations of condition as it represents a systematic tendency, 
perhaps real or perhaps spurious, of the observed radial velocities to be 
larger algebraically than they should be on any of the usual hypotheses as 
to the distribution of stellar velocities. 

3*44. SdoT nu^im md spectral type. 

The numerical results quoted in the previous section for the solar motion 
ore based upon the radial velocities of aU spectral types (Smart and Green 
omit the O type stars from their statistics), and the solar motion, it must be 

* W. M. Smart aod E. S. Oreen, MJf. 96, 471, 1036. 
t See the oaloulatioiu of J. S. flaakett and J. A. Pearoe, MM. 94, 679, 1934. 
t W. M. Smart, M.N. 96, 568, 1986. 
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remembered, is defined with reference to the particular group of atars con- 
cerned. When the solutions are made for stars of a single spectral olaes (e.g. 
for stars of type B) alone, the numerical results show certain charaoteristio 
difFeiences. We teJre the investigation Qoc. oit.) of Campbell and Moore as 
typical in this connection. Later researches may, and probably will, produce 
small modificatioDs in the numerical results, but it is generally accepted that 
the principal features are dearly established and represent a definite corre- 
lation between motion and spectral type. As regards the posirion of the apex 
derived from groups of stars of different spectral type the variations from 
the position (270°, + 30°) are probably of an accidental nature, due in some 
measure to the comparatively small number of stars in each spectral group. 
AsBumiTig that no special significance need be attached to such variations 
and taking the position of the solar apex to be (270°, + 30°) for each spectral 
group, the equation of condition becomes 

l^cosA+Z’ = p, 

where A is the fttigiilaT distance of the star from the antapex (we omit the 
peculiar velocity B which, as before, is assumed to have no effect in the 
normal equations). The following table due to Oampbdl and Moore (Zoc. eit.) 
exhibits the results for the main spectral subdivisions. 


Table 10. Solar motion {Gcmpbdl and Moore) 


Spectral class 

Number 
of stars 

Fo 

(km./seo.) 

jb: 

(km./s6C.) 

Average 

reeadtuu 

velocity 

(km./aeo.) 

B(Oe5-B6) 

284 

22-7 

+ 4-9 

8*7 

A(B8-A3) 

600 

18*6 

+ 1-7 

0*0 

r(A5-F4) 

100 

10-7 

+ 0*3 

12*5 

G(Fe-a4) 

244 

18-6 

-0*2 

14*8 

K(G6-K4) 

087 

18*0 

+ 0*3 

15*3 

M(JK6-Mb) 

234 

22*1 

+ 0*7 

16*1 

BtoM 

2148 

10*7 

+ 1-3 

— 


The last line gives the results for aU stcurs of spectral types from Oe6 to 
Mb and corresponds to the general solution. 

The principal features of the table are, first, the much greater value of 
the solar motion with reference to the group of B type stars and to the group 
of M type stars than for the remaining groups A, F, Q and K; second, the 
large value of the K term for the B type stars as compared with the almost 
insignificant values derived for the other spectral classes; and third, the 
unmistakable progression of the average residual velodlieB from type B 
towards type M. The average residual velocity is obtained by removing 
from each observed measure the parallactic component T^cosA and the 
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value of K and forming the mean from the residuals without regard to sign. 
TTiih procedure is greatly facilitated by the use of special methods among 
which may be mentioned those of Dufton* and of Pearce and Hill.t 

In the following table (Table 11), the results obtained by Smart and Green j; 
are shown. The solutions were made according to galactic zones and in the 
table Oq and denote the galaotio longitude and latitude respectively of 
the solar antapex found for each spectral class (Type B means Bl to B9 and 
so on). 

Table 1 1 . Solar motion (Smart and Orem) 


SpeotraJl 

OlfiBS 

Number 
of stars 

Vo 

(km./Beo.) 

K 

(km./seo.) 

©0 

(degrees) 

ffo 

(degrees) 

B 

646 

22-4 

+ 4*7 

209-9 


A 

742 

17-1 

+ 0-0 

103>5 

-28-5 

E 

523 

18*1 

-0-6 

194-8 

-32-4 

G 

433 


-1-0 

205-2 

-17-8 

K 

1118 



205-4 

-21-8 

M 

222 



220-2 

-24-1 

AtoM 

3038 



202-2 

-24-8 

B toM 

3683 


+ 0-8 

204-6 

-24-8 


It will be noticed that in Table 11 the solar motion with respect to the 
M type stars is not so conspicuously large as in Cfiunpbdl and Moore’s results. 
The penultimate line shows that the K term is practically zero for stars of 
spectral desses A to M and that it is a phenomenon associated with the 
B type stars alone. 


3*45. The reUtHonshi^ between dbmlute magnitude and linear vdodty. 

Let us drat consider the space velocity of a star rdative to the sun. Its 
components (^4, v, w) with respect to the usual equatorial system of axes 
are (see section 1*33): 

u = poosa C 08 ^— -{pjjSina oosi+p^c5osa ain^}, 

V = psina oos^+-{/ta 008 a oos^— /tjsina sin^}, 
to = p sm d, 

where p is the observed radial vdooity, p is the parallax and k = 4*74. 

I£(—X, — T,—Z) denote, as usual, the components of the solar motion, 
1^, we have 

— X = l^cosoo cos^o, — T = T^sinao oo8^o> —Z^VoOxidf,. 

* M.N. 92, 688, 1932. 

t PM. of fha Dotninion, AUtr. Obt., Victoria, 6, No. 4, 1931. 
t Mjr. 96, 471, 1936. 
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The components of a star’s spaoe-velodty relative to the geometrical centre 
are then u—X^v—YiW—Zf from which the space-vdocity ?7, given by 

U = {{u^X)^+(v^ T)^+{w--Z)% 

can be readily found from the observational material and the assumed 
values for the solar motion, Vq , and the solar apex (oq , ^o)- We shall refer to 
U as the absolute vdodty. 

Owing to the great increase in the nximber of measured parallaxes, 
especially by the spectroscopic method, it is now possible to obtain a suffi- 
cient amount of material for such statistical investigationB as that on the 
correlation of absolute velocities with absolute magnitudes. Among such 
investigations may be mentioned that of Adams, Stromberg and Joy,* one 
detmite result being that the average absolute vdodty increases by about 
3 km./seo. for an increase of one magnitude on the absolute magnitude scale. 
It is to be noted, however, that as the observed parallax is used for deter- 
mining both the absolute magnitude and the absolute vdodty, these two 
latter quantities ore not wholly independent; consequently, it is preferable 
to use a method which does not involve the parallax in determining the 
absolute vdodties. This can only be done by means of the radial vdodties 
alone. Bemoving the porallaotio component from the radial vdodties we 
obtain the absolute radial velodties referred to fixed axes and it is these 
radial velodties which we wish to correlate with absolute magnitude and 
also with spectral type. The following results, shown in Table 12, have 
recently been obtained by B. Boss,t using only stars found in Sohlesinger’s 
CaMogueof Bright StarSt 1930: the parallaxes were taken from this catalogue 
and the radial vdodties from Moore’s OsTiemZ Colalogueof Badial Velooiti€3,X 


Table 12. Mean absolute radial velocity {hn.jaec,) 


Absolute 

Spectral typo 

tude, M 

B 

A 

F 

G 

K 

M 

-1*6 
-0*6 
+ 0-6 
+ 1-6 
+ 2-6 
+ 3*6 
+ 4-6 
+ 6-6 

7-7 

8*0 

7-0 

9-4 

11-6 

12-0 

IM 

8-7 

12*1 ( + 1-7) 
13*7 ( + 1-7) 
16-2 ( + 1-6) 
12-7 (-2-6) 
16-4 (-1-6) 
14*3 (-4-3) 
20-6 ( + 0-3) 

12-0 (- 0-4) 
14-3 ( + 0*2) 
14-4 (-1-3) 
17-4 (0-0) 

20-1 (+M) 
23-8 ( + 3-1) 
22-3 (0-0) 

26-4 (+1-4) 

14-2 (-0-3) 
IC-l (0-0) 
17.0 (-0-8) 
20-3 ( + 0-9) 

20- 4 (-0-7) 
29-7 ( + 7-0) 

21- 3 (-3-1) 

16-9 ( + 0-4) 
20-8 ( + 2-6) 
16-0 (-3-0) 
18-4 (-3-1) 


The table shows that the absolute radial vdodty, R, increases on the 
whole with absolute magnitude, Jlf , and spectral class between F and M. 
An empirical formula is suggested, to represent the facts presented by the 
table, namely, jR = A + + MD, 

* Ap. J. 54, 9, 1921. t 44, 182, 1986. } Lioh PttU. 18, 1982. 
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where A, C and D are oonstants and x a number attached to a epeotral 
iTpe on the asanmption that the spectral series is linear; thus for types 
B, A, F, G, K, M, the corresponding values of® are tahien to be — 2*6, — 1-6, 
—0*6, +0'6, +1'6, +2-6. A least squares solution of the equation yields 

A = + 13-88, C^+ 2-06, D = + 1*66. 

The quantities in parentheses in Table 12 are the difFerenoes between the 
observed quantities shown in the table and the corresponding values of B 
oaJoulated by means of the above formula. The value of D shows that for 
any spectral class or for aJl the classes combined the absolute radial velocity 
increases by 1*65 km./seo. for each unit increMe in the absolute naagnitude. 
According to the mass-luminosity relationship, the mass of a star is a 
function of its absolute magnitude and, accordingly, the previous result 
may be expressed in the form that the more massive a star is, the less is its 
absolute speed. Although no great emphasis need be placed on the empicioal 
formula, it would appear that, qualitatively, the conclusions we have 
mentioned are reliable. 

3 * 5 . Kapteyn’e equations. 

In the previous sections the analysis has been developed for the usual 
equatorial system of axes, the observed quantities being the components, 
and Hi, of proper motion and 
the radial velocity, p. In certain 
researches it is convenient to take 
one of the axes of coordinates to be 
defined by the direction opposite to 
that of the solar motion. In Fig. 19, 

A is the antapex of the solar motion 
and we take OA to be the z-axis; OJ 
and OK are the ®- and ^-axes; we 
can specify J, if we wish, as either 
of the points of intersection of the 
equator with the great circle of 
which A is the pole. The observed 
annual proper motion of a star 
at is resolved into two com- 
ponents: (i) V, towards the antapex, and (ii) r, perpendicular to the great 
circle AXB. Expressing all linear velocities in km./seo., the linear velocity 
corresponding to t; is Kvjp, where p is the parallax of the star and k = 4-74; 
sinularly the linear velocity corresponding to r is xr/p. 

Let A denote the an gnUr distance of X from the antapex and o the arc 
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JB. The diieotion-ooBmeB of the veotors r, v and p, with req>eot to the 
X-, y-, 2-aze8, are then as follows: 

Forr; -edno), oostu, 0. 

Por y: — oosAoostt), — oobAsukd, sinA. 

Por/): fflnAooso), BmAsinb), oosA. 

If the components of the linear ydooity of the star at X, paraJldi to the 
three axes, are x, y and z respeotivdiy, we have 

— — smw— — oosA cosw+psinA COSO) = », (1) 


— ooBW— — ooBAsiii(y+/osinAsinw = y, (2) 

KU 

— sinA +/ooobA =«. (3) 

The velooitieB x and y are components of the peculiar linear velocity of 
the star and the component z is made up of the parallaotio velocity and 
the component of the peculiar velocity in the direction of the s-azis. Sum- 
ming (1), (2) and (3) for N stars scattered over the sky, we expect that Zx 
and Zy will vanish or tend to vanish and that Zz will tend to the value 
In the ideal case, we then have the equations 


T V 

■kZ-^(i>—kZ- oosA oosty+A^psinA cobo) = 0 , 
P P 


T V 

/rA7- costy— Ki7-oosAsin<y+2'psinA sinty = 0, (6) 

P P . V / 

/c27^sinA +i7poosA = (6) 

which are substantially the same formulae as given by Kapteyn* and his 
collaborators. 

If we know the parallaxes, p, of the stars in addition to the other observed 
quantities /ig and p, we can try various positions of the antapex and the 
correct position will be determined by the consideration that the lefb-hand 
sides of (4) and (6) will both be zero. The z-axis is accordingly found and the 
formula (6) then gives the solar motion. This method, originally suggested 
by Kapteyn, involves a vast amount of computing and from this point of 
view is hardly to be recommended. 

Alternatively, we may suppose that the position of the antapex is known 
with suj£aient accuracy and we can employ (6) in a form to be found below 
for calculating the solar motion; actually, the detenninationB of the solar 
apex for stars as faint as the eighth magnitude are remarkably accordant 

* Qrcfningtn PM. 29 , 6 , 1018 * 
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and it would appear that no seriotis error would result, so far as (6) is oon- 
oemed, by assuTning the ooordinates of the apex to be (270°, + 34°), the 
position found by L. Boss, as stated in section 3*35. 
lilliTniTiatiTig r between (1) and (2), we obtain 


— — oosA+psinA = asooso+ysinci). (7) 

Writing z => Tq+Zi in (3), where is the linear component of the star’s 
peculiar motion in the direction of the «-azis, we have 


— sinA+poosA = T^+Zi. (8) 

jP 

Muxunating v between (7) and (8), we obtain 

p — ToOOsA+(a!OOBa)+yBino)8mA+Zi00sA 
or p = l^oosA+e, (9) 


where e is evidently the radial component of the star’s peculiar motion. It is 
to be remembered that p is the observed radial velocity, that is, measured 
relative to the sun. We have an equation of the form (9) for each of the N 
stars and the best we can do in determining the value of is to suppose that 
e has the charaoterLatics of an accidental error and then to apply the method 
of least squares. We thus obtain 


y iTpcosA 
“ i:ooB*A ’ 


( 10 ) 


the summations extending over the N stars. 

If we are dealing with B type stars, a K term must be added to (9), and the 
normal equations formed in the usual way. 

This formula, (10), is the most convenient one for finrling the value of the 
solar motion when the position of the solar apex is assumed, for A can be 
foxmd readily for any given star by means of diagrams specially constructed 
for this purpose.* 

We remark here — ^the subject will be more fully treated in Chapter vi — 
that the equations (1) to (3) can be used to find the mean parallax of the 
group of stars concerned, if Vq has been determined by means of (10), or 
otherwise. Bliminating p between (7) and (8), we find that 

ToPsinA = /cu+p{(®coBa)+yain«i))ooaA-*iBinA} 

or TJpainA = /:w+ei, (H) 

where it is assumed, has the charaoteristios of an accidental error, at any 
rate if the dispersion in the parallaxes is small. 


* J. If. BaldTrin, MJf. 89, 4J59, 1929; J. A. Pearoe sad S. N. HiU, Victoria Pvbl. 4, 49, 1927; 
W. M. Smart, HJT. 83, 468, 1928, 
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In. this case we may apply the method of least squares to the N equations 
of type (11), and we obtom, denoting the mean parallax by p, 




A:i^t>BraA 
2/ sin* A 


( 12 ) 


3*61 . The praetiad determination of the solar motion. 

In inrestigations of the solar motion which are based either on proper 
motions or on radial velocities according to the theoretical principles out- 
lined in previous sections, it is the practice to divide the sky into areas of 
several hundred square degrees and to form the equations of condition for 
the centres of the various areas. For example, if we are deeding with radial 
velocities and if ( — denote, as usual, the Uneax components 

of the solar motion with respect to the assembly of stars for which we have 
the required observational material, the equation of condition for a 
particular star in a given area is 

lX+m7+nZ+K <= p, (1) 

where (I, m, n) are the direction-cosines for the star with reference to one of 
the usual systems of coordinate axes — equatorial or galactio — and p is the 
observed radial velocity. Tliis equation is equivalent to (1) of section 3*41, 
the peculiar radial component M being omitted. In a strict calculation we 
should require to form an equation of the form of (1 ) for each star; but for 
the sake of economy in calculation when the data refer to several thousands 
of stars, the usual procedure is to form equations of condition of the type 

lQX+tnQ7+ngZ+X p, (2) 

where (lo,m^,nf^) are the direction-coaines for the centre of the region and 
p is the mean a^ebraio radial vdlocity of the stars in the area, and to attach 
the weight N to the equation, N being the number of stars in the area. This 
procedure is tantamount to making the assumption that all the N stars are 
situated at the centre of the region and that their radial velocities, if the 
stars are so situated, are the same as the observed velocities. A similar argu- 
ment applies to the determination of the solar motion from the observed 
proper motions. It will be shown that the general result is to introduce a 
systematic error into one or more of the quantities to be found, this error 
depending on the extent of the areas into which the sky is divided. For areas 
of four or five hundred square degrees, a systematic error of the order of 
half a kilometre per second can result in one component of the solar motion; 
relatively, this is about one-quarter"' of the magnitude of the preoessional 

* Tho results of socUon 3 35 show that Ak and An ore oaidi numeiloally about one-teiitili of the 
annual porallaotio motion, Jf, at an angular distonoo of 90” from the anlapex, oompend with 
which the oonootion of ^ km./soo. is about 1/40 of the total solar motion. 
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constants Ak and dn discussed in section 3’32. With somewhat larger areas, 
the correction to the solar motion would be, relativ^y, of the same order of 
magnitude as the quantities dh and An. It is, therefore, important to 
investigate the effects of the corrections due to the grouping of the stars. 

Clearly, the ideal way to deal with the problem is to subdivide the sky 
into areas not exceeding a hundred square degrees, for then the systematic 
ooneotions are oomparativdy innocuous. But this entails a vast expendi- 
ture of labour and time which might justifiably be regarded os not com- 
mensurate with the subsequent gain in precision. The alternative is to 
continue to deal with large areas, thereby keeping the equations of con- 
dition comparatively small in number, and to correct the observed quan- 
tities — or rather the means over the areas — in accordance with the syste- 
matio effects which can be easily calculated under normal oiroumstances. 
We now investigate the theoretical expressions for these systematic 
corrections. 

Let {x,y,*) denote the components of the linear motion of a star, corre- 
sponding to the annual proper motion components /i^ cos 8, jif and to the 
observed radial velocity p. Then 

a!=^/t,oosd, y = * = (3) 

where k = iflic and p is the star’s parallax. If (u, v, w) are the components 
of the star’s motion, r^tive to the sun, with respect to the usual system 
of equatorial axes, we have the following equations connecting (z, y, z) and 

(u,v,iv): X = —ueana+vooBa, (4) 

2 / = — ucosasind— vsinasmd+iacosd, (6) 

z— ucosa oosd+vsina cosd+wsind. (6) 

The formulae (4) and (6) ore analogous to (4) and (6) of section 3*42, while 
(6) is analogous to (1) of section 3*41. These equations can be written in the 


alternative forms: 

u = — ajaina— ycosasiai^+sooBixcosd, (7) 

«= asoosa— ysinasin j+ 2 sLna oosd, (8) 

«>= pcosd -|-*sind. (9) 


Let (^, D) be the coordinates of the centre, JR, of the region. Let {x', y', z') 
denote the values of (x,y,z) if the star were observed at B with the com- 


ponents (u,v,v)) unaltered. Then 

*' = ~ttBin^-f voos J., (10) 

p' = -« oo 8.4 sinD-vsinji sinD-fwcosD, (11) 

z'= uooB^ oosD+vaLnjd oosD-fwsinD (12) 
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!E!rom (10) we obtain 

x'-x = -x-uemA+vooBJ, 
whence, uBing (7) and (8), 

*'-»= -»{! — oo8(a-^)}-yain((X— 4)6rind+»8in(«--4)oo8d. (13) 

Similaorly, we derive 

y'— y = a!sm(a— ^)ami)+y{coBi) oos8+oos(a— il)8inZ) sin^— 1} 
+ 2 {oobZ) sin cos(a— ^)Binil oosd}, (14) 

z'—z ai —XBm(a^A)ooBD+y{^JD aoai—ooB(a-A)ooaDBm9} 

+z(BmJD BmS-i-ooB(a—A)ooBD coad— 1} (16) 

The three formulae (13), (14) and (16) are acoiurate formulae, and the values 
of x'—x, y'—y,z'—z can be found if all the obaervational data are known 
for each star. 

The formulae are aJao accurate if we are dealing with parallactic motion 
alone. In this oaae, writing X, Y, and .^for u, v and w in (4), (5) and (6), we 
Bee that (4) and (6) become simply Airy’B equatione (section 3-34) for deter- 
mining the solar motion from the proper motions and (6) the UBual equation 
for the radial velocities (we omit here the consideration of the Ak, An and 
the K terms). Also, the values of x, y and z on the right of (13), (14) and (16) 
become the corresponding components of the x)arallactio motion. 

We shall suppose that a given region is deiined by tlio meridians A — ^ 
and A + <j> and by parallels of declination D—0 and D+0. For paraUaclio 
motion it will be seen that, if the stars are uniformly distributed over the 
region, the values of Z{x' — x), S(y' — y) and Z(z' — z) are of order and 
the an^es 6 and ^ being expressed in oirculor measure and the summations 
being taken over the whole area. It follows that, in tlio general oose, when 
using the formulae for X(x' — x), etc. it will be adequate to replace x, y and z 
on the right of (13), (14) and (16) by the corresponding parallactic values. 
N being the number of stars in the region, we write 


Ix'-£x = NC„, (16) 

Xy'-Xy^NO^, (17) 

Zz'~Ez=NC„, (18) 


in which C^, Gy and Gg can be found from tlie exx)rosaious on the right of (13), 
(14) and (15) with x, y, z referring to parallaotio motion. 

For example, if we introduce the terms Ah and An in the first of Airy's 
formulae (compare (1) of section 3-34), the correct equation of condition 
for the region as a whole is 

— XsinA-f Y oosA+^riAoosD+^rinsinA smD = ^Sx+G^ (19) 

its weight being N. 

88D ^ 
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As already stated, the value of C„ for large areas is comparable in magui- 
tude with the values of Ak and An. 

We now consider the evaluation of the corrections, O, it being assumed 
that the stars are uniformly distributed over the particular region concerned. 
It may be noted here that the equations so far derived hold for galactic 
coordinates on the understanding that a, A and i, J) refer in this case to 
galactic longitude and latitude respectively. 


3*62 . (i) Evoil/uation of C^. 

Let J2 in lig. 20 denote the centre (A, D) of the region and X the position 
of a star {a, d) in the region. Let P be the p 

north pole and M the position of the antapez 
^o)> Bolar motion is 7^. We denote by 
A and x angular distance of X from M 
and the position an^e of M with reference 
to X, respectively; A' and refer similarly 
to J2. .Also write 

Oo— A=* jB; a— a = 

We consider the region to be defined by the 
meridians A — ^ and A + ^ and by the 
parallels of declination di and ^ 2 , where 

lti<=D-d] dj = D+d. 

An element of area of the region is cos SdSi\jr, and the total area. A, of the 
region is given by 


/ K 

X 

\ 





M 


Klg. 20 


.( 1 ) 


A = f oosddd 
J»t J-4 

= 2^(sind2— sindj, 


whence, by (1), A = 4^amd cobD. (2) 

Equating (r' — x) to the difference of the paraUactic components at R and X, 
we have 

x'—x = T^siaA' sin;^'— T^sinAsin;^ 
and hence x' — x = 7^ cos do{sin B — sin {B — ^5")}. 

Let n denote the number of stars per unit area so that the number in the 
element of area is n cos idid^. Also 

N = nA. 

Hence we obtain 


^ ^ = sinB— » f * j*^ cosdsinfjB— 

Focosdo 


( 3 ) 
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80 that, by (16) of seotion 3*61 and by (3), 

O 1 

= — = amS— -7{sindg— amiJ{ooa(5-^) — 008(5 + 5 ^)}, 

r 0 OOS Oq 11 

and, by (1) and (2), 


(7,, = 1^008^0 ain(«o-j4)|l-^^|. (4) 

With the assTunption as to the uniformity of distribution of the stars over 
the region, this is an aoourate formula. If ^ is no greater than 20°, say, it 
frill be sufficient to write (4) in the form 

= (S) 

where ^ is in oiroular measure. 

(ii) Svaktaiion of Oy. 

At X the parallaotio component in declination is 1^ sin A cos > We 
then have 

y'-y = I’oSuiA' 0OB;\:'-l^8inA cosx 

= P^fem ^0 cosD— coB^o sinD cos B} 

— P|^{sin<$o cosd— cos dQ sin^ cos {B—i/r)}. 

Hence 

y = sin (Jq 008 i) — » J cos® 3 dsj d 

— ooB#o|^auif7 oosH— »J sin^cos^d^J^ oofl(B — v^)di{'|, 

from which 

Oy = sin |oos D — 2 (sin 2^ cos 22? + 2B)| 

— Vq cos 8 q jem D cos ^ sin ^ cos B sin 20 sin 22?| 

C, = F.8inJ.oo8l>jl-2^(^^ + oo.ffo,»2D)} 

— l^cos^osinD oos(£*o- A) |l — — (6) 


or 


This is an aoourate formula. Its approximate form, in which 0 *- and are 
neglected, is 

Cy — ^T^d®Bin^QBeo2?(3 cos 22? — 1) 

— ^Po(3i?®+^*)ooBdo sm2? C08(ao— A). (7) 

7"2 
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(iii) Evaluation of Og. 

At X the paraJlAoiio radial oomponent is oos A. Hence 
z' —z = T^oosA'— TJ,oosA, 

from which 

zf z 

«a sin do Bill D+ COB do COB -D 008 H 


We then, have 

flmdojjVamD-ftJ 'amdcosdddj^ 

H-coBdo|A7'ooa2)oosH— »J ooB*d<idJ^ ooB{B—‘^)d^, 

from which we readily obtain 
(7, = To sin do Edni> (1 — cosd) 

+F.oo.ii, C 08 J) CO. (c,-A) {l - 5 ^ ( 8 ) 

which. IB an accurate formula. In the approximate form, it becomes 
= iT^6®am^o sinD 

+ ^Vq cob ^0 COB D cos (Oo - -4) 5 3 - 2 sec* D)} (9) 


-{sm^oBin^+cofl^o cos ^ cos (5— ^^)}. 


3 - 63 . Prcuiticai appUcoHon- 

It tocanspires* that the whole effect of the 0^., Gy and Og corrections is 
thrown into the components X, Y and Z of the parallaotio motion. Thus the 
systematic errors introduced in the practical method of determining the 
solar motion and rdUited constants leave Ak, An and K unaffected and pro- 
duce errors only in the solar motion constants. These errors are not negligible 
when the areas of the regions are about four or five hundred square degrees 
as in the investigations of L. Boss and of Campbell and Moore, alluded to 
in previous sections. With the increase of observational material it might 
be thought desirable, or even essential, to divide the sphere into much 
smaller areas — say of a hundred square degrees — ^for whi^ the systematic 
errors would be of negligible amount. But, smoe the whole sky contains 
about 40,000 square degrees, this would mean the treatment of about 400 
equations of condition, and with four, five or six unknowns in the equations 
the amount of labour required to achieve the solutions would be prodigious. 

But the greater part of this labour is unnecessary if we utilise the values 
of Cy and Cg in our equations; in other words, we correct our observed 

* Tar B full dlBOOBBion v, W. H. Smart, Jf JV. 96, 461, 1986. 
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quantitieB aooording to the dimeosioiia of the i^odb into which we sub- 
diyide the sky. It is thus possible to work with very mndh larger areas 
have been used previously without saoitifloing accuracy in the nn lii' fa'nT iff. 
It is only necessary that the stars in any given region should be iairly 
uniformly distributed over the area. With this condition holding, the 
equation of condition formed for the centre of the region, with attached 
weight equal to the number of the stars in the region, is essentially the same, 
when the appropriate value of Cg, or Cy or Q, is added, as if the equation of 
condition were formed for each star and the sum taken. 

When the regions are arranged in zones of declination or of galaotio 
latiitude, the values of ( 4 , Cy and Cy can be easily and rapidly calculated. 

In Smart and Green’s determination* of the solar motion, areas as large 
as 900 to 1200 square degrees are employed; the number of equations of 
condition is reduced to thirty-four and the laboTir of forming the wnrmftl 
equations is thereby lessened to a very great extent. 


* MJH. 96 , 471 , 1936 . 



CHAPTER IV 


THE TWO STAB-STREAMS 

4*1. Xcyateyn’addacoveryofliheetmr-streamB. 

We ha>Te seen in seotion 2*3 that for an assembly of stars forming a single 
drift the distribution of proper motions, aooordiug to position angle, for 
any small area of the sky can be represented by a single drift-ourve, sym- 
metrioal about a line giving the projection of the solar motion on the tangent 
plane at the point of the sky considered. Until the end of last century, it was 
generally assumed — in the absence of sufficient observational data and as 
a convenient working hypothesis — ^that the motions of the stars were entirely 
haphazard, and on this basis the charaoteristios of the solar motion were 
investigated in numerous researches. Eobold* was the first to recognise 
that this hypothesis of the haphazard distribution of the motions of the 
stars came into oonfiiot with the observational data. Actually, in two paperst 
in 1896 and in 1897, Elapteyn had noticed what he considered to be anomalies 
in the distribution of the directions of proper motions — ^that is to say, 
distinct deviations from symmetrical drift-curves — ^but he later concluded]; 
that the cause of such anomalies was to be looked for, not in any systematio 
effect connected with the real proper motions for different regions of the 
sky, but for the most part in a constant or systematio error in the declination 
components of the proper motions. However, Eapteyn was forced, a few 
years later, to abandon this attempted explanation, and in 1904, at an 
international sdentifio congress held in St Louis, he announced the discovery 
of the two star-streams.§ In particular he showed, in the language of drift- 
motions, that for a given region of the sky the distribution of proper motions 
in position an^e could be adequately represented by the combination of 
two drift-oiuves, each with its own characteristic shape, dimensions smd 
direction of the axis of symmetry. The combination of such information 
from different parts of the shy led to the conception of two streams of stars 
moving in opposite directions in spaoe.|| 

In 1906 Eddington published^ his convenient method of analysing the 
proper motions of the stars in any region of the sky and of deriving the 
charaoteristios of the streams. We shall now describe tbia method. 

* AJr. 144, 33, 18B7; 150 , 267, 1899. 

t Pvbl, Acad, qf Soiencea, Ameterdam. 

} Chronungen PM. S, 3, 1900. 

§ See also British Association Bspof% 1905, p. 257. 

II Eapteyn’fl mathematioal aaeJ^Bia is to be fbuod in JTjy. 72, 743, 1912. 

TI MJif. 67, 84, 1906. 
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4*21 • Eddvngkm^s method of d&rivmg the coThstcmU of the dHft-cfu/rves from 
proper motiona. 

It is assumed that, in a given region of the sky at 8, the obseorved dis- 
tribution of the proper motions in position angle is the result of superposing 
two dnfbs — called drift I and drift H — in which Ni and are the numbers 
of stars, $1 and are the position angles in which the drifts are pointing, and 
hVi and are the projections on the tangent plane at 8 of the space- 
velooities of drift I and drift II with respect to the sun, the velooitieB being 
measured in terms of a theoretical unit I jh proportional to the mean peculiar 
motion in either drift (see section 2- 24). For a single drift of n stars, with 
linear velocities distributed according to the Maxwellian law, we have ftom 
section 2*3 for the number n{6)dd=pd6 of stars moving between angles 6 
and d+dd measured with respect to the axis of symmetry of the drift. 




.( 1 ) 


where hV is the projeotion of the drift-velooity (that is, the vdooity of the 
assembly of stars as a whole) with respect to the sun, on the tangent plane 
at 5. Also T = h7cos^. (2) 


We now use 6 in the sense of position angle so that, for a given value of d, 
the angles between the corresponding direction and the directions of the 
axes of symmetry of drift I and drift II are ^ and 6 -6^, where and 0, 
are the position angles of the axes of symmetry of the drifts. For drift I 
we accordingly have— denoting the radius vector of the drift-curve by Pi — 




Ti = hVi cos {d-d-^. (4) 

Similarly, we have for drift II, 

P>d0 = ^dde-^^»*f(T^), ( 6 ) 

Tj = A7a cos (6-0^). (6) 

Hence, for the distribution of proper motions resulting from the two drifts, 
the number, pd6, of stars moving between position angles 0 and 6+dO is 

pd0 = p^do+p^de. ( 7 ) 

Eddington’s “trial and error” method consists in fitting two drift-curves 
so as to give as close a representation as possible of the observed distribution 
of the proper motions. In general, there are five constants to be found for 
the formulae (3) and (6) so that pdd^ given by (7), may be in as good accord- 
ance as possible, for all position angles, with the observed values; the con- 
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atants aie: 6■^f and for diifb I, and 6 ^ and for drift U, wilih the 
condition that^+.A^t ^ ■2V', where ^is the total number ofateurs in the region 
oonsideEFed. 

Owing to the inddenoe of 'errora in the proper motiona and to the oom- 
paratiyely anudl number of atara in a region for which proper motion data 


Table 13. FoZuea o/ 6 — 6 ^ 



hV 

0-1 

0-2 

0-8 


0-6 

0-6 

0-7 

0-8 

0-9 


860® 

0»67 

0-79 

0-91 

1-06 


1-86 

1-62 

1-69 

1-87 

5 

866 

0-67 

0-78 

0-91 

1-06 

1-19 

1-36 

1-60 

1-67 

1-84 

10 

860 

0-67 

0-78 


1-04 

1-18 

1*84 

1-48 

1-64 

HEha 

16 

846 

0-67 

0-77 


1-02 

1-16 

1-80 

1-44 

1-68 

1-71 

20 

340 

0*66 

0-76 

0-88 

1-00 

1-13 

1-26 

1-37 

1-60 

1-61 

26 

886 

0-66 

0-76 

0-87 

0-97 

1-08 

1-20 

1-30 

1-40 

1-48 

80 

830 

0*66 

0-74 

0-86 

0-94 

1-03 

1-18 

1-21 

1-80 

1-36 

86 

326 

0*64 

0-73 

0-83 

0-90 

0-08 

1*06 

1-12 

1-18 

1-22 

40 

820 

0*64 

0-72 

0-80 

0-86 

0-03 

0-98 

1-02 

1-06 

1-07 

46 

816 

0*68 


0-77 

0-82 

0-87 

0-91 

0-94 

0-96 

0-96 

60 

810 

0-63 

0-69 

0-74 

0-78 

0-81 

0-83 

0-86 

0-84 

0-82 

66 

806 

0*62 

0-67 

0-71 

0-74 

0-76 

0-77 

0-76 

0*76 

0-71 

60 

800 

0*61 

0-66 

0-68 

0-70 

0-70 

0-70 

0-68 

0-60 

0-62 

66 

296 

0-60 

0-63 

0-66 

0-66 

0-66 

0-64 

0*61 

0-67 

0-63 

70 

290 

0-59 

0-62 

0-62 

0-62 

0-60 

0-68 

0-64 

0-61 

0*46 

76 

285 

0-68 

0-60 

0-69 

0-68 

0-66 

0-62 

0-48 

0-44 

0-39 

80 

280 

0-67 

0-68 

0-66 

0-64 

0-61 

0-48 

0-43 

0*38 

0-33 

86 

276 

0-57 

0-56 

0-64 

0-61 

0-48 

0-43 

0-39 

0*34 

0-29 

90 

270 

0-66 

0-64 

0-61 

0-48 

0-44 

0-39 

0-36 

0-30 

0-26 

96 

265 

0-56 

0-52 

0-49 

0-46 

0-41 

0-36 

0-31 

0-27 

0-22 

100 

260 

0-64 

0-61 

0-47 

0-43 

0-88 

0-33 

0-28 

0*23 

0-19 

106 

266 

0-68 

0-60 

0-46 

0-40 

0-36 

0-30 

0-26 

0-21 

0-17 

110 

260 

0-52 

0-48 

0*48 

0-38 

0-33 

0-28 

0*23 

0-19 

0-16 

116 

246 

0-62 

0-47 

0-42 

0-36 

0-31 

0-26 

0-21 

0*17 

0-14 

120 

240 

0-61 

0-46 

0-40 

0-34 

0-29 

0-24 

0-19 

0*16 

0-12 

126 

235 

0-60 

0-44 

0-38 

0-33 

0-27 

0-22 

0-18 

0-14 

0-11 

130 

280 

0-60 

0-43 

0-37 

0-31 

0-26 

0-21 

0-17 

0-18 

0-10 

186 

225 

0-40 

0-43 

0-86 

0-80 

0-26 

0-20 

0-16 

0*13 

0-09 

140 

220 

0-49 

0-42 

0-36 

0-29 

0-24 

0-19 

0-16 

0-12 

0-09 

146 

215 

0-48 

0-41 

0-34 

0-28 

0*23 

0-18 

0-14 

0-11 

0-08 

160 

210 

0-48 

0-41 

0-33 

0-27 

0-22 

0-17 

0-13 

0-10 

0-08 

166 

206 

0-48 


0-33 

0-27 

0-21 

0-17 

0-13 

0-10 

0-08 

160 

200 

0-47 

0-39 

0-32 

0-26 

0-21 

0-16 

0-12 

0-10 

0-07 

166 

196 

0-47 

0-80 

0-32 

0-26 

0-20 

0-16 

0-12 

0-09 

0-07 

170 

190 

0-47 

0-30 

0-82 

0-26 

0-20 

0-16 

0-12 

0-09 

0-07 

176 

186 

0-47 

0-80 

0-31 

0-26 

0-20 

0-16 

0-12 

0-09 

0*07 

180 

180 

0-47 

0-80 

0-31 

0-26 

0-20 

0-16 

0-12 

0-09 

0-07 


can uanally be obtained, it ia not poaaible in practice to uae too hthhiII s 
aeotor, d6 , for which to compare the theoretical number of proper motiona 
with the obaerved number. In investigationa of tbia type where the total 
number of proper motiona ia a few hundreda, the aeotor ia uanally tahen to 
be 10°, 80 that dd » nflS . 
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Let deaote the theoretioal niuuber of stare, say in drift I, moTiog in 
the sector 0—6® to 5+6". Then 


f«+«' IT 

fi= pde = pi\ d0-— 
J e-v j e-f 18 


Table IS. Vaiuea of^{hV, 6— do) 


16 846 1-86 2-06 2-12 2-26 


^ 6 ^ 

hV 

0 ® 

360 ® 

6 

355 

10 

350 

16 

345 

20 

340 

25 

335 

30 

330 

35 

325 

40 

320 

45 

315 

50 

310 

55 

305 

60 

300 

65 

296 

70 

290 

75 

286 

80 

280 

85 

275 

90 

270 

95 

265 

100 

260 

105 

255 - 

110 

250 

115 

245 

120 

240 

125 

235 

130 

230 

136 

225 

140 

220 

145 

216 

150 

210 

155 

205 

160 

200 

165 

195 

170 

190 

176 

185 

180 

180 



where Pi is the mean value of /) ia the sector. Since the sector is small, we 
take the value of p^ to be equivalent to the value of p ooxxe^onding to 6. 
Thus we obtain 

= 0-04923^1 e-^»'i7(Ti). (8) 

The values of log/(T), for values of r between — l-S and + 2*0, have been 
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givea by Eddington.* It is however more oonyenient in the oaloolations 
to use numerioal valueB of a fonotion ^(AF, 6~di), given by 


^{hV, e-dj) = (9) 

so that ri = 0-04923i^i ^(AFi, (10) 


Table 13 gives the vainest of function 4> for values of 0 — ^t 6® intervals 

and for values of AF from 0*1 to 1*8 at intervals of O*!; (^o— or d^. 

In the same way, if r, denotes the number of stars belonging to drift n 
and moving in the sector d— 6® to 0+ 6®, 

fa = 0-049232^8 ^(*^8. (1^) 

In most regions of the sky it is found that one drift (drift 1} is usually 
more prominent than the other and it is usually easy to obtain approximate 
values of 6^ AT^ and 2^ by little more than inspection. On the other hand, 
drift n — owing to the much smaller values of AT^ — gives a less distinotive 
distribution &om which it is somewhat difficult to ascertain reliable values 
of ^8 and AP^ at a first attempt. 

An example will be worked out in the next section to illustrate the pro- 
cedture. It may, however, be conveniently stated here that the observed 
statistios of the proper motions — derived as the number of stars moving in 
each of the 10® sectors d — 6® to 0 + 6® for the following thirty-six values of 6 : 
6®, 16®, ... 866® — are smoothed by taking the means of three adjacent 
sectors of 10®. This procedure tends to eliminate accidental irregularities 
in the observed distribution. For the sake of consistenoy, the calculated 
distribution (based on the figures of Table 13) is smoothed in a similar way. 

4-22. Excm^U of ihe andlyeia of proper moiione. 

Table 14 gives the distribution in position angle of the proper motions 
of 684 stars, formed by combining the results of two adjacent regions 
(XXVI and XXVII) measured by G. H. ten Sruggenoatej; at Groningen. 
The combined r^on, denoted by M (centre at r.a. 14^6®; dec. -i-34®-2), 
was treated by the author§ according to the method of the previous section. 
In Table 14, fg denotes the observed number of stars moving between 
position angles 6® and 0-1-6® for 0 = 6®, 16®,26®, ... 366® (fractional 
numbers occur as the counts have been smoothed by taking, as the effective 
number moving in a sector 0--6®to0+6®, the mean of the observed numbers 
in the three sectors 0— 16® to 0—6", 0—6® to 0-1-6®, and 0-1- 6® to 0-1- 16°). 

The data of Table 14 are plotted in Fig. 21 (full-line curve), the position 
an^e 0 being taken as the abscissa and the number, rg, of stars as the 

• li.N. 67, 87, 1906. t W. M. Smart, M2I. 87, 128, 1926. 

t 3, 86, 1026. { MJr. 88, 146, 1927. 
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Table 14. Distribviion of proper motions in position angle 


Fositioii 
angle, 6 

Number of 
stars, Tq 

Position 
an^e, 6 

Number of 
stars, fo 

Position 
an^e, 6 

Number of 
stars, Tq 

6® 

9-7 

125® 


24£o 

22*7 

16 

8-3 

185 




25 

7-7 

146 


266 

32*3 

35 

8*3 

156 

22*7 

275 

36*3 

45 

7-7 

166 

22*0 

285 

35-3 

56 

8*3 

176 

21*0 

295 

34*3 

65 

8*3 

185 

19*7 


31*3 

75 

8*3 

195 

17*3 

315 

28-7 

85 

8*3 

205 

16-0 

325 


95 

9*0 

215 

10-0 

335 


106 

11*3 

225 

16*7 

345 

15*5 

115 

19*0 

236 

18*7 

355 

12-0 


ordinate. The oorre shows two distinct maxima near d >= 160° and 200°. 
Assuming that 290° refers to drift I, we show the results of three solutions 
by trying various values of , Ni and as follows : 



hV, 

01 


hV^ 

0, 

N, 

Solution (i) 

(ii) 

1*2 

290* 

324 

0*7 

160* 

360 

1*0 

200 

300 

0*7 

160 

324 

(iii) 

1*0 

290 

360 

0*6 

160 

324 


The oorresponding curves are shown or indicated in Fig. 21. The solution 
(iii), which seems to represent the obseirved distribution of proper motions 
most successfully, is taken as the definitive solution — ^it is represented in 
the figure by a broken line. 

The details of solution (iii) are given in Table 16. The second column 
contains the values (denoted by ^i)ofthe function ^(AF, ^i) for AF = I'O 
and = 290°. These values are simply extracted from Table 13. la the 
fourth column we have the smoothed values of obtained as explained 
above. The third and fifth columns give similar information with respect to 
theoretical values for drift n (AT, = 0-6, 6^ = 160°). 

The numbers under the heading r^ are obtained by multiplying the 
smoothed values of (column 4) by 0-04923jyi s 17-7 {N^ =» 360). The next 
column, rg , is obtained in a similar way by multiplying the smoothed values 
of 0-04623.?rgsl6-9 (jY 2=324). The numbers under the heading 

rsrg+fg give the theoretical distribution. The penultimate column gives 
the observed distribution, rg, and the bust column shows the differences, to 
the nearest integer, between the observed and theoretical distributions. 
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Eig.21 

The foU-Une onrve Is Uie oheerved diitribatian of proper motiona. 

XX X ... deootee solntton (1). 

0 o o ... „ (fl). 

„ (iii). 



Table 15. Solution (m) {Region M) 
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4*23. Dya(m'a gre^hical method of andlysia. 

In this method* the piincdpal objeot is the representation of the observed 
distribution of the proper motions in position angle by two symmetrical 
ourves, the position angles of the maxima being identified with the directions 
of the axes of sjunmetry of the two constituent drifts. The procedure may 
be best explained by an example. Eig. 22 shows the observed distribution 
ofproper motions in Ifyson’s region J? (Zoc. et<.)with centre at b.a. 0®, dec. 0°. 
Inspection shows that (i) there is a pronounced maximum between position 
angles 90° and 100° (this refers to drift I), (ii) there is a second maximum 
between 180° and 210° (this refers to drift II), and (iii) the eflect of drift II 
dies away at 280° approximately. If now the maximum of drift II is at 



Fig. 22 

180°, its effect will be negligible between position angles 0° and 80°; con- 
sequently the observed distribution in this range is entirely due to drift I. 
We now draw a smooth curve to represent the observations between 0° 
and 80° as well as possible, and assuming that the maximum of drift I is 
at 90° we can complete the s3unmetrioal representation of drift I between 
100° and say 200°, where its effect becomes negligible. Subtracting the 
ordinates, at each position angle between 100° and 200°, of this curve from 
the ordinates of the observed curve, we are left with the distribution of 
proper motions due to drift II alone. The maximum of this latter distribution 
is found to be near 190°, and a symmetrical curve is drawn to fit the dis- 
tribution as well as possible. We now subtract the ordinates of thia sym- 
metrical curve from the ordinates of the observed curve between say 80° 
* F. W. I>yBcin, Proe. Soy, 8oe. Eiin. 28, pt. ill, 281, 1908. 
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(Old 200° and we are left with substantially the distribution of proper 
motions due to drift I. A symmetrical curve can now be drawn to represent 
the contribution of drift I to the observed distribution; its TtiftTiTniTm ia now 
found to be near 95°. The contribution of drift n can now be derived in a 
aiTTiilar way and the maxumim inferred as before; it is found to be about 
190° or 196°. 

The combination of the two B]nmmetrioal curves (drift 1 and drift II) 
should then give a good representation of the observed distribution. This 
combined curve is shown by a dotted line. 

It is to be remarked that the symmetrical curves drawn in the above 
processes are not necessarily true drift-curves, although, in the great 
majority of oases where the effect of star-streaming is well defined, they are 
unlikely to deviate appreciably from true drift-curves. The procedure 
determines and 6 ^ — ^the position angles in which the drifts are pointing — 
but the values of the drift-velooitieB are not determined. This method of 
analysis has been extensively used, notably by Dyson and ten Bruggenoate.* 

4*3 1 . The apices and space-vdocUies of the two drifts. 

When proper motion data are analysed for several different regions of 
the sky, it is usually fotmd that one drift has associated with it a drift- 
velocity, relative to the sun, much greater than that of the second drift; 
the former is accordingly shown up more distinctively — imlftiw ^ is very 
much less than — ^in diagrams giving the distribution of proper motions, 
of whioh Fig. 22 is an iUustration. As the value of a drift-velocity, for 
example, deduced from the analysis of a given region at 8, is the projection 
on the tangent plane at 8 of the apace-^vdooity of the drift relative to the sun, 
it follows that the space-velodty of one drift relative to the sun is greater 
than the space-velocity of the other drift; these drifts are conventionally 
designated drift I and drift II respectively. 

Consider the assembly of stars forming drift I and let hU^ denote the 
spaoe-velodty of this drift with respect to the sun. This space vdodty will 
have a certain direction and on the celestial sphere centred at the sun 
direction wiU be defined by a certam point, called the apex of drift I. The 
apex of drift II is defined in a similar way. The two drifts are thus character- 
ised by their apices and their space-velodties hU^, hU^ relative to the sun. 

4*32. Determination of the apices and the space-velocities of the drifts frtm 
proper motions (first method). 

In Fig. 23 consider a region at 8 with equatorial coordinates (a, 3) and 
let (oi, 3t) denote the coordinates of the apex A of a drift. Let hU denote 

• B.A.N. 3, vs, 192B. 
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tile spaoe-velooify of tiie drift; then, if hV is the projeotion of hU on the 
tangent plane at 8, we have 

hV = hU^8A, ( 1 ) 

sinoe the diieotion of hV is tangential at iS to the great oirole 8A. ^Hhus, P 
being the pole of the equator, the position angle, 6, of the ards of symmetry 
of the drr^ourve at is the angle PSA. As we have shown, the analysis of 
the proper motions at S gives the values of hV and d for the partioulfl>r drift 
oonoemed and the value of 6 defines the great circle through 8 on which 
the apex. A, must He. Similarly we obtain the values of A7 for other regions 
at ... and also the great droles through igi,^,,... defined by the 
corresponding values of d. Ideally, aU such great droles should pass through 
the apex, A. 



Kg. 23 Kg. 24 


Let Q {a,i) denote the coordinates of the pole, Q, of the great drcle 8 A. 
Then, sinoe the great droles 8A, Sj^A, S^A, ... are theoretically concurrent, 
the corresponding poles Q, Q^, Q Ue on a great circle and one pole of this 


great drde is the apex, A. 

!From the triangle PQ8 we have 

sin d = cos 3 Bind, (2) 

oot(a— a) = sin^tand. (3) 

These equations give the podtion of Q. 

Let hs+my = z (4) 


denote the equation of the plane, on which the poles Q, Qi, Q ^, ... lie, with 
respect to the usual system of equatorial axes and let the corresponding 
great oirole out the meridians a => 0, a = 90° in B and 0 respectively 
(Kg. 24). Penote PB and PC by ^ and ^ respeotivdly. Then, tasking the 
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radius of the sphere to he unity, the coordinates of £ are (sin^, 0, oos\i^). 
Hence, from (4), l^ootr/r. (6) 

Similarly, m = oot^. (6) 

From the triangle PAB, in which A is the apex (dCj, di) and AB » 90° 
(since ^ is a pole of the great oirole BO), we have 

ooSi4j8 = oos^Bin3i+am;&-oosd']^ooBai, 


whence cosoC]^ = — cot^tan 


or, from (6), cosoi = — Ztandi. (7) 

Similarly, we obtain from the trian^e PAO, 

sinoti = — mtandi. (8) 


Now the equatorial coordinates (o, d) of Q can be calculated by (2) and 
(3), and as the rectangular coordinates of Q are 

oosaoosd, sinaoosd, aind, 

we have, from (4), Zcosa cosd+msina oosd =: sind, (9) 

in which the ooefGioients of I and m are now supposed known. For n regions 
of the sky we have n equations of the form (9) which can be solved by least 
squares to give the values of I and m. The coordinates (oj, dj) of the apex 
are then easily found by means of (7) and (8). 

The angular distance, 8A, of a region 8 from the apex A can now be 
calculated and we obtain, in this way, n equations of the form 

hV = hU^8A ( 10 ) 

from which to calculate the spaoe-velooil^, hU, of the drift, hV being 
supposed known from the analysis of each region. The solution for hU from 
(10) is effected by the method of least squares; it is expressed by 

rkFsinN.4 

“ i:Bin*)8.d • 


The above method,"' which is analogous to Bessel’s method of finding the 
solar apex, suffers from the disadvantage that only part of the observed 
quantities (namely, the position angles, 6, of the axes of symmetry of the 
drift-curves) is used in the determination of the coordinates of the apex of 
the drift. The method, however, is important when the regions of the sky 
are analysed by Dyson’s method. 


* For a nmnerioal application, aoe M,N, 87, 134, 1926. See also Eddington’s StBOa/r Mofttmemis, 
83, 119, 1914. 
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4‘33. Determimlion of the apices and the space-veloeities of the drifts {second 
mdhod). 

Oonaider diiffc I in a region at 8{a, S), the dxifb-yelooii^ and the position 
angle of the axis of symmetry of the diift-onive being Wx and dx reepeotirely . 
let (Zx, Zx) he the components of the spaoe-reloaily, hUx, of the drift 
relatiye to the sun and referred to the usual system of equatorial axes. 
Then, the observed projected drift-veloaity, Wx, has components hl^sindx 
and Wx ooadx perpendicular to the meridian through 8 and tangential to the 


meridian, respectively. 

Using the formulae of section 1*33, we have 

— Zjaina+i^oosa = Al^sindi, (1) 

— Zioosa sind— i^siaa sin^+f/icosd = AT5.oosdi (2) 


These are the equations of condition and when similaT equations are formed 
for all the regions concerned, a solution by least squares yields the values of 
Xx, Tx and Zx. The method is thus analogous to Airy’s method for deter- 


mining the solar motion. 

The normal equations formed from (1) are: 

Z^Zsin^iz— I^Zsma oosa := — ZAT^sindx sina (3) 

— ZiZsina cosa+liZoos'a = ZAT^sindx cos a (4) 

The normal equations formed from (2) are; 

ZxZoos^asin^^+lxZsina cosasin* Z^Zcosa sin^cosd 

= —XhVx OOB0X cosa sind, (6) 

Z^Zsina cosasm^d+T^Zsin^asin^d— ZxZsinasindcosd 

= —ZAl^ cos dx sina sin d, (6) 

— ZxZcosa sindcosd— liZsina sind oosd+ZxZoos*d 

= ZAPxCOBdx cosd. (7) 


Combining (3) with (6), and (4) with (6), and rewriting (7), we have the 
group of equations to determine Zx, and Zx: 

ZxZ(sm*a-t-oos*aain*d)— IiZsina oosa ooB*d— ZjZoosa sind cosd 


= — ZATi(aindi sina+oosdi coca sind), (8) 

— ZxZsina cosa ooB‘d+l^Z(ooB‘a+sia‘a sin*d) — ZxZ(Bina sind cosd) 
= ZAPx(sindx cosa— cosdx sina Bind) (9) 

— ZiZoosasindoosd-IiZBina sind cosd -I- Zx Zoos* d 

= ZAl^ cos dx cos d. (10) 


These last three equations are analogous to Airy’s eqtiations derived in 
section 3*34. 
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The coordinates of the apex of the drift are given by 

tanoi = SlZ-Tu 
tanai«Zi/{Z?+r?)V>, 
and the spaoe-velooity, hUy, of the drift by 

Ai7i«(x;+r5+Z5)v>. 

A flimilar procedure gives the corresponding quantitiefl for drift n. 


4*34. The vertex of etcar-streaming. 

The result of many investigationB into the systematic motions of the 
stars obtained from the distribution of proper motions shows that the 
phenomena can be explained satisfactorily on the two-streams theory. In 
partioular, as we have seen, we can derive the components of the space 
velocities of each drift, rdative to the in terms of a theoretical unit Ijh 
and with reference to the usual equatorial system of axes. If we are to 
consider the solar motion in relation to the stars observed for proper motion, 
we have to remember that the totality of stars consists of two assemblies of 
stars, each ex hypotheai with a Maxwellian distribution of velocities. From 
the definition of solar motion the totality of stars defines a standard of rest 
and consequently the space-motions of the two drifts with reference to this 
standard of rest must lie in opposite directions. We can conveniently 
consider the centroid, or geometrical centre, of the totality of stars as the 
standard position and so, relative to this centroid, drift I wUl appear to be 
moving in a particular direction and drift II in the opposite direction. This 
direction is of fundamental importance in the distribution of stellar motions 
and it defines two antipodal points in the sky, called the vertices of star- 
streaming. The totality of stars being viewed from the centroid, the axis 
] oining the vertices has the charaoteiistio property that the general tendency 
of motion is parallel to this axis, which is an axis of symmetry. In the theory 
wdth which we are at present dealing, the emphasis is laid on the division of 
the totality of stars into two groups or streams which, as we shall see later, 
are intermingled in space. In the next chapter, the t&nderwy of the stars to 
move paraUel to iAe oasis of symmetry is the starting-point of an alternative 
theory (the “ellipsoidal theory” of Schwarzschild) to explain or coordinate 
the peculiarities in the distribution of stellar motions. 

We assume that the components of the space-velocities, relative 

to the sun, of drift I have been obtained by the method of the previous 
section, and also the components drift II. The components a;, y, z 

of the velocity of drift I relative to drift II are given by 
X = X.1 — X2> y * ^ ^ “ ^1 ^a» 

the components of the solar motion disappearing from the differences 
Oto. 


8-a 
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Let {A,D) denote the ooardinates of a vediez. Then the valnes of A, D 
are clearly found from the relations 

z^kooeAoomD, y=skmiAoo&D, s = AssinD, 
where k => (a;*+y*+a*)V*. 

Thus tanul « y/®, 

tanD = 

When the galaotio coordinates of the vertex ate obtained from the values 
of A and D, it is found that the vertex lies on the galactic equator. Thus the 
avia of Btar-streaming is related in a significant way to the plane of synunetry 
of the galaotio system. 




4*35. The acAa/r moUm. 

We assume that the coordinates { 0 ^, Sj) of the apex of drift I and the 
coordinates (og, ^g) of the apex of drift IE have been calculated. For example, 
the results* of Eddington’s analysis of the proper motions of the stars of 
Boss’s P.G.C. are: 

Coordinates of (W-S, — 14®-6); of .4g (287®‘8, — 64°'l). The angular 
distance AiAj, (which we denote by e) is calculated by means of the formula 

cose a sin sin ^g +006^1 COB ^g cos (Oi—Og). ( 1 ) 

Consider now two vectors 8A{, 3A'^ (Fig. 26), including the angle e, of 
magnitudes hUi and hU^ respectively; they define the space-velocities of 
drift I and drift II respectively, 
relative to the sun Let and 
»g denote the total number of 
stars belonging to drift I and to 
drift n, respectively, for all the 
regions of the sky considered. 

The solax motion is defined 
with reference to the totality, 

(»i-f-7ig), of stars. Clearly, the 
solar motion will be repre- 
sented by a vector, lying in 
the plane SA^A'^, which we 
shall provisionally designate by B8 cutting A^A'^ in Aq. This point A^ will 
accordingly define the direction of the antapex of the solar motion with 
reference to the known directions and 

Considering drift I, we have: 

The space-velocity of drift I relative to the centroid of the («i+»g) stars 
= the space-velocity of drift I relative to the sun + the velocity of the sun 

• MJf. 71 , 86 , 1910 . 
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relatiye to the oeatroid of the (ni+Wg) stauB; or, in terms of the veotors in 
!Fig. 26, the spaoe-velooity of drift I rdative to the centroid of the ( 74 +^) 
steos is obtained by compounding the vectors B8 and and is thus 
represented by the vector BA^. Similarly, the space-velocity of drift K 
relative to the centroid of the (7ii-f-7»))) stars is represented by the vector 
BA'^. But, in order that the oeatroid of the (ni+ng) stars may be taken as 
the standard of rest, the vectors BA’i and BA'^ must be in opposite directions; 
this can only be so if B lies on the strmght line A'^A'^. Hence the solar 
motion is defined by the vector where A^ is at present a point between 

Ai and Consequently, the space-velocities of drift I and of drift II 
relative to the centroid of the ( 711 +^) stars are represented by the vectors 
AqA^ and A^A^ respectively. Further, the position of Aq is defined explicitly 


by the relation 


TtiOi = TljOj, 


.( 2 ) 


where Oi and Ug are the lengths of AqA'i and AqA^, this relation espressiDg 
simply the consideration that the centroid of the (tIj+t^) stars is taken as 
the centre of rest. From the known p 

values of hUi and hU^ (i.e. of 8A{ and ^ 

of 6 and of and »j, the posi- / 

tion of Ag can be easily calculated by / \e^ 

elementary methods and hence the 
oharacteristioB of the solar motion con / 

be found. We proceed as follows. / 

Let hU^ denote the solar motion / 
reversed. Then (7l^-|-7^g).A^, is the 
resultant of nx-hUi and n^.hUi S 



(Fig. 26). 


9^.26 


Let denote the angle P8Q (or in Fig. 26). Then we have 


(%+7ia)® W* = 7iJ(A17i)* -t-7»|(A?7,)»-t- 27ii7»g(A?7i) . (AU,) cose ...(3) 


and 


tan^i 


7 ig(A 17 g)ainfi 


ni{hUi) -t- 7ig(AI7g) cos e ' 


.( 4 ) 


Since 6 is supposed to have been found by means of (1), these formulae, 
(3) and (4), enable us to calculate Af/g and ^ 1 . 

Consider now in Fig. 27 the celestial sphere, with the sun as centre, m 
which Ai and A^ are the apices of drift I and drift n respectively. Since the 
direction of the antapez of the solar motion lies in the plane defined by the 
vectors and 8A'^ (Fig. 26), on the celestial sphere the smtapez — ^which 
we denote by A — ^lies on the great circle arc A^A^- Furthermore, as we 
have found the angle, ^i, between the direction of the apex of drift I and the 
direction of the antapex, the great cdrole arc A^A is 
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We can now obtain tbe coordinates (oq) ^o) antapez, A, as 

follows. Erom the triangle PA^A^ (Eig. 27), 
in which P.42 = 90“-3j, 

AiPAt = iXi—af, AiA^*=e, all these 
quantities being supposed known and S^, 
being used in their algebraic significance, 
we have 
sinPiiijd, 

°= ain(ai-a2)oos32 coseoe, (6) 

from which the angle PA 1 A 2 is calculated 
— for the usual positions found for A^ and 
Af it is easily seen that PA^A^ lies between 
90“ and 180“. The dedination, d'o, of the 


uitapex A is then calculated from the formula 

sin ^0 s ain^i cos Cl + 008^1 sin cos Pidjudg (6) 

and the right ascension, ag, of A from 

aia (oi — Og) = sin Cl edn PA-^A^ see (Jg. (7) 


An altematiYe, and simpler, method of calculating hUo, <Xg and ^g is as 
follows. 

Frojeotiog the vectors represented in Eig. 26 on the equatorial axes, we 
have at once 

(%+»a).i^^-ooS(XgOos«^g s n^.Ai;^.oosciqoosdx+nt.Aj72.oosa2 00sdg, 

( 8 ) 

(»i+ni) .AC^.smOg cosdg => ni.AE^.sinoq oosd;i+«g.Al[^.sinag cosdg, 

( 9 ) 

(fli+ns).Ai7g.aind'g siTii.AC^.Hin ^i+ng.AEZg.sin jg, (10) 

from which hUQ, Og and Sq are readily derived. 

4*36. Numeriedlre8t/ika for the stream constants. 

l>armg the last thirty years a large number of investigations into the 
systematic motions of the stars have been made, uwTig proper motion data. 
Ibie results — ^whether for the brighter or for the fainter stars — ^may be said 
to be in fairly good accordance, and it will be sufficient to state, for reference, 
Eddington’s condusions since his research* dealt with the stars of Bose’s 
P.O.C., the proper motions of which have a high degree of accuracy; 
moreover, the stars are well distributed over the whole sky. 



• JfJI^.71,4,1910. 
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(a) Drift oonstamte. 

Drift I 

Drift 11 

of apex 

91® 

288° 

Deo. of apex 

Space velooity r^tive to sun (unit l/h) 
Peroentage of stars 

-16® 

O 

CD 

1 

1*616 

0*855 

60 

40 


( 6 ) Vertex. 

^i) Equatorial ooordinatea of vertox: b^. 274°; Deo. — 12° 

(li) Qalaotio coordinates of vertex: Long. 347°; Lat. — 0°'6 
(lii) Belative speed of drifts (unit 1/A): 1-868 

(c) Solar motion. 

B.A. of apex: 267° 

Deo. of apex: + 86° 

Speed of solar motion (unit 1/A): 0-908 

As we have seen in Chapter m, the position of the solar apex found by 
L. Boss,* using the proper motionB of the P.O.C., was (270®-S, h-34®*3). 

It may be recalled that in Airy’s method the magnitudes of the proper 
motions appear in the equations of condition whereas in the application of 
the two-streams theory it is only the distribution of proper motions in 
position angle that is utilised. The agreement between the two sets of 
results, obtained from the same data by wholly different methods, is note- 
worthy. 

AlB ^own in Chapter m, the determination of the solar motion by means 
of the observed radial velocities of the stars leads to the evaluation of the 
solar speed in km./sec. and the result may be taken to be 19'6 km./sec. If 
denotes the solar speed in km./sec., 

Fo = W).i, 

so that, on iuserting the numerical values of ( a lO-S) and ( s 0*908) 
from (c) above, it is easily found that the theoretical unit 1/A is equivalent 
to 21-6 km./sec. 

4 * 4 . The mean paraUax of the stare of the two drifts. 

We have seen in section 2*41 that for a given region of the sky the mean 
linear speed, T (there denoted by T^), of stars moving in a direction making 
an angle 6 with the axis of symmetry of a single drift-curve is given by 

‘ T=‘\g{r), ( 1 ) 

where r = AF oosd and ^'(t) is the function tabulated on p. 41. T is deter- 
mined by thia equation in terms of the theoretical unit, 1/A, and it can 


* AJ. 26 , 111 , 1610 . 
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aftorwaida be expressed in km./seo. by substituting in (1) tbe value of 
\}Kin kno.-laea. if tbe value of 1/A km./seo. is substituted in (1). 

Let now 6 denote position angle and let 0^, 6^ be tbe position angles of the 
axes of symmetry of drift I and drift II. Hence, if and denote the mean 
linear speeds of stars belonging to drift I and drift n respectively and 


moving in position angle d, vre have 

5 n = Al^ cos (^ - ^i), (2) 

’’s = oos (^-^a)- (3) 


If is the annual proper motion corresponding to the linear transverse 
speed, T, of a star whose parallax is p, we have 

Kfi = pT, 

where k 4-74; [t and p are expressed in seconds of arc and T in km./seo. 
Let denote the mean proper motion of stars of drift I in position an^e 0. 
We define the mean parallax, p-^, of these stars by 

Hence iiji^ = fx\9{'rx)‘ W 


Similarly, for drift n, ^/^a = i’a‘^9('ra)* 


.( 6 ) 


Let 74 and n, be the number of stars, moving in a small sector with position 
angle 6, belonging to the two drifts ; these numbers are supposed to be known 
from the analysis of the region (for example, in Table 1 6, p. 109 ; the columns 
Ti and r, give the theoretical numbers concerned). We then have, letting Ji 
denote the mean of the observed proper motions of all the stars moving in 
position angle 6, 


and hence 




.( 0 ) 


This is an equation of condition involving two unknowns, Pi and p^, all 
the other quantities being assumed known from the analysis of the region; 
in practice, the procedure of considering sectors of 10'’, say, is followed for 
determining the quantities concerned. 

For a given region, we have as many equations of condition of the form 
of (6) as sectors in which the data are regarded as numerically adequate. 
A least-squares solution leads to the appropriate values of p^ and p^ for 
the rogion considered. 
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Eddington’s analyais* of the Groomhiidge stars — abont 4600 in number, 
mainly between magnitudes 6 and 0, and within 62° of the north pole — 
yields, on weighting equally each of the seven regions investigated, 

0'-0304, = 0*-0331, 

h K h K 

and, putting Ijh = 21*6, k = 4*74, the mean parallaxes are 
i>i = 0'0067, Pj = 0'*0073. 

The oondusion to be drawn from these results is that, so fsr as the Groom- 
bridge stars are oonoemed, the two drifts are intermin^ed systems with 
praotioalLy identical mean parallaxes. 

A similar oondusiont is reached with reference to the Bose stars from a 
discussion of a large composite region containing 1122 stars. The analysis 

I • — “ 0'-0694, J . — » 0'-0738, 

h K h K 


from which = 0'-0163, 39 , = 0'-0163. 

Again, the mean parallaxes of the two drifts (in this instance, consisting 
of the naked-eye stars) are practically identical. 


4'5 . The effect of accidental errors in the proper motions. 

A general investigation requires a knowledge of the distribution of the 
stars in space; we shall here consider only the simplified problem in which 
we suppose the stars of a drift to have the same parallax, p. An error ri/t in 
the proper motion (taking one component) leads to on error d T, given by 

d!r=|d/t, (1) 

in the corresponding linear velodty. 

It is easy to see in a general way that the effect of aoddental errors in the 
observed proper motions will be a tendency to conceal the characteristic 
drift-motion (as exemplified in a drift-curve) especially for stars with small 
proper motions; the observed drift-curve will be somewhat less “elliptioal” 
in form and accordingly the deduced drift-velodty will be smaller than the 
true drift-velodty. We can express this otherwise by saying that the true 
theoretical unit, of speed will be less than the coiresponding observed 
unit, l/Afl. 

We shall suppose that the errors, e, in the components, u, of linear velodty 
follow the Gaussian error-law, so that the proportion of velodties with errors 
between e and e-i-de is n 

«« 

* BUOar Movements, 118, 1014. 


t Btdlar Mooementaflie, 1014. 
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Since the stars are supposed to be at the same distance, the errors of the 
proper motions obey a similar law. 

Let the linear vdoaity, as affected by an error e, be denoted by v; we shall 
call V the “obserred vdooity”. The ooiresponditig true vdodty is v—e. 
It is to be remarked that as we suppose u to be espressed in terms of the 
theoretioal unit l/h, we regard e as expressed in terms of this unit. For an 
assembly of N stars, the number with haphazard linear vdooities between 
«and«+duis wh 

Hence the number with true vdodties between v—e and v + dv — e is 


Nh 


g— 


and of these the number which have an observed vdodty between v and 
v+d» is Nh a 

Summing throughout the range of e, we find that the total number of stars 
with an observed vdodty between v and v + dv is 

Ngh, 


n 


which may be written 
Ngh 






7T 


e r^dv 


/: 




»*+*•'' de. 


Hence the number is 


Ngh 

-7= — c r+h‘ dv 


or 


where 


or 


e-^'^dv. 


1-1 1 

H ~ g''^h'' 


.(S) 


•( 4 ) 


Thus the frequency function of the observed linear vdodties is of the 
same form as the frequency function of the true velodties, the theoretioal 
unit, l/Ag , however being greater than the true unit 1/A. 

Since the distribution of the errors of the linear velodties is given by (2), 
the probable error is 0'477/gr in terms of the theoretioal unit 1/A. If we 
denote the probable error by Xg when expressed in km./sec., we have 

0-477 21-6 

®““T"-‘i/A- 


( 6 ) 
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But, by (1), the probable error, /tg, of the proper motioiiB is related to Xq by 


= ( 6 ) 

where k — 4-74, p is expressed in seconds of arc and /tg in seconds of arc per 
annum. Hence from (6) and (6) 


0*477 4*74 


or i = 0*462^. i. 

g p h 

( 7 ) 

From (4) and (7) we then have 



(8) 

Taking the mean parallax of the Boas stars to be 0**0168 and the probable 
error, /tg, to be ± 0**0066 per annum, we find that 




The difference between l/Ag and Ijh is almost negligible, due to the oom- 
paratively small probable error of the proper motions and to the consider- 
able value of the parallax. 

Considering the Groombiidge stars, we have the estimated probable 
error of the proper motions to be ± 0**007 per annum and, ta.kiug the mean 
parallax to be 0**0070, we find that 



In this instance, ovdng to accidental errois, the drifb-velo<uties obtaiued 
from the analysis of a given region require to be increased by about 10 %. 

4*61 . Eddington’s analytical method of deriving the drift conatemls. 

In Chapter u, section 2*71, we expressed the radius vector, p, of a single 
drift-curve in the form of a Fourier series thus: 

p =s-B+-C<30B6+-Dooe2d+- EooBSd+-F<iOB4ff+..., 

It TT It It It 

(•Sir fU 

nB «= J pdd, nO =■ J p ooeddd, eto. 


where 
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In these formulae 6 is the au^e between the radius veotor for the drift- 
curve emd. the aads of symmetry. Begarding 6 now as the position angle 
and taking to be the position angle of the axis of S 3 rmmetry of drift I, 
we rewrite the formidae as 


/•air \ 

poos(d— 

Pit 

J /£) cos 2(6—6^ dJd = «ii)i 

Pit 

J p 008 3(0 —^l) d0 = Tlj Jfi 
f*' 

J poos4(0— 0i)d0 = nj^J^ 


There is a sinular set for drift 11. In these formulae, (\, D ^, . . . are functions 
of the vdooity, of drift I and the corresponding quantities C^fD^, ... 
are functions of the velocity , , of drift n ; their values are shown in Table 1 6, 

p. 127. The following procedure is due to Eddmgton.t 
Considering, drift I, we have 

= e"i r’pe'^-o^de 
Jo Jo 

= poos(0— 0i)d0+ic*'ij pein{6~6i)d6 (2) 

= niC7ie«x. (3) 

since, owing to the symmetry of the drift-curve, the second integral on the 
right of (2) vanishes. 

Let Of denote the complex quantity We then have, from (3), 




(4) 

Similarly, 

we obtain, from (1), 



= n^Df, 

(5) 


r%e»*’d0 = TtiE}, 

(6) 


1 

II 

(7) 

where 

= = Ef = Eie®"i, 

II 



(8) 


t lt.N. 68, 688, 1908. 
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We now oonsider the theoxetioal fomulae in relation to the observations. 


Sinoe 


rflir r2ir 

pcosOi^sJ ooedipdS) 


and sinoe pdd is the theoxetioal number of stars of a drift moving between 
position angles 6 and d+iJd, the integral may be interpreted as the sum of 
the values of oosd oontributed by the stars oonoemed. We have a similar 


interpretation for I pAaddB, 


Now for all the stars of the region belonging to drifts I and n we oan 
form from the observational material the sums Sooed and i^sind. Let 


L = -{S<me6+i£^6), 
n 


where n (s7»i+nj|) is the total nnmber of stars in the two drifts. L is thus 
a complex quantity derived from the observationB. Then 

s ^(ooB d + 1 sin d) 

/•2ff 

is to be equated to the sum of the two integrals of the form I pt^dd foe 
drift I and drift II; thus the equation of condition is ^ 

= njCj'+TiaC'jf. (10) 




and, sinoe n = %+»])) «, = -(!—«). (12) 

Henoe (10) becomes 2L = (1 +a) OJ' + (l— a) OJ. (13) 


Similarly, we derive from the observations complex quantities M, N, 0 

given by 1 '1 

Jf = =-(roosa9+»i7sm2^) 
n 

N ^^(ZdoaSd+iZainie) ■, (14) 

0 = i(Z'ooB45+»irBm40) 

n 

giving rise to the equations of oondition t 

2Jf = (l+a)Df + (l-a)jDj’ 

2JV= (l+a)i?f + (l-a)J®J (16) 

20=:(l + a)J’f + (l-a)J'fJ 

The equations (13) and (15) thus constitute four complex equations of 
oondition and sinoe the real and imaginary parts must be separately 
satisfied, the system of equations is equivalent to eight real equations of 
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conditioiL &om which the five diiffc constants — KVx, W^, d^, 6^ and a — are 
to be deteimined. Now the system (13) and (16) is one of diminiahing weight, 
since errois in the observed position angle 6 will in general gire rise to larger 
errors, for example, in the simiB Zooe 26 and i^sin2d, than in the sums 
Zooad and ZdaO. 


Eddington, aooordin^y, employs only the equation (13) and the first 
two of (16). Ho writes 



II 

Df = 

fi*?!. 

p* = li.p« 

7i 

(16) 

and 

cy =■ ^2*^ B’ 

2)f = 



(17) 

Erom (16), 

II 

or 

PiC^e"! = 



Thus 


P. = 


and, aocordin^y, Pj is a complex quantity with argument Ox- It follows 
firom the relation G* — ^iPi that {[’i is a real quantity; it is also a function 
of Wx- The values of | P | sDIO are tabulated in the second column of 
Table 16 for different values of hV, and in the third column are the corre- 
sponding values of C7/I P I . The values of 0, D, E and P in the remaming 
oolumns of the table are calculated by means of the formulae given in 
Chapter n, section 2*71. 


Also 




.(18) 


^=.5 or 

D* Yx’ DxC^ ' 

from which it is seen that yx (and, sunilarly, y,) is real. 

Moreover, it is found that the values of yx (and of y^), as calculated from 
(18), that is, from j) jyt 

r = ;^l-P| - 


are sensibly constant for the range of hV from 0 to 1*8, and Eddington 
writes simply yi = y, b y = 1*163. (19) 

If Pq denotes the value calculated firom the values of E—E^ 

1* luo 

range firom —0*008 to -f 0*009 for values of AF in the range 0 to 1*8. Eor 
EV = 1*9 and 2*0, the respective values of B—E^ are +0*014 and +0*019. 
The approximation (19) is thus of satisfactory accuracy. 

Making the substitutions (16) and (17) in (13) and (16), we obtain 


2L = (l+a)^:iPi+(l-a)^,Pj, (20) 

2Jf = (l+a)£iP?+(l-a)f,Pi, (21) 

2yN = (l+«)CiP!+(l-a)f,i1, ( 22 ) 

where, in the last equation, y has the value 1*163. 
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Let (l + a)^i= (l+yl?)Jb, (23) 

(l-a)^,-(l->?)i, (24) 

from whioh As « J(1 + a) + i(l — a) . (26) 

Since a, Si and S» axe real, it follows that k and p aie leal. We now hare the 
system of equations 

^ = (i+y?)Pi+(i-/?)P„ (26) 

^ = (l+)?)PS+(l-/?)Pi, (27) 

M»(n.^)P|+(l_/?)J», (28) 


Table 16. VoJ/aea of the Fovrier constants 


hV 

\ p \ 

s 

a 

D 

E 

F 

0-0 

0-0000 

1-585 




0-0000 

0-1 

-0564 

1*573 


iH 

•0002 

•0000 

0*2 

•1126 

1-561 

•1766 


•0017 

•0001 

0-3 

•1680 



-0437 

i 1 i \ H 

•0007 

0*4 

-2227 

1-531 



ij 1 i B 

•0020 

0*5 

-2762 


•4171 

•1162 


•0047 

0*0 

-3284 

1-486 


•1602 

V n V 

•0004 

0*7 

•3780 


•5628 

•2004 

r!"B 

•0165 

0*8 

-4275 

1-431 


•2614 

^Biii 

•0260 

0*9 

-4739 



•3147 

•1211 

-0401 

1*0 

•6179 

1-371 

•7103 


•1558 

•0670 

1-1 

-5595 

1*342 

•7607 


•1037 

-0774 

1*2 

-5984 

1*313 

‘ SB 

•4701 

•2337 

•1011 

1*3 

-6345 

1-285 

: 1 

•5175 

•2752 

•1279 

1-4 

-6678 


: : |rB 

•5617 

•3172 

•1573 

1-6 

-6984 

1-236 


•6024 

•3590 

•1888 

1-6 

-7262 

1-213 

: : ivB 

-6396 

•4000 

•2219 

1-7 

•7514 


•8959 

•6732 

-4396 

•2559 

1*8 

•7742 

1-174 


•7035 

•4774 

•2004 

1*9 

•7946 

1-157 


•7305 

•5133 

•3249 

2-0 

-8128 

1*142 

1 -9284 

•7646 

•5468 

•3690 


Now, sinoe is a function of W-^ and is O’ function of A; is by (26) a 
function of a, and Wj,’, similarly, from (23), >9 is a function of a, and 
hV^ and, consequently, a is a function of A1^, and p. For iJurposes of 
solution, we can thus regard the five quantities to be determined as W-y, W^, 
di, dj and p. 

From (26) it is seen that A; is a weighted mean between Si and ([g, the 
weights being proportional to the numbers of stars in the two drifts. Further, 
Table 16 shows that S varies between fairly narrow limits, and for the usual 
values of hV for the two drifts in different parts of the sky and for values 
of a round about zero (corresponding to equal niunbers of stars in the drifts). 
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the value of h may be taken to lie between 1’36 and 1*46 j for a first approxi- 
mation it may be assumed that 

k = 1*40. (29) 

The left-hand sides of (26), (27) and (28) are thus known complex numbers. 
We have to find firom these equations a real number, and two complex 
numbers, and P,* '^th arguments 6i and dg respectively. 


Prom (26), (27) and (28) we obtain easily 

^^{Nyk-LM) = (l-^*)(Pi-Pg)*(Pi-t-Pg) (30) 

and ~ (Mk-L^) » (1 -y?») (P^-Pg)*, (31) 

from which Ji-t-Pjs2Jf. (32) 


Thus £ is a complex quantity whose numerical value is easily found. 
Prom (26) and (32) we obtain 


Pi = Z + 


Pg = Z- 


from which, on substituting in (27), 


L-Kk 
kp ’ 

L-Kk 
kp ’ 


L-Kk 

{{L-Kk)*+{Mk-U^)}i’ 


Prom (26) and (31) we express Pj and Pg in terms of p, k, L and M-, the 


results are 


kPi = L + {^\Mk-L^f, (36) 

(37) 


1 £ the numerical value of yff is found from (36), the formula (36) enables us 
to cfdoulate i^, from which we obtain | J\| and the argument 6^, from 
Table 16, the value of ATj corresponding to | P^ | is easily obtained. Similarly, 
the values of and dg are derived. The values of and fg are then foimd 
from the table for the appropriate values of hV^ and W^. Pinally , a is obtained 


from the formula 


= k 

l + a l+/?'^g 


(38) 


derived by dividing (24) by (23). 

However, this procedure will break down in practice inasmuch os the 
three complex equations (26), (27) and (28) in five unknowns are funda- 
mentally equivalent to six real equations which are hardly likely to be 
simultaneously satisfied when the observational values of 2Ljk, 2Mjk and 
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2ryNlk are substituted in these equations. The result is that the numerioal 
value of derived from (35) ^vill generally be a oomplez quantity, although 
by definition is a reed quantity. From a previous renoark, the weight of 
(28) may be expected to be less than that of (26) and (27). Taking the real 
parts of (26) and (27) and their imaginary parts, we have four equations 
uniting five unknowns and these are sufficient to determine W^, W^, and 
d, in terms of a ; in this way, we shall have By, P, and ^ determined as j^otions 
of a. We oan now determine the right-hand side of (28) as a function of a; 
denote it by 2fyNJk. We thus obtain 

8NsN-N^ 

as a fimetion of a. 

For different values of a, we shall have corresponding values of the 
residuals 8N (which are, in general, oomplez quantities), and the value, ocg, 
to be chosen is that which makes the sum of the squares of the residuals 
(obtained from the real and imaginary parts) a minimum, subject to the 
condition that is a real quantity. It follows that | | is to be a TniTiinniTn. 

With given numerical values of L and M, it is seen from (32) that N and 
K are connected by a linear relation, from which it follows that dN and 8K 
are connected by a linear relation. Hence, in our solution, the condition is 
that I jJE' I is to be a mininnim, corresponding to the value, osg , of a, subject 
to the condition that is real. Let Kq be the value oC K corresponding to 
Og; then | Z'-.^g | is the minimum value of dK. 



and sinoe yff is to be real we have to ohoose L — Kk so that the argument of 
the resulting quantity (call it for the ^ 

moment L—Kyk) is the same as, or 

differs by 180“ from, the argument y' 1 \ 

of (fifi— L*)*. On the Argand diagram y I \ 

(Fig. 28) let A denote the oomplez y 

quantity L—Ek and B the complex y' 

quantity (Mk — L^)*. The sign of the 
root is chosen so that OB is nearer 

the direction of motion of drift I ™ ' ' 

relative to drift II than the opposite Kg. 28 

direction BO, Sinoe L—Kyk has the same argument as {Mk — J?)t, it will' 

be represented by a point Oy lying in OB. 


Now, 
that is. 


the vector CyA = vector OA — vector OOy, 


OyA = vector {(If— ^fc) — (i—jril!)} = veotor{— ITi)}. 


88D 


9 
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Tbns, for (K—Kj) to be as small as possible, OiA must be as small as 
possible. Thus the condition is satisfied for the foot, G, of the perpendicular 
from A to OB; consequently, O represents the complex number L—K^h. 
Let y]r and denote respectively the arguments of Zr — Eh and {Mk — jL*)*. 


Then 

Also 


L—Egh = \L—Eh\<!aa{;^—^)^. 


1 _ 


(40) 

(41) 


Further, the sign of fl is positive or negative according as [L—Ef^h) is of the 
same sign as, or of opposite sign to, that of (JfA— Z*)*. 

With the numerical value of P derived from (41), is calculated from (83). 
The value of Wi is then deduced from the entries in Table 16 corresponding 
to the value of | P^^ | and the argument of P^ is the position an^e of the drift. 
The values of ATg and 6^ are obtained in a similar way. With the numerical 
values of and we find and frtim the table and then a is obtained 
from (38). 

We can finally calculate h from (26). If this value is not in substantial 
agreement with the assumed value (generally taken to be 1*40 for a first 
approximation), the entire solution should be repeated with this new value 
of k. 


4*62. Example of the determination of (he drift conetanta by the anodytiad 
meOiod. 

The proper motion data are taken from a memoir* by V. Neohvile, 
“Becherohes but les mouvements propres de 3802 4toiles”. The regions 
19 to 22 are grouped together to form a composite region F containing 
964 stars.f 

In Table 17, the second column gives the effective number, r^, of stars 
observed to move in the various sectors 6~B° to 6+5°; the occurrence of 
fractional numbers in this column is due to the fact that the counts have 
been smoothed by taking as the effective number of stars moving in the 
sector 6*to9+6‘’ the mean of the observed numbers in this sector and 
its two flankin g sectors. The next column contains the sum of the values of 
cosd, that is Booed, for all the stars moving in the various sectors; it is 
sufficient to assume for the present purpose that Booed ^ rgoos^. The 
entries in the third column are then easily calculated. A similar procedure 
is adopted for the other columns. 

* PM. de VOha. natUmdl de Prague^ No. 4, 1027. 

t The dJBtribution of the proper motioiia in position angle is given hy W. M. Smart and H. B. 
Green, MJf. 89, 149, 1928. 
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From the totals at the foot of the table we obtain from (9) and (14)* 

L = -0>032 + 0-167i a0-170J&(100®-8), (a) 

Jf = +0*160 + 0-397i a0*424®(69‘’*3), (6) 

N = - 0*136 -0*013», 
and, with y = 1*163, 

= -0*168-0*016* s0*169J21(186“*4), 

where JS!{6) denotes e^. 


Table 17. The ccUoidaiion of L, M and N 



9-a 


* The formulae. In numoralB, quoted in thia Beotlon refer to section 4*01. 
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Tf we perform the solution 'with k s 1*40, as in (29), we airive at values 
of 1*3 approximately for Wy and and about 0*05 for a. The result is that 
h, oaloulated from formula (25), is somewhat less than 1*40. In the sub- 
sequent work, we put h ■= 1*30. We then obtain 

Nyh = - 0*206 - 0*020ts0*206.®(186“*6) (c) 


Erom (o), (6) and (c), we find 

LM « 0*072J?(170‘’*1) a -0*071 + 0*012i, 
Nyk-LM =» -0*184- 0*032* a 0*138i?(193“*4), 
i* = 0*0291J(201“*6) a -0*027 - 0*011*. 
.Also, MK = 0*196 + 0*616*, 


Mk-I?^^ 0*222 -I- 0*627* a 0*672Af(67‘’*2) 
and (JfJb-X*)* a0*766.®(33'’*6). 


Now by (32), 

2£a 


Hence 


Nyk-LM 0*138N(193'’*4) 
Mk-I^ ~ 0*672N(67"*2) “ 

N = -0*071+0*097* 


0*241JB(126‘‘*2). 


(d) 


and 


N* = -0*092+0*126*. 


We then have L-Ek^ 0*060 + 0*041* a 0*073N(34'’*3) (e) 

and (Ir - Kk)* = 0*006Jff(68'’*6) a 0*002 + 0*006*. 

Writing Z a (L- ZA)» +Mk- i*, 

we derive X = 0*224 + 0*632* a 0*677Z(67‘’*2) 

and Z* = 0*760Z(33“*6). 


If is oaloulated by means of (36), we have 

.. L-Kk 0*073Z(34®*3) „ „ 

from which fi = 0*096 + 0*001*. 


Thus P comes out to be nearly real. However, to illustrate the method, we 
all all keep in its complex form and we have to modify the procedure in 
accordance with formulae (40) and (41). 

Ibrom (e) and (d), ^ = 34®*3 and ^ = 33°*6. Hence, by (40), 


L-Eok = 0*073 cos {34‘’*3-33'’*6}Z(33“*6) 
» 0*073Z(33'’*6). 

(Mk-J^)* 0*766 


L-Eak 0*073 


= 10*36, 


Consequently, 
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and, from (41), i = 1 + (10'36)* = 108<8, 

fromwMoh +0*096, 

the aign of p beLng determined in aooordanoe mth the rule preTiomdy 
mentioned. 

With this value of fi, we find 

(t^* (Jfh- i*)* = 0*908 X 0*766i5(33''*6) 

= 0*672 +0*380». 

Adding the value of Ls — 0*032 + 0* 167i, we obtain from (36) 
hPi « 0*640 + 0*647ts0*769^(46°*4), 
from whioh, with k = 1*30, 

Pi =. 0*692If(46‘’*4). 

Similarly, Pg = 0*602JZf(202°*l). 

We then obtain, using the values of | P | in Table 16, 

ATi = l*18, (9i = 46®*4, 

A7g = 1*21, 0a = 202°* 1. 

With these values of and AjPg, we find from Table 16 

fi= 1*318, ^, = 1*310. 

Formula (38) now enables the value of a to be found; it is 

flc = + 0*093. 


Thus the numbers of stars in the drifts axe 621 and 433 zespeotively. We 
now cdlouiate k firom (26); the result is 

k » 1*314, 

in good agreement with the assumed value 1*30. A re-oaloulation with this 
new value of A is unneoessary. 

The results* of the analysis by the “trial and error” method of section 
4*21 are (the corresponding drift-velocities are denoted by AFx and AFg in 
the paper referred to): 

AFi = l*3, 01 = 46°, 

AFg = 1*2, 0j = 200°, 

and the numbers of stars in the two drifts are 609 and 446 respectively. The 
two methods of solution give, in this instance, veiy accordant results. 

When the stars are distributed between the two drifts in nearly equal 
proportions, as in the example just worked out, the agreement between the 
results of the two methods is generally satisfactory ; otherwise, the analytioal 


* W. M. Smart and H. B. Oioeo, MJf. 89, 161, 1988. 
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method of the previous seotLou is uot wdl adapted for determining a and 
the “trial and error” method is to be preferred. 


4*63. MoMfication of the mic^ytkal method. 

Although earlier iuTestigations, mainly of the brighter stars, appeared to 
show that the stars of drift I were more numerous than the stars of drift n 
(for example, in Eddington’s analysis* of the Soss stars, the ratio was 
found to be 3 : 2), reoent work on the faint stars has in the main suggested an 
approximate equality in the numbers. If we assume a to be zero, our un- 
knowns are reduced to four, viz. Wx, dx and 6^, and the two equations, 
(20) and (21) of section 4'61, suffice to determine the drift-velocities and the 
position angles dx, d|. We have, thmi, with the same definition of the symbols, 


and 


2L = ^xPiHzPz, 
2M^t;xPl+Z^Pi 
* = i(Ci+C.). 


1-/? 


( 1 ) 

( 2 ) 


The solutions are then contained in the following equations (equivalent 


to (36) and (37) of section 4*61): 

M>i = LH-e(m-i«)*, (3) 

jfePa = L-i(m-L»)*. (4) 


The numerical work is evidently greatly reduced. Eddington has appliedf 
this method in analysing the Cambridge proper motions. 

In a preliminary solution of the equations (3) and (4) we can put e equal 
to unity and take a suitable value of k. We then obtain Wx and and with 
these values we obtain from Table 16 the corresponding values of ^x u, 
which lead to new values of k and e given by (1) and (2). With these values 
of k and e, the work may be repeated, if considered necessary. 

We iUustrate the method by means of the data of section 4*62. Putting 
k = 1*28 and e = 1, we have 

(Mk-L^)i * 0-76lE(33°-4) = 0-627 -|- 0-413t, 

L= - 0-032 + 0-167». 

Hence, firom (3) and (4), 

kPx = 0-695 + 0-680» = 0-83lE(44“-3), 

ifePj = -0-669 -0-246» = 0-703E(200®-6), 

£rom which 1-^1= 0-647 and | P 2 1 = 0-549. 


* MJf. 71, 36, 1910; aee also aeotion 4-80. 


t MJf. 87, 188, 1026, 
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The solutionB then are: 

= 1-34, 01 = 44*’-3; AF, = 1*08, 0, = 200°-6. 

With these Talues of ATi and AT^, we find 

fi = 1-271 and C*= 1-348, 
from which Tc => 1-31 and e =» 1-03. 

Bepeating the solution with these values of h and e, we obtain 
A7i = 1-29, 01 = 44“-0; AF, = 1-04, 0, = 200“-6. 

4*7. 7’Ae ihree-drifi hypotJiesia. 

When the proper motions in a given region of the sky axe analysed by the 
methods of the preceding pages, it is generally found that the direction of 
the apex of drift I is fairly close to the dnection of the solar antapez. This 
may be easily seen from a diagram. In 
Fig. 29, denotes the position, on the 
oelestial sphere, of the apez of drift I 
and A the solar antapez (we assiime that 
the right ascensions of Ai and A are 6^^ 
and that the dedinations are — 14° and 
— 34° — ^in accordance with the results of 
observation). For a region at B the 
directions of A and Ai from B have a 
comparatively small separation. It is only 
for regions such as 8 (and the antipodal 
regions), with right ascensions approxi- 
mately between 6» and 7>‘ and declinations 
between — 14° and — 34°, that the separation between these directions is 
considerable. Now if, in addition to the two assemblies of stars for min g 
drift I and drift II, there is a third at rest in space with reference to the 
totality of the stars, this third group will give rise to a drift — when the solar 
motion is taken into account — ^with its drifb-velooity in the direction of the 
gnUr antapez. In addition to drift II, we should then have two drifts with 
their drift-velocities, in general, not much separated in direction and the 
efiect would be to give a distribution of proper motions resembling 
a ninglft drift. This is illustrated in Fig. 30, taken from a paper by Halm.* 
ThA full-line curve gives the distribution resulting from the combination of 
two drifts, one moving in position angle 90° with velocity AF=* 1*06, the 
other in position angle 135° with velocity 1-23, the numbers of stars in the 
two drifts being assumed equal. The curve is dearly unsymmetrical, but 

• MJSf. 71 , 620 , 1011 . 
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the deviations are so inoonsiderable that a sing^ diift-oorve can be readily 
found to give a good representation of the original omre. This single diift- 
ourve is ^own by the broken-line and ooiiesponds to position angle 116° 
cuad velooity 0*90. 

Investigations of the motions of the blight “Orion” stars (that is, of 
speotral type B) of Boss’s P.0.0, suggest that there is little or no evidence 
of preferential motions as with stars of the other speotral types, for which 
star-streaming is unmistakable. The B type stars, in fact, form a single drift 
with the drifb'Veloaity directed towards the solar antapez. In Eddington’s 
analysis of the Boss stars, the B type stars were omitted. Halm, however, 
has shown (Zoc. dt.) in a rediscussion of the material that, in regions (such as 
8 in lig. 29) where the directions of the apex of drift I and of the solar ant- 

30 


20 


fo 


0 


apex are widely separated, there is evidence of a residual antapioal drift 
of stars (other than of type B) to which, with the Orion stars, he gave the 
designation “drift 0 In the other regions where there is little divergence 
between the direction of the apex of drift I and the direction of the solar 
antapex, drift 0 is supposed to be concealed in the analj^s on the two-drift 
h 3 q)othe 8 is, as it is mainly combined with drift I in the manner illustrated 
in Big. 30. Eddington* had remarked on the presence of a third drift in two 
of the Boss regions which he analysed, but was inclined to regard it as of 
minor importance in comparison with the two great star-drifts. 

So far as can be ascertained, the emergence of drift O is not so evident in 
the analysis of the proper motions of faint stars and it is generally ignored 
in statistioal discussions. Unless drift 0 is of an importance comparable with 
that of drift I and drift II, this procedure is in accordance with the method 

• Jf JT. 71, 40, 1910. 
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of solutioii by sucoessiTe appioziinatioits, the two-dbcift hypothesiB proTidisg 
the first appiozimAtion. It may be said that t-hia fibrst approxiination le- 
presents, on the whole, the obserred distxibution of proper motions very 
satisfactorily and a more refined inTestigation of the proper motion data on 
the basis of a three-drifb hypothesis must await more aoonxate and more 
plentiful observational material. 

4*81. The radkilveUxUiea and &e two-drift hypothena. 

Hitherto, it has not been found practicable to use the radial velocities as 
a means of deriving the drift constants but, nevertheless, it is extremely 
important to ascertain whether the observed radial Ttiooities are statistically 
in accordance with the two-streams theory. One method of testing the 
theory is as follows. IVom the observed radial velodtieB of stars scattered 
over the slby, the solar motion is found by the method described in Chapter 
nr. If A is the angular distance of a star from the solar antapex, the observed 
radial velocity of the star is made up of (a) the projection of the reversed 
solar speed in the direction of the star — in other words, the parallaotio 
component — of magnitude T^cosA, where is the solar speed, and (6) a 
part, 22, due to the star’s motion in the drift. Knowing and Awe can remove 
the parallaotio component from the observed radial velocity and so obtain 
the component, 22. 

Consider now N stars in a small region of the sky at S, and suppose that, 
of these .ST stars, belong to drift I and to drift II, where N => N^+N^. 
Let the velocity of drift I relative to the centre of rest of the tot^ty of stars 
be directed towards the vertex B, and let the direction of 8 make an 
angle ^ with the direction of B. Thus, the component of drift I in the 
direction of is cos Consequently, the radial velocity of any star at 8 
(fireed ficom the solar motion) is made up of a constant part cos ^ and a 
haphazard component v. The following analysis is analogous to that in 
section 2-44. 

Of the stars, will have positive* radial velocities given by cos ^ -t- », 
if — COB ^ < V < 00 , and the remainder. Tig, ^ H- Tig), will have negative 
radial velocities if v< — Tgcos^. Now the number of stars with random 
velocities between v and v -f dv is 

er^dv 

and consequently, if denotes the mean radial speed of the tI], stars, 

hN r® 

nipi = —r^ I cos ^) e-^dm 

•fff J -r,oo8# 

* We ooxudder V-i oos ^ here to bo poeitivo. Ab we shall bo oonoomod with spsacZs, it is easily 
seen that the formulae (4) and (0) are indopondent of the sign of Ki ooa 


hN^ 
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or, 'wiiting hv = z, ATiooB^ = Ti, (1) 

® 

Similarly, if detLOtes the mean linear speed of the stars, 

*s/®* = f (v~l^oos^)e~**®*dB 

•/ FiOob^S 

= («-ri)e-*^efo. (3) 

Let denote the mean radial speed (freed fiH>m solar motion) of the 

= »iPi+»aP8« 

from which, by means of (2) and (3), 

h^JnRi^i {x+Tj)e~^dx+\ {x—Ti)e~^dx 

J -Ti J Ti 

s 2 J xe~^dx+2Tij e~^dx, 
or, in terms of the integral 

jr(T)sJ er^dx. 

Si = + 2ti JP(ti). (4) 

The function on the right-hand side of (4) is the same as the function F{Ti) 
defined in (17) of section 2*44; the numerical values are given in Table 8. 
Accordingly, we write 

h*JnBi = F(ti). ( 6 ) 

Similarly, the mean radial speed, S^ (freed from the solar motion), of the 
^8 stars of drift II is given by 

= J'(Tj), (6) 

where Ts^AF^oos^. (7) 

Let ^0 denote the mean radial speed (freed from the solar motion) of the 
N(=Ni + Ai) stars. Then 

(Ni+N,) So = NiSi+IfoSo, 
or, writing Ni = a{Ni+No), and using (6) and (6), 

h-jnSo = <*J'(ti) -H (1 -a) (8) 

It may he remarked that a and the stream-velooities, Wi and W^, ore related 
by the equation nr,_(l_a)F, 
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The foimula (8) has been used by Eddingfcon* in a partdoular case fox 
testing the two-stxeams hypothesiB. Denoting by M' the valne of for a 
legion at the vertex, where ^ » 0, and by B" the valne of for a region 

90“ from the vertex, we have, since J2' = 

= aJCAFO + a-a) W). (0) 

The theoretical value of B'lB" as derived ixom (9) with the known values 
of a, Wx and was found to be in fairly good agreement with the value 
obtained &om the observed radial velooitieB. 

The formula (8) is a general one and it can be appHed to any region of the 
sky. The disadvantage of the method, however, is that the solar motion has 
to be removed from the observed radial velocities of the stars in each eurea. 
In the next section we demonstrate amethod that is easy to apply in practice. 


4*82. Consider a region of the sky at angular distances and Ag from the 
apices of drift I and drift n respectively. By formula (16) of section 2*44, 
the mean observed speed (that is, relative to the sun) for stars in drift 1 is 
where ^ = hUx cos Ai 

and F{r) is the fonotion tabulated on p. 49, hU^ is the spaoe-velodty of the 
drifb relative to the sun, and R is the mean random radicd speed for the stars 
in the drifb. There is a similar expression for the mean observed speed of the 
stars belonging to drift II. With the meaning of a as dejQned in the previous 
section, it is seen that, if Po denotes the mean observed speed of all the stars 
in the region, = %if(Ti) + (1 - a) F{r^)}, (1) 

where Tg =° AC^oosAg, 

the spaoe-velooii^ of drift II relative to the sun being hU^. 

We suppose that the diifb-velooitieB hUx and KU^, tho positions of the 
apices of the drifts and the value of a have all been determined from the 
analysiB of the proper motions. Also, tliis analysis gives the solar speed 
expressed in terms of the theoretical unit 1/A; for example, Eddington’s 
value for the solar speed (section 4-36) is 0*908 in terms of the theoretical 
unit, and identifying this with the usual value of 19*6 km./soo. obtained 
irom the radial velocities as in Chapter m, section 3*43, we have 

1 19*5 , , 


Also, by (1) of section 2*24, 


B_ 1 


S => 12*lkm./seo. 

* Sidlar Movements, 144 , 1914 . 


Hence 


( 2 ) 
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The right-hand side of (1) oannowbeoaloolatedinkm./Beo. and the result 
compared with the value of Po obtained from the observed radial speeds in 
the region. A recent investigation* showed that for the radial velocities of 
gahlesrnger’s Oatalogw of Bright Stars, 1930 and with Eddington’s values 
of the drift constants obtained from the analTsis of Boss’s proper motions, 
theory and observation were in dose accordance. It should be remarked 
that practically aU the radial vdooity stars are also Boss stars. 

We can proceed (Zoc. dt.) in a somewhat different way by regarding (1) as 
an observational equation in which S and a are to be determined, the value 
of Po for each region being given by the observations. As before, we suppose 
the space-velodties of the drifts relative to the sun and the drift apices to 
be known. We then have as many equations of the form (1) as regions, and 
by a least squares solution we can derive E and a. Eor convenience, write 
E=x; a = 0‘6+/ff; Mj3 = y 
and set •= a, -^(Ti) — F(Ta) = 6. 

Then (1) becomes ax+by = (3) 

in which a, b and are known for each region; (3) is then an equation of 
oondition for the unknowns x and y. 

The radial vdodties of 3679 stars were taken from Schlesinger’s catalogue. 
Stars omitted from consideration were as follows: (a) stars of spectral type 
other than B to M, (6) stars bdonging to open dusters, and (c) stars in Ooirt’s 
category of “high vdodty stars ’’.f Two solutions were made, (i) for aU 
spectral types B to M, and (ii) for aU spectral types A to M. The second 
solution corresponds to Eddington’s analysis of the proper motions of the 
Boss stars, as in this analysis the B type stars were omitted. The results are: 

(i) S = 11*8 km./seo.; a = 0-62, 

(ii) S = 12*2 km./seo.; a = 0-49. 

The solution (ii) is the appropriate one with which to compare the value of 
E as given in (2); the two values of E are almost identical and we condude 
that the raidial vdodties are oonjBrmatory of— certainly not antagonistic 
to — ^the two-streams theory. The solution (ii) also indicates that the stars 
utilised in this analysis are divided almost eqiially between the two streams. 


* W. If. Smart, 11.N. 96, 166, 1086. 


t Oroningm Pvbl. 40, 80, 1926. 
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5 * 11 . Schvxi^cMiA'ahypo^^ieaia. 

We have seen in the pievious chapter that the observed distribution of 
stellar motions can be explained satiafaotoxily by the assumption of two 
assemblies of stars which cure, so far as can be asoertadned, intArmiTiglgtfl in 
space. The motion of one drift relative to the other defines a wdl-determined 
axis lying in the galactic equator and fixing the vertioes of star-streaming. 
If we imagine that our observationB are made from a position at rest wi^ 
reference to the totality of stars, the distribution of velocities will be such 
that one assembly will appear to have, as a whole, a motion parallel to the 
axis, the individual motions being compounded of this common motion and 
the haphazard motions, while the other assembly will appear to have, as 
a whole, a motion parallel to the axis but in the opposite direction, the 
individual velocities again being compounded of this common motion and 
the random motions. To our imaginary observer the phenomenon may be 
described as a greater mobility parallel to the axis joining the vertices tba-n 
in directions perpendicular to the axis. It was tliis aspect of the distribution 
of stellar motions that led Sohwarzsohild* to postulate a velocity function 
of the form ^ 


in which (17, F, W) are the components of the linear velocity of a star, the 
17-axis ooriesponding to the axis of star-streaming, and symmetry about 
this axis being assumed. The exponent in this formula is related to the 
equation of an ellipsoid (with two equal axes), namely 


A*17*+H«(F*-|- TF») = 1, 

in which the velocity oomponents play the part of coordinates. If A is less 
than H, the mean speed component parallel to the 17-axis is, as we shn.l1 
show, greater than the mean speed component perpendicular to this «.Tin. 
The 17-axiB, therefore, gives the direction of greatest mobilily. 

Let N be the number of stars with the given velocity function. If dN is 
the number of stars with velocity components between (17, F, W) and 
(17+(217, F+dF, TF +cilF), Sohwarzsohild’e hypothesis gives 

iN = Ae-^'<^-=^^dUdVdW. ( 1 ) 


* QMkim NcuA. 1907, p. 6M. 
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The ooefBloient A is obtained by sunmiiag for all possible Talues of U, V 
and W. Thus 

= ^ f* f" e-^dV f" <r^dW, 

J —at J— CO J— CO 


BO that 


. NKH* 

^ — SS-- 


( 2 ) 


Let U denote the mean velooity component parallel to the 17-axiB, taken 
'without regard to sign. The total number, SN, of stars 'with components 
between U and U + dU is obtained by summing (1) for all possible values of 
F and W. Hence, using (2), 

SN = ^^e-^^du('° e-B^dvT e-^dW, 
tt* J ^to J — 00 

from which 8N = '!^e-^^dU. (3) 


Since we are concerned only 'with the aiithmetioal values of 17 in finding 
the value of tJ, we have, from (3), 


from which 
Similarly, 


NXJ = J" Uer^^dU, 



1 

“JSTtt*’ 



(4) 

( 6 ) 


Hence, j£ K<S, the mean component in the U-direotion is greater than 
the mean component in a perpendicular 
direction; in other words, the IJ-azis is 
the axis of greatest mobility. 

Hefening 'to (1), we see that U and V 
are proportional to the semi-axes of the 
velocity ellipsoid. 

5*12. The velocity eli^e. 

Consider a small area of the sky at S 
(Fig. 31) in which there are n stars with 
the given ellipsoidal distribution. The 
centre, 0, is at rest with respect to the 
assembly of stars and we are 'to find the 
distribution of velocities in the plane at S 
perpendiouleir to the line of sight. Let OA 

represent the U-axis and let BC be 'the great drole of which A is the pole. 
Since the velocity distribution is symmetrical about OA, we can choose 'the 
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V and W axes aoooidiag to oonyenienoe. Let the W axis lie in the plane 
OAS. The F-axifl defines the direotion of a pole of the great oirob ASO. 

We now ohoose new reotangular axes, the w-axis being radial at j8 and 
the u and v axes in the tangent plane at S ; the u-axis is taken to be tangential 
to the great circle SA at S; the v-axis is tangential to the great oirole SB, 
Let X denote the angle AOS, that is, the angular distance of S from the 
vertex A. From Fig. 31, it is evident that 


u = {/ain x—Woo^x' 
v = V 

tv= UooBX+Wdnx. 
or U = udax+vfooBx ' 

W = — «oos;^+wsinx 

Hence 

W») = tt«(J:*sin*;^+H‘>cos«>:)+HV 
+ w‘(E‘ cos® X ) + ® — H®) sin cos pt- 


( 1 ) 

( 2 ) 

.(3) 


Set, in (3), 

a = Z'®oos®x+H®sin®;t and yff = (if®— ir*)sin;t oos^. 

The number of stars with velocity components between (U, V, IF) and 
(U+dU, V+dV, W+dW) is given by formula (1) of the previous 
section; hence the number with velocity components between (u, v,w) and 
(tt+dw, v+dv,v)+dw) is 




Let dn now denote the number of stars with transverse velocities between 
(u,t7) and (u+du,v+dt;). This number will be obtained by summing the 
previous expression for all values of to between — oo and +ao. Hence 


dn’=‘Adudv «*■ dto. 


z 


Now 


j: 


g-oiie'-VwBdu, _ ga 


f® -a(u>+&y 
= P.a I fi. ^ ' 


dw 


Hence, ixom (4) and (5), 

which may be written dn = 0'e~***'*“**®*d«dt>, 


( 6 ) 


( 6 ) 
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k*> 


K* cos* X + H* sin* x 

h = H. 


The eUipse given by the eq'oation 

**tt»+A*w» - 1 

is called the vdoeity ellipse. 

From (7) and (8), we obtain 

^*oos*x+-ff*shi*x h* 

K* “F*’ 


( 7 ) 

( 8 ) 

( 9 ) 


firom which 

This is an important formula. Since < 17, it is evident that & < li, so that 
the <u-azis is the major axis of 'the velocity ellipse and is consequently the 
ftiria of greatest mobility in the tangent plane. Also, sinoe h = H, the minor 
ft-ria is the same for all parts of the sky. 

The formula (10) gives 'the ration between the ratio of the axes of the 
velocity eUipse and the ratio of the axes of the vdodty ellipsoid. As 'vnll be 
sho'wn la'ter, the value of hjk can be obtained, for a partioular region, from 
the observed proper motions and the combination of results from different 
regions gives the value of HjK and the direction of the 17-axis, that is, the 
direction of the vertices of preferential motion. 




.( 10 ) 


5*21. The diatrdmtion of Ihe observed transverse motiorts in a given region 
of die shy. 

Consider now the effect of the parallactio motion on the distribution of 
the transverse linear velocities m the region ofthe sky at As in the previous 
section we define 'the u-axis to be the tangent at id to the great drcle joining 
B to the vertex A. Also, the number, dn, of stars with components between 
(u, v) and {u+du,v+ dv) is, rewritmg (6) of the pre'vious section. 


d» = dsidA), 

firom which it is easily found that 


( 1 ) 

( 2 ) 


where n is the total number of stars in the region at 8. 

Let 17o, I’o deno'te the linear components of the parallactio motion for the 
region r^erred to the v, and v axes. We require a convention as to the positive 
dimotion of the u-ems; we shall take the positive direction -to be such that 
the component DJ, of the parallaotio motion is positive. The positive direction 
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of the v-azis is chosen in a similaT way. Let OA, in Fig. 32, represent the 

vector (C^, 1^) and let AB represent 
the peonliar velooily of a star, with 
components u and v. The star will 
then be observed to have a lineax 
velocity r (represented by OB) in 
a direction Twalritig an angle ^ with 
the u-axis. 

If (a;, y) are the components of the 
observed velocity with respect to the 
u and V axes, we have 

a5 = roos^, y = rBin^ (3) 

Also aj=»«+I7o, 

Hence the number, dn, of linear velocities with components between {x, y) 
and {x+dx,y+dy) is given from (1) and (2) by 

d» = — dxdy ( 4 ) 

IT 


e-0 



From (3), dxdy = rdo’d^. 

Consequently, the number of stars with linear velocities between r and 
r+dr and moving in the sector ^ is given by 

dm = —dd.rdre-*^^*-’^^^-^^*-^^. (6) 

7T 

Let pd^sn{^)d^ denote the total number of stars moving in the sector 
4>+d^‘ Then, from (6), by summing for all possible values of r between 
0 and oo, 

pd^sn(<t>)di^ » 

TT 

X r flltt*jS)+S8r(fc*l7Q0089S-|-J^FoBln9i)^ .(6) 


Jo 

Let = + (Ai* 008* ^ + A* sin* (7) 

^ = -(l!*C^cos^+A*l^sin0) (8) 

and x^pr—i. (9) 


It is to be noted that, with the conventions stated above, £ is positive for 
the positive directions of the v and v axes (corresponding to ^ 0 and 

^ = ff/2). 


88D 
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The integral in (6) beoomes, by means of (7), (8) and (9), 

;^6P f {x+i)e-*da 

T J-£ 
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or where /(^) is Eddington’s ftmotion introduced in Chapter n, 

section 2*3. We thus have, from (6), 


where 


2.^ 


.( 10 ) 

.( 11 ) 


The polar curve derived from (10) gives the distribution of the transverse 
linear velocities relative to the sun. 

5*22. OAoroctemtiM o/tAe polar (wve. 

Erom the formula for /(f), it is seen that /(f) increases as f increases and 
thereifore/(f) will have its maximum value when f has its maximum value. 
Writing t ^ tan we have, from (7) and (8) of the previous section, 

PDi+Wot 
(A»+h»i*)* ’ 

A«**(Fo-i 7 ot) 

(**+AV)» 


from which 




and hence 


df _ cos — 

d^~ (i!*oos*^+h®sin*^)* ‘ 


Thus f is a maximum or a Tninimnm when tan^ — that is, in the 
direction of the paraJlaotio motion or in the opposite direction. Further, it 
is easily seen from the expression for d‘f/d^* that f, and consequently 
/(f), is a maximum in the direction of the parallaotio motion and a minimum 
in the opposite direction. 

In this respect the function /(f) resembles the function /(r) associated 
with a sing^ drift-curve which also has its maximum in the direction of the 
parallactio motion and its minimum in the opposite direction. The function 
/(r) is also symmetrical about the direction of parallaotio motion, but this 
is not the case with the funotion/(f}, as may be easily seen as follows. Let 
^ = ^+a, where tan^ =» Then 

cos 


^ s oosi^*^ooaa— ^sinaj, 
in^ = oosi^^sina+^oosaj, 
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jP* = &* 008*^^008 a— ^ am a j +A*ooa*^^sm.<x+^oo8aj , 


wibioh is of the form 


jj* = ^ 008 2 a + JS ain 2 a + 0 . 


Also. gaag(a) = J7o7o8ma+ (A»F8+ ft*?/®) oosa}. 

JJt-'o 

It ia therefore dear, in the fist plaoe, that £(27r —a)^ ^(a) aad, accordingly, 
/(f) ie not eymmetiioal about the line a » 0, that is, about the ftTia of the 
paraJlactio motion. 

An example (approximate) of the curve px = /(f) is shown by the broken- 
line curve of lig. 33. 



Consider now the function /(f)/p*. We have 

^f} =" (A* — A*) ain 2^, 

Qftp 

= 2(A>-*«)oo8 2^. 

Since i!;<A, is a minimum for ^ = 0° and 180° and a maximum for 
tj> => 90° and 270°. Thus the effect of the factor, 1/p*, applied to the radii 
veotores of the curve px = /(f) is to extend the values of Pi to a maximum 
extent for ^ s= 0° and 180° and to a minimum extent for ^ =» 90° and 180°. 
The result is, in general, a bilobed curve of the foim shown by the fuU-lino 
curve in Fig. 33, with features resembling the curve obtained by the com- 
bination; of two drift-curves. 


X»-2 
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5*31. Determmaiicn of Uie polar curve eonakmta from Ae proper motions 
(first me^od). 

la the two-stteams theory, there ore fire constants to be detenoined from 
the data lelating to the transverse motionB for a partioular area of the sky; 
they are: Ni, Wx anddi for drift I and (N —N^, and 6^ for drift n, it bemg 
asSTuned that all the stars, N in nozaber, belong to one or other of the two 
drifts. In the ellipsoidal theory, the constants to be determined are four 
in nmnber; they are: CTcFo, h(h and dg, where 6^ is the position an^e of the 
axis of greatest mobiliiy and consequently defines the orientation of the 
tt-axis in the tangent plane. 

The following analysia aasomes that 6'— 6^ lies between O'* and 90°, ff 
being the position an^ of the parallaotio motion. Thus d is to increase in 
a sense which, strictly, is known only after some progress has been made 
with the solution. In practice, we quickly gain the requisite information 
and, if necessary, reverse the sense of inoreasiDg d temporarily while per> 
forming the solution. In combining results from different regions, as in 
section 6‘4, the values of dg and 6' must naturally conform to the usual 
convention. The point of these remarks occurs m connection with the final 
term in equation (3) below. 

Consider the number, nidd, of stars moving in the sector defined by the 


position angles d, d+dd. Then, by (10) of section 6*21, 

(1) 

where p and £ ate now given by 

p* = COB* (d - dg) + h* sin* (d - dg), (2) 

g = i{k*I7gOOB(d-dg)+WgBin(d-dg)} (3) 


Let ttgdd denote the number of stars moving in the opposite sector defined 
by the position angtes 180° -fd, 180°+d+dd. Thenp remains the same for 
both sectors but g changes sign. Hence 


From (1) and (4), we obtain 


JJ* 


«i_ M) ■ 


(4) 

( 6 ) 


The values of tog fr(g) are given in Table 18.* It will be noticed that 
tog^(^} differs very little from the function 0*166f. 


* Ibe functian not to be oonftiBed 'witb the fonotion of section 2°42« 
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i 

log^S) 

i 

logifiiS) 

0-0 

0-000 

0-4 

0-620 

0-1 

0-164 

0*6 

0-779 

0-2 

0-809 

0-6 

0-939 

0-8 

0-464 

0-7 

1-102 

0-4 

0-620 

0-8 

1-268 


The observed proper motioiiB give the ratio of the numbers % and «, for 
opposite sectors or, if the distribution of the proper motions is exhibited 
in the form of a polar curve, the ratio of the radii vectoies in position angles 
6 and 6 + 180°. Hence, by means of Table 18, the value of ^ is found. In this 
way, £ is found for each value of the position angle 6 between d = 0° and 
6 = 180° — ^for the remainder of the range 180° to 360°, the value of i for 
position angle 6+ 180° is numerically equal to, but of opposite sign to, the 
value of £ for position angle 6, 

Again, for each value of f the corresponding value of/(|) can be found by 
means of Table 6 (p. 39), and ni being known formula (1) enables us to 
calculate the coiresponding value of Bjp. It is to be remembered that 

and Bjp are all functions of ^ (.B is a constant for the particular region 
concerned). 

Suppose now that radii vectores, r^, are drawn for different values of the 
position angle 6, their lengths being given by the appropriate values of Bfp. 


The theoretical locus traced out is given, from (2), by 

r5 {lb* COB* (0 -do) + h* sin* (d -do)} » B*, (6) 

which is an equation of an ellipse (the auxiliary eUipse). Beferred to its 
principal axes its Cartesian equation is 

lb*a!*+A*j/* = B*. (7) 


An alternative method, suitable for a least-squares solution, is as follows. 

We write (6) as 2 

a:-f-ycos2d-)-»sin2d =» -j, (8) 

*■1 

where * ^ (A* + k*), 


y = -^(k*-**)ooB2do. 


z = ~{h>-k>)ajx2do. 


and the value of 2/r{ is known for each position angle d. The linear equation 
in x,y and z is solved by least squares; the values of do, k/B, hJB are then 
easily derived. 
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Since, by oonrention, the positiTe doeotion of the u-aads is snob that 
is poaitiTe, fire see from (3) that | is positive for 6 (pis the positive 
square root of the right-hand side of (3)). Hence the data indicate which 
direction of the major a-riH of the auxiliary ellipse corresponds to d >= 6^. 
In the same way,, the positive direction of the e-axis dg +n’/2 is found. This 
defines the sense in which 6 must inocease. If determined from the data, 
happens to be negative at dg+ 90*’, the atssumed sense of increasiag 6 must 
be reversed (or the analysis modified). 

iVom the values of Bfp and we now calculate the quantity Bfpi for 
each value of the position aii£^. If we plot the points whose radii veotores, 
r„ are given by jB/pg, corresponding to the various values of 0, we obtain by 
means of (3) tbe theoretioal loous 

r,{h*I7gOOS (B-dg) + Wgsin (B-d,)} = B, (9) 

which is the equation of a straight line. Beferred to the principal axes of 
the auxiliary ellipse, its Cartesian equation is 

k^UoX+h%y=B. (10) 

Denoting the intercepts of this straight line on the principal axes of the 
auxiliary ellipse by e and d, we have 

W..|. (II) 


A simple procedure is to plot the points whose polar coordinates are 
(Bfp^fd), as obtained from the data, and to draw a straight line to satisfy 
as accurately as possible the points so plotted. As we now know the value of 
dg, we have the poaitionB of the axes d — dg and d = dg + 90° and the inter- 
cepts, c and d, on these axes can be obtained by measurement. 

The equation (9) can also be used as the basis of a least-squares solution, 
if desired. 


Brom (8) and (11), kUf ^ » -, »rg 


a 

' c’ 


We can write these in the form, using (8), 

17 *5 — — F ■ 
be'V 


II 

Sk.1 o* 

(12) 

6 1 

"d'h' 

(13) 


These last formulae determine 17g and in terms of a theoretioal unit, 1 /h. 

Let d' denote the position ang^ of the parallaotio motion, corresponding 
to the vector OA in Kg. 32. Then tan (d' — dg) =■ l^/17g, or, from (13), 


tan(d'— dg) 


(14) 
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If a dheok on the oaloulations is required, it is to be noted that 


from which 


nsi^lnabe'^ 


.(16) 


The qnantitieB a, 6, c and d on the right of this formvila are measnred quan- 
titieB and the identity may be need for purposes of verifioation. 

However, it may happen that one of the four quantities a, b, c, d can be 
obtained from the graphical work with rather leas certainty than the other 
three; under these drcumstances the formula (16) should be used, with the 
known value of n, to calculate this particular quantity. 


5*32. ExamfpU of the mlculaiion of the polar cmve con^omta. 

We shall consider the region centred at (0>* 16“, + 60®) for which we have 
data* of the proper motions of 646 stars, measured photographically at 
Cambridge. An analysis on the two-streams theory yielded the results: 

hVi = 1-6, (?i = 106®; AFj = 0*8, 6^ - 190®, 
where hV-i, are the drift velocities and d, are the position angles of the 

drift apices; also the munbers of stars in the two drifts are practically equal. 
With these values of the drift constants the theoretical distribution has been 
oalculated and the second column of Table 10 shows the theoretical number, 
f , of stars moving in the 30® sector ^ — 16® to ^ -f 16® for values 0®, 10®, 20®, . . . 
360® of 6. The theoretical distribution and the observed distribution are 
also shown diagrammatically in fig. 34. 

Instead of using the observed data, we shall use the theoretical distribution 
on the two-drift theory for calculating the corresponding ellipsoidal 
constants; we shall thus illustrate the method of the previous section and, in 
addition, exhibit the relation between the theoretical two-drift curve and 
the theoretical ellipsoidal distribution. 

The third column of Table 10 contains the values o£f(i)lf{ — i) which are 
found by dividing the value of r in the second column, corresponding to a 
particular value of &, by the value of r for -f- 1 80® — ^in acoordemoe with (6) 
of section 6-31. It is unnecesscuy to make the calculations for more than 
eighteen consecutive values of 0, as the remainder of the values are simply 
the reciprocals of those found. The fourth column contains the logarithms 
of /(£)//(— £), and the fifth column the oorre8])onding values of | deduced 
from Table 18. The entries of this last column ore readily completed, since 
the value of i for a position angle -f ] 80® is equal numerically but of opposite 
sign to the value for 6. The sixth column contains the values of /(^) deduced 

• JUJf. 87 , 128 , 1926 . 
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from Table 6, p. 39. The entcieB in iihe seventh oolnnm ace formed by 
dividing the value of r in the second column by the corresponding value of 
/(f): by (1) of section 3'dl, this quotient is The eighth column contains 

the values of B/p, which is the radius vector, of the auadliaty ellipse. 
The entries in the last column are the values of BJp^, or r^, the radius vector 
associated with the straight line of formula (9). 

Table 10. Odlculaiion of the polar curve coneiaats 



In £ig. 36 the radii veotores, are drawn in their respective position 
angles. The full-line curve evidently approximates closely to an ellipse with 
semi-axes a = 8-4 and 6 = 8-3; 

also the position angle of the axis is either 77” or 267°. But since f is positive 
for position angles 70° and 80° (see column 6 of Table 19), the positive 



















e=(f 


154 The JEUipsoidcd Theory 5*32 



Fig. 36 
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direction of the it-axis is in position sui^e 77°. The broken-line curve in 
Eie. 36 is the ellipse 

(8-4)*'''(6-3)*“ 

which differs very little &om the curve = Bfp, 

Also 0 for d » 167°, so that the usual convention for 6 increasiDg is 
also the right one for the present purpose. 

In Eig. 36, the radii veotores, rg ( ^ Bfpi), are plotted in their respective 


fl-O" 



Fig. 86 


position angles. The straight line HJ is drawn to satisfy tho points as well 
as possible. The measured intercepts on the u and v axes are 

c = 24*6 and d = 7*4. 

In thin instance the straight line HJia only a fair representation of the points 
plotted. 

Summarising the results from Figs. 36 and 30, we have 

^0 >= a * 8*4, 6 = 6*3; o = 24*6, d - 7*4. 
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these valneB we find, by means of the formulae of the preceding section, 

I = 0*681, 

h 

]fcl7,= 0*348, A7o = 0*716, 
tBn(fi'-fio) = 1*318, d'-da = 63“ or 233“. 

Sinoe Tq ^>7 definition positive, is by definition between 0“ 

and 90“j accordingly we have q, __ 

We now proceed to apply the check given by (16) of section 6*31, noticang 
however that an adjustment of scale is first of all necessary. Actually, the 
curves iu Fig. 34 are drawn through the extremities of radii veotores in 
position an£^ 6 equal in magnitude to the numbers of stars in the corre- 
erponding sectors 0— 16° to 0+ 16“. The theoretical radius vector, p, is thus 
related to the radius vector, r, by 



or, if /7 is the mean value of /> in the sector, 

- IT 

The carves drawn in Fig. 34 consequently cone^ond to a number 7m/6 of 
stars and the check formula becomes 

o 

Inserting the values of a, b, c and d, we find that 

n = 667, 

whereas the actual number of stars in the region is 646. 

We have seen that the determination of the straight line in Fig. 36 is 
somewhat approximate. Assuming that c = 24*6 and taking the values of 
a and b already found from the auxiliary ellipse, we use the check equation 
above for calculating d. The result is d == 7*7. 

The following values are then found*. 

1 = 0*631, <?o = 77“, 
kl7o = 0*343, AFo = 0-888, 
tan(^'-0o) = 1'266, 0' = 129“. 

The parallactio motion is given by terms of the theoretical 

unit 1/A (which is constant for all parts of the sky, since A = S), by 

*(?78+7S)ts{|-;(A17o)*+(AFo)*]* = p*877. 
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The tw^o-drifb theoxy* gives (273‘’‘2, + 43'’*6) for the coordinAtes of the solar 
apex, as deduced iltom this and other r^ons, and the position angle, O', 
for the pcurallaotio motion in this region is easily calculated to be 122°, in 
good agreement mth the value deduced above from the eUipsoidal theory. 

Wecannow construct the theoreticalellipsoidal distribution oorrei^ondiDg 
to the values of a, 5, c and d ( s 7*7) already found. The appropriate formulae 

§ = icos(d-<?o)+gsiii((?-^o). 

With the values of a, b, c and d derived above, we obtain 


^ « 0-0249 - 0-0107 cos 2(^-^o). 


^ = 0-0408 cos (^-0o) + O-13Osm(d-^o). 




The separate steps in the calculation ate shovu in Table 20, omitting the 
less important position angles. In the actual computations the various 
quantities were generally found to an additional decimal place (not shown 
in the table). The final column gives the theoretical eUipsoidal distribution 
of the proper motions and the corresponding curve is shown in Tig. 34. It is 
seen that the ellipsoidal curve and the two-diifb curve represent the obser- 
vations equally well and are very much alike except between position angles 
180° to 220°, where it is rather difficult to decide whether one theoretical 
distribution is in better accord with the observed curve than the other. 


5*4. OomJbinaiion of reauUafrom different regiona of the ahy. 

As we have seen, the analysis of a single region according to the ellipsoidal 
hypothesis gives 

(i) kjh, the ratio of the semi-axes of the velocity ellipse, 

(ii) dg, the position an^e of the u-axis, or in other words, the position 
an^ of the vertex, 

(iii) A(j!7g+ 73)*, the parallaotio velocity in terms of the theoretical unit 
1/A or l/B. 

(iv) d', the position angle ofthe parallaotio motion. 

Denoting, as before, the angular distance of a region from the vertex by Xt 


we have, from (10) of section 6-12, 

( 1 ) 

or fainx = So, (2) 

where and (3) 

♦ MJf. 87 , 187 , 1926 . 



5-4 


The WMpaoiddl Theory 


169 


In Ilg. 37 let J2 be the centre of a region, the coorduoates of B being 

{a, d). Let V be the vertex Trith oo* 
ordinates {A,D). The angle PBV is the 
observed position angle We have, firom 
the triangle PBV, 

sin;^ ooado » sLni> oosd 

— 008 2) aind cos —a). 

Bin X Bin do » cos D sin —a), 
from which, by means of (2), 

(fgoosdo “» fsinU oosd 

— {I cos D sin d cos {A— a), (4) 

^0 aindg = CcoB i? sin (^ - a) (6) 

Let X = ^[oosJD oosudl 



T = ^oosDsinX 
Z = £smi> 


.( 6 ) 


We then have, from (4), (6) and (6), 

— Xoosaaind— Y sina sind+^cosd = ^ooeO^ (7) 

— Jsina +rooBa (8) 

As h/k is known, from the analysis of a region, the numerical values of 
{i^oosdo and ^sindo are known for each region. A least-squares solution of 
the equations (7) and (8) yields the values of X, Y and Z, and from (6) we 
obtain tanX - Y/X, 

tanJ> » ZI(X»+ 7*)*, 

^=>(X»+Y*+Z^)K 

Thus the coordinates of the vertex can be found and the last formula, with 
the help of (3), enables us to calculate the ratio X/H of the axes of the 
velocity ellipsoid. 

In a mTnil«.r way we deduce the coordinates of the antapex of the solar 
motion and the value of the space velocity of the sun relative to the assembly 
of stars. Let A be the singular distance of B from the antajiex and let —hU 
be the space-velocity of the solar motion in terms of the theoretical unit, 
1/A or l/H. Then the projection of the parallaotio velocity on the tangent 
plane at X is hU sin A. Hence 

Al7sinA = A(l78-|-F8)*, 
which we write in the form ^ sin A =» 57 ', 
where ii=>hU and 7 ' = A(l!73-|-F§)*. 



6*4 


160 The ElUp8oid(d Theory 

9' is a nmaerioal quantity deiiYed from the analysis of the proper motions 
in the region. If (A',L') are the coordinates of Uie antapez. A', we have, 
from the analysis, the position angle, O', for each region. As before, 

sinA oosd' » sinD' oobS—oobB' eiaS ooB(A'—a), 

sinAain^' = cos D' sin (A'— a), 

from which 


^'cos^' = ^sini)' cosd-^oosD' sin^ oos(A'— a), 
j^'sin^' =« ufooeD' sin (A'— a). 

Write ATj = 17 cos D' cos A', 

s ifooeD' dnA', 

Zj = Tasini?'. 

Then — Xioostxain^— IxSinaain^+ZiOosds 17'oosd', 

— Xisina +Iicosa ssiy'sinS'. 

The quantities on the right-hand sides of these equations are known for 
each region. A least-squares solution yields the values of 1^ and and 
from these values the coordinates of the antapez and the value of the solar 
speed are derived from 

taaA' = 

tanD' - Zi/(Zf-t- r?)*, 

ACT = (Zf-t- rs+zj)*. 

Sohwatzsohild’s investigation* of the proper motions of the Groombiidge 
stars, treated earlier by Eddington, leads to the following results: 

Coordinates of vertez: b.a. 93°, Dec. -t- 6°. 

Coordinates of solar apez: b.a. 260°, Deo. + 33°. 

Solar motion, hU : 0-70. 

E/ff: 0‘63. 

Eddington’s resultsf for the vertez from the same data are: b.a. 96°, 
Deo. -f- 3°, almost identical with Sohwarzsohild’s results. 

SohwarzBohild’s position of the solar apez is within a degree or two of the 
position derived in several more recent investigations based on the proper 
motions of the brighter stars. 

• (MUnffM Naeh. 1007, p. 014 
t M.lf. 67, 84. 1000. 
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5*51. Determination qf the polar ourve Constanta from the proper motions 
{second method). 

As -we have seen in seotion 6*21, foimnla (4), the number, dn, of stars -with 
linear velooity components bet\reen {x, y) and (a; + dx, y + dy) is given by 


dn ^ F{x,y)dxdy, (1) 

where F{x,y)tB^—-er>^0)-vir~iiHv-7t^ ^2) 

and as = »+Z7o» y = <»+lo» (8) 


being the components of the parallaotio motion and u, v the com- 
ponents of the peculiar velocity of a star in the tangent plane. 

Following SchwarzBohild,* we shall denote the projection of the soZor 
motion on the tangent plane by 8, making an angle <j>^ with the v-azis; 
will thus define the direction of the solar apex for the r^on concerned. 
Since and Vq are positive, {ig is in the third quadrant. We have 


Uq = —8 COB jSg, Tg »=■ — sin do> (^) 

so that F{x, y) = — - "oa am ^o)*. (6) 


We shall find an expression for the total number of stars moving in the 
sector to when the corresponding radii vectoros arc parallel to two 
conjugate diameters of the velocity ellipse 

= 1 . 


In tins ellipso, lot two radii vectoros make angles ^ and witli the u-axis 
and let o* and o' bo the corresponding eccentric angles. K correspond 

to oonjogoto diometon, ^ ^ f («) 

Also tanfi Bs |tan(r and tan^' = ^tano*', (7) 

with the relation cr'satr-hOO®. (8) 

In Fig. 38 lot OX and OF bo tho x and y axes (])arallel to the v, and v 
axes). Lot OP and OQ bo parallel to two conjugate diameters of the veloeity 
ellipse. In tho figure Op and Oq are parallel to tho oorresponding radii of 
tlie auxiliary circle of the ellipso. 

Let fji denote tho number of stars moving in tho sector POQ. Then, 
from (1), [.(. 

Li=^^F{x,y)da:dy, (9) 


where the integration is taken over the infinite sector bounded by OP 
and OQ. 


8SD 


* NacK. 1908, p. 101. 


II 
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We now dioose new axes through 0 such that 

tZ7-axis 



^ s &Booso'+%sin(r, (10) 

7 = -feraino’+h^ooso', ...(11) 
which are equi-valent to 

hs — fooso*— lysintr, (12) 

hy = ^suKr+^ooBcr. (13) 

From (11), the ^-axis, for which 
= 0, is given by 

AxesuKr— A^ooB<r = 0 


or 


y ss x.^tanor. 


But, by (7), the last equation is 
y = a;tan^. 

But this is the equation of OP 
with respect to OX and OT. 
Hence OP is the f-axis. 

From (10), in a similar way, we see that OQ is the 47-axis. 

We now express P(x, y) as a function of S and 47. We have, from (6), (12) 
and (13), 

•nKle 

F{x^y)^F^{j^^7j) = g-(£cos(r—f Bln <r+feffoofl^o)M£fllBcr +9 COB 0-4*5 sin ^0)*, 


Let 


and we obtain 


Also 


n 

H = ^(hcoB^o coacr+Asin^o Bmc), 

V = ;ff(— 4oos^oain<r-f Asmjij ooscr), 

Ad, V) = — 

7T 


.(14) 

.(16) 

.(16) 


Hence, using (12) and (13), we have 


Consequently, from (9), 


dxiy = pdfd77. 


where the integration is over the infinite sector bounded by OP and OQ. 
The limits of £ are 0 and 00 and the limits of are 0 and 00. Hence, by (16), 
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Let 

&{t) = er^dt. 

(17) 

Then 

= re-^dt - ^{1- ©(;*)}. 

JO J 


Similarly 

e-<1’^*)■d^ - ^{1 - 0(v)}. 


Hence 

Li = ^{l-0(;t)}{l-0(v)}. 

(18) 


The fiuiotion &(t) is the ‘’probability integral”, values of which are 
tabulated for example in Brunt’s The Combination of Obeervatkma (2nd 
edition), 234, 1931. 

It is to be remembered that Li gives the number of stars movmg in a 
sector bounded by two radii veotores which are parallel to two conjugate 
semi-diameters of the velocity ellipse. 

Consider now the sector QOPi in Fig. 38. The eccentric angle corre- 
sponding to OQ is O’' and if are the values of ft, p as defined by (14) 
and (15), we have 

= S{k cos ^0 cos O’' -f- sin ^0 trin or'), 

Vi — S{— k cos sin tr' + h sin cos o’'). 

These become, since o’' = o’-)- 00®, 


/ix — +p and Vi = — /«. 

Hence, the nurabar, L^, of proper motions for the sector QOPi is, using (18), 
given by n 


But, from (17), 


6>(-0 = - 6 >( 0 . 


Consequently, I/g = j {] — 0( j^)} { 1 -)- 0(/t)}. 


In the same way we obtain i/g and L^ for the sectors Py OQy and Qy OP. 
The results are summarised ns follows: 


Sector ^ to 

4>'tQ 180 “-^^: 


n, 


/ii = "{l-)9(/*)}{l-6>(»;)} 


.(19) 


180®-)-^ to 180® Z/ 3 =.^{l-t- 0 (/t)}{l-)- 0 (v)} 

180®-)-^^' to Z /4 =>^{1 — 0(/*)}{l-)-0(j/)} 

where /(, v axe defined by (14) and (16). 


lX-2 
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Viam (19) 'we easily deduce the foUoTnug; 




(20) 


^ ^ Ir, + £ 4 - 11 - 1-4 

L^JrLx Lt+L^ £i+£g+£a+£g’ 

(21) 


i9M A- A ^ L^+Li-Lx-Lt 

£^+£r| i^+ia+*^f8+*2^4 

(22) 

and 

n = £^+ 1 ^ 2 + 

(23) 


At stage, we "hall TyiftTn^^ a siiaple transfonuation of the aualytioal 
esqttessioDS for /t and v in (14) and (16). 

Let hooe^^==meoe<r^ ^sin^o = msincro. (24) 

Then /t = m8 cos ((Tq— o), (26) 

V = m8 sin ((To — O’). (26) 

Erom (24), tan^o >» (klh)tBXi<ra', hence (7) shows that o*o is the eocentrio 
an^e canesponding to ^o* 

As before, let dg be the position an^e of the u-azis and let 6i be the position 
an^ of the solar apex. Then 

^ = 6—9(1, =6* —9^, ^0 = 9x—9q, 

where, as previoudy, <j> and refer to conjugate diameters. 

Erom the statistics of the proper motions we can find, corresponding to 
a partioular value of 9, the numbers Zg, Zg wd Zg of stars moving in the 
quadrants 0 tod+w/2, 5+7r/2 to 9+it, d+n to 5 + 37r/2 and <7 + 87r/2 to 0. 
As the data axe usually arranged so as to exhibit the number of stars with 
proper motions, for example, in 10° sectors, the numbers Z^, Zg, Z, and Z4 axe 
easily found for each value of 6. 

We consider two particular oases. 

5 * 53 . T?ie dikeeH(m of iheaokar motion. 

We take ^ = that OP in Eig. 38 corresponds to the direction of the 
solar motion. Then a = <rg and it follows fiwm (26), (26) and (19) that 

v»0, = Lx-L^ and Lg - L,. 

Consequently, fi^+Lg = I^+L*. (1) 

But X^i+Zfg is the theoretical number of proper motions between and 
^0 "I" 189°» that is, between position angles 9^ and 9^ + 180°, and thin number 

mustbeequaltotheobeervednumberZi+Z,between0iand^i+ 180°. Hence 

Zj + Zg = J^ + ig. 

Zg + Zg e= L^ + Ztg. 
i^ + Zg — Zg = 0. 


Sudlarly, 
Hence, from (1), 


( 2 ) 
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This is the condition by means of which the direction of the solar motion is 
to be obtained. The procedure is as follows. Obtain the value of the quantily 
(^+2,-23—24) for each value of the position an^e (0°, 10°, ...). Thestatistios 
will then show the position an^ for which this quantiiy vanishes. As Z3 
for d is the same as for 6 x + 180° and so on for 2, and theore will 
be two position angles, differing by 180°, satisfying the rdation (2), say ^ 
and 180°. A rule is required to determine which of these values corre- 
sponds to dx, the position angle of the direction of the solar apex. If Z^, Z3 
and Z4 are formed for then ^ if Z* > Zj and Z4 > Z4. Otherwise, ^ + 180° 

is to be identified with Actually, it is usually easy m practice to dis- 
criminate between the two values, as the value corresponding to 180° 
indicates roughly the direction in which most of the stars are moving. 

The inequalities above may be formidly proved as follows. 

By definition, the number of stars moving in the quadrant to ^^+nl2 

is lx which, on referring to formula (10) of section 6*21, is seen to be given by 


where 

or, writing as before 


g = 1 (ifc*j7oOOs^+ WoSin^) 

P 

Uo--Sooa^Q, P^ = -j8sin^o> 

8 . 


I = — — (A^oosflS oos^(i+A*Bin^ ain^o). 


.(3) 


Setting ^ => ^o+a, the expression for i becomes 


f =» --{(I*oos*^6o+^®®“*^o) 00s a + (A*— I*) sin ^0 00s ^0 shi*}* 

Also, p = +{k* cos* (^io + a) + A* sin* (^0+ “)}*• (*) 

In the quadrant under consideration 0 < a < 7r/2, and ea k<h the value of 
f is negative and, say, equal to — t, where t is a positive quantity. It is 
to bo noted that from the definition of the positive directions of the u and v 
axes, 180° < < 270°. 

f»/* 1 

We now have Zi = JJ®J^ ^f(—T)da. (6) 

Consider now the opposite quadrant, defined by ^o+n and j5o + 37r/2, 
in which the number of stars is I3. 

Setting, in (3), + where 0<a^7r/2, we have for this sector 

that g is positive and equal to r. Also p is given by (4). Hence 

fw/a 1 

Jo ^/(r)dx- 

It is noted that, in (6) and (6), p and r are functions of a. 


( 0 ) 
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Now /( — t) </(t) for T positive ; hence 2# > Similarly l^ > Z,. 

These inequaJities enable ns to deoide which of the two possible values 
of the position an^, for which (^i+Zg— Z*) vanishes, corresponds to the 
direction of the solar apex. 

5*53. The dvedion of the tt-axia and Ihe vcUm of hjh. 

The direction of the u-aads is given by ^ « 0 and the coirresponding 
direction of the ^-axis is paralM to the major axis of the velocity ellipse; 
consequently, the conjugate diameter is given by = 90°. It follows that, 
in this case, A “ ^ auuilarly = Z„ L^ — l^ and = Z*. Hence, by 
(20)ofBedd<mMl, kh-Kk-0- (1) 

To determine the position angle, 6^, of the tt-asds, the quantity (Zi Z3 - Zj 
is formed from the data for eaoh value of 6 and by inspection, or interpola- 
tion, the value of the position angle corresponding to the vanishing of 
(Z1Z3— ZjZ^) is found. It is dear that there mil be four such values, corre- 
sponding to 5S = 0®, 90°, 180° and 270°, siace for eaoh of these values the f 
and Tj axes are perpendicular. It is only necessary to distinguish between 
^ 0 and ^ =s 90°, and the manner of doing this will be explained later. 

Suppose that when ^ associated value of 6 corresponds 

to the direction of the t^-axis, ^ = 0. Let and Vq denote the values of pb 
and V for this direction. Then, by (21), (22) and (23) of section 6*61, we have 


— sinoe = Zj, etc. — 

“ ”(^2+^8 ""^““^4)9 ( 2 ) 

= \ih+h-h-h)- ( 3 ) 


It is to be remembered that Z^, Z2, Zg and Zg now refer to the particular value, 
6^, of the position angle, and as this latter is supposed known as the result 
of the application of the condition (1), the values of Z^, Zg, Zg and Zg in (2) and 
(3) are obtained from the statistics. Thus the numerical v^ues of the 
functions and ©(vg) are readily found from (2) and (3), and from 
tables of the function the values of /tg and Vg are obtained. 

But when ^ = 0, we have c = 0, so that, by (14) and (16) of section 6*61, 


/ig = iSfhcos^g, 

Vg = iSAsin^g, 

or, since ^g = d^-d^, 8h = /tgseo(0i-0g), (4) 

Sh == Vg cosec (0i-5g). (6) 
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Now the valae of dj. is known from the annlysis of the previous seotaon and 
we have also the value of Hence we cam find the numeric^ value of hfliy 
from (4) and (6), given by 

| = ^Jtan(<9i-(9o). (6) 

all the quantities on the light being known. The necessary condition is that 
Icjh should be less than unity. If this condition is satisfied for the value of 
6^, we have obtained the positive or negative direction of the u-axis and 
therefore the direction of the vertices for the given region. 

If, however, kjh is greater than unity as a consequence of the calculation 
according to (6), it is evident that this result is associated with the minor 
axis of the velocity ellipse. 

The positive directions of the two axes are eamly detennined, since they 
are such that the direction of the parallaotio motion lies between them. 

It is clear from (4), (6) and (6) that, if jSf is small — ^that is, when the region 
under consideration is near the solar apex or antapex— or if is close 

to a multiple of 00°, the resulting value of kjh may not be well determined. 
In these circumstances the following procedure is preferable to that just 
outlined. 

We have, from (20) of section 6‘6l, 

L 1 L 3 = 

Hence X(j(ff3+2y4) = I/jlLj+I/a), 


BO that 


Tji ^ £'1+ Jig _ li + lg 

+ //g ij + 


(lonsidor any position angle 0 and lot 0' be the position angle corre- 
sponding to the conjugate somi-cliameter next in order of position angle. 
Then Li is the number of proper motions between 0 and O' and is the 
number between and 0. Also 1^ + 1^ is the number between 0 and 

t/+180° and ^3 + ^4 is the number between (9+180° and 0. The ratio 
(^1 + ^g) ’ ih + ^4) readily obtained from the data for oivch value of 0. 

Let this ratio bo denoted by q; then 


•(7) 


Also, the relation between 0 and O ' — obtained from (6) of 6’61 — ^is given by 


p = -tan(0-do)tan(fl'— <?o)- 


.( 8 ) 


If O' can be found for a given value of 0, kjh is easily found from (8). 

Obtain from the data the numbers, L'^, of proper motions between 0 and 
0 + 100°, 0 and 0+1 10°, 0 and 0 + 120°, . . . and in the same way the numbers 
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, between ^ + 280“ and 6,6+ 290“ and d, . . . ; oalonlate the ooxrespondmg 
values of L^JL^, and from these values find by inspection or interpolation 
the position angle 6+a for which LyL^ is equal to the number q in (7). 
Thus 6+a = 6', the position anj^e ooiresponding to the conjugate semi- 
dimneterassooiatedwithd. The value of li/Ais then oaloulatedby meansof (8). 


5*54. Example of the method. 

We shall illustrate the method of the previous three sections by means of 
the proper motions of 210 stars between magnitudes 9-0 and 14*0 in Begion 
14 of the BadcUffe Catalogue of Proper MoHona in the Selected Areas, 1 to 
US (1934). The counts in 10* sectors 6— 5° to 6 +6° are given on p. xxvi of 
the Litroduotion. The statistios are smoothed by adding the numbers in 
the three sectors d— 16“ to6—S°, 6—5° to 6+ 6“ andd+6“ to6+ 16“ for the 
values 6°, 16°, 26*, ... of 6. We shall regard the numbers so obtained as 
referring to 3 x 219 or 667 stars for the 10* sectors 6—5° to ^+6*, ... for 
the values 5°, 15°, 25°, ... of d. The data are shown in Table 21. 

In Table 22, the numbers corresponding to l^, Ig, Ig and are given. Thus 
for a particular position angle 6, is the number of proper motions in the 
quadrant 6 to d+ 90*, Z, is the number in the quadrant 6+90° to 6+ 180*, 
Z, is the number in the quadrant d+ 180° to d+ 270° and Z4 is the number in 
the quadrant 6 + 270“ to 6. 

The quantities (Z^ + Zg — Zs — Z4) and (ZiZ, — Zg Z4) are formed and their values 
are given in the last two columns of the table for position angles between 
0* and 170*. For the values of 6 between 180“ and 360°, the numbers 
(Zj. + Zg — Zj — Z4) repeat themselves with change of sign. 

By interpolation, (Zi+Zg— Zg— Z4) vanishes for 6 = 73“ and also for 263*. 
Hence the position angle of the solar apex is 73* or 263*. But we have the 
condition Zg > Z^ and this inequality is observed for d => 73* and not for 263*. 
Hence, the position angle, of the solar apex is given by 

6^ = 73*. 

A gain (Z^Zg— ZgZg) vanishes for 6 = 48° or 138°, so that the position angle 
K of the vertex (or its antipodal point) is either 48* or 138°. 

For the value 6 = 138° we find the corresponding values of ly, Zg, Zg and Z4 
by interpolation in Table 22; the results are 

Zi = 191, Zg = 237, Zg = 127, Z4 = 102. 

By formulae (2) and (3) of section 6’63 we find, for 6 = 138°, 


e>(vo) 


-0-303, 
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and from the tables of the fdnotion &(t), vre obtain 


/«o *» 0'096, Vo = — 0*276. 

Now -00 = 73“ - 138“ = 296“. 

Henoe, by (4) and (6) of seotion 6*63, we have 

8h = 0*096 see 296“, Sh = - 0*276 ooseo 296“, 
from which Bh = 0*227, 

Bh = 0*303, 

and kjh = 0*76. 


Thus h<h and the value for 0o is 138“ and not 48°. 

.As Bk and Bh have rather small values, the ratio kjh is not very well 
determined. We proceed to calculate kjh by way of formula (8) of section 
6*63. 

Table 21. Data for £&e BadcUffe region 14 





































6-64 


170 The EUipsoidal Theory 

Comadec the poaitioii angle 6 = 170°. Then 

!,+!, 251 

Xlnd, by means of Table 21 and Table 22, the nnmber far the seotois 
170“+a, where a = 90“, 100°, 110°, ..., and the numbers for the oorre- 
^onding angles. We have the following results, the last column giving the 
quotient L'JL^. 

Table 23 


B 



Li 

lAlLi 

170 ° 


173 

168 

■m 



202 

162 




235 

166 




268 

144 

1*86 


By interpolation, it is seen that = 1*62 when d+a = 283°. Hence 

d'sd+a= 283° 

and by (8) of section 6*63, 

^ - tan (170° - 138°) tan (283° - 138°) 

= 0*438, 

from which ^ 0*66. 

n 

The original choice of 170° for 6 in this computation is dictated by the 
consideration that greater accuracy is likely to result in the calculation of 
hjh if ^ is chosen so that tan {6—0^ and tan(d'— ^o) ^ ^ nearly equal as 
possible numerically, in which event tan {6— Go) is approximately equal to 
k/h. With a rough idea of the value of k/h, 6 can be found to the nearest 10° 
and the calculation outlined above is based on this value of Q. Actually, 
with the value of k^h just derived we find that G = 170°, assuming that 
tan(d— ^o) A/A numerically. Thus the most satisfactory value (that is, 
170°) has been chosen. 

With A/A = 0*66 and Sh = 0*303, it follows that 8k = 0*201, which we 
may consider a somewhat more reliable value than that previously deter- 
mined. The collected results for this region are (accepting the second value 

of A/A); disposition angle of vertex: 138°. 

disposition an^e of solar apex: 73°. 

A/A: 0*66. 

8k = 0*20 and Sh s 0*30. 

The projection, 8, of the solar velocity on the tangential plane of the region 
is 0*30 in terms of the theoretical unit, 1/A, or l/H. 
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5*6. Thsgemw(dei^uaiiom,oftlysvdo(MydElips<ndt. 

Befecred to its piinoipal axes, the equation of the relodiy ellipsoid oan 
be written 

m ya xya 

“> 


in which Sg and s, are no longer necessarily equal. 

The number of stars with velocities between (17, V, W) and {U+dU, 

F+iF, ir+dPr)is 

Pe-HUdVdW, (2) 


where P is a constant given in terms of tho total number, N, of stars under 
consideration by 

J\r = pf" f" f" e-tdVdVdW. (3) 

J -loj -OBJ -« 


Consider now a small region of the dry with N stars whose mobuspemdiarea 
obey the general ellipsoidal law. Let a velocity have components (u,v,to) 
with respect to rootangulor axes chosen so that the w-oxis is the line of sight, 
and u and v axon lying in the tangent piano. If (Ij, m^, n^), (Ig, m,. Tig) and 
(2g, mg, Tig) denote the direction-cosines of the u, v, w axes respectively with 
respect to the 17, V, W system, wo have 

U ^liu+l^v+l^w 

V = TWiTt-fTTlgWH-TTlgW >, (4) 

W = Tljtt + TlgW + TlgW 

SO that the equation of tho ellipsoid referred to the u, v, w axes is, from (1), 

F{^l,v,w)sau^+bv^+c^o^ + 2fvw + 2gtou+2ihuv ^ 1 , ( 6 ) 


where 




6 = 


C B= ^ H 1-- 

8i ^2 ^3 

Zgli mgmi 

g -a — + - - — 



( 0 ) 
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The nnmber, dN, of stars 'with liaear oomponeiits between (u, v) and 
(tf+du, V +di;) is found by snmming for all possible values of w, so that 

SN =» Pdudv I e~^dw. 

J —00 

2AottW+Oor*)+e/w+^^i^j , 

where Uo, b ^, ... Ao minors of a, 6, ... A in the determinant 


a, h, g 
h, b, f 
ff> /. 0 


Henoe 




i: 


® -o(u7+' 

g \ 0 


fo+guV 


dw. 


The value of the integral is ^/c. Henoe 


SN: 


PJ-e ® dudv. 


.(7) 


Thus the motions, projected on the tangent plane of the region con- 
sidered, oorre^nd to the velocity ellipse whose equation is 


1 

c 


(6o«*-2Ao««+Oo»*) 


1 . 


( 8 ) 


It is to be remarked that (8) is the equation of the cross-section of the 
enveloping cylinder of the velocity ellipsoid whose generators are paraUd. 
to the direction given by the r^on concerned; the velocity ellipse is thus 
-the oitUine of the velocity ellipsoid seen from an infinite distance in the 
direction concerned; this property enables us to visualise the variation of 
the velocity ellipse in different parts of the sky. 

.Again, let SiN denote the number of stars 'with velocity components 
between u and u+dv,. Then 



Y*o 


But 
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Pit ——vf 

^ dm, 

^ A 


from whidi, by anmming for all possible rallies of «, we obtain 

Pn 

Thus, P is giren in terms of N by the formula 


The distribution of tranererse linear velocities is given, from (7) and (10), by 


m>=-j-6 o' 

IT N c 


A -— «• 


and is given by S^N^NJ — e «• dm. 


dJso, if dN is the number of stars with components of velocity between 
(u,v,v>) and (u + du,v+dv,v}+dfu)), we have 


dN =s N 


5'71 . The treatment of radial vdodties ; a theorem coneerningtiiemeempeaiMar 
radicd speed for a mad region of tlye ehy. 

Let dN now denote the number of stars in a given region with radial 
velocity components between w and w-\-dw. By analogy with formula (12) 
of the previous section, we have 

m ^ N e^.'^ dv3. (1) 

‘VffCo ' 

This is the frequency function for the peouhax radial velocities. Now, by 
(6) of section 6-6, 

CgSOfi — A* 

/If fflj nj\ /!§ TOj «|\ ffliOT, n^ntY 

«g sj «a ^ V I ^ ^ «8 / 

= Z— (Zimg-lgmi)*. 

®i*a 

But = »#, etc.; hence 

Co = 

®i*a*8 


( 2 ) 
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Also, the detenumaiit, is an invariant for ohange of axes. Consequently, 
A is equal to the oonesponding detenmnant when the equation of the 
dlipsoid is referred to its principal axes, as in (1) of section 6-6. Thus 


A 


1 


(3) 


Aooordin^y, by means of (2) aud (3), the expression for SN in (1) becomes 

tflj 

8N => (4) 


^ + «S«8)}** 

The expression, 2§ai+*nS«g+n|a8, has a geometrical significance. Let p 
denote the length of the perpendicular from the oiig^ to that tangent plane 
of the velocity ellipsoid whose normal is parallel to the line of sight. Then p 


is given by p* = l|ai+m5a*+nj«8. (6) 

so that SN = Qer^l^dw (7) 




Let Bq denote the mean radial speed for the region considered. Then 


from this result and (8), 


= Qp‘i 
i?n = 


we^lp*dw 


P 




or 


nB^ = ?|ai+ni|«g+7ij«,. 


..( 9 ) 

( 10 ) 


Pormula (0) embodies the theorem that the mean peculiar radial speed 
for a region is times the length of the perpendicular from the origiu 
to that tangent plane of the velocity ellipsoid whose normal is parallel to 
the line of sight; and formula (10) is an expression of this theorem when the 
equation of the ellipsoid is referred to its principal axes. 


6’72. Consider now the equation of the velocity ellipsoid referred to the 
usual system of equatorial (or galactic) axes; we write it 

FlU, V, W)sAU>+BV»+ CW»+2FVW+2GWU+2HUV = 1. 

( 1 ) 

The mean radial speed, Bq, in the direction {I, m, n) is given by 

(2) 

where p is the length of the perpendicular from the origin to the tangent 
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plchne of (1) whose normal has direotion-ooBiDes The equation of 

the plane is accordingly lU+mV+nW = p. (3) 

The condition that (3) should be a tangent plane to (1) is 

Sf €ff Z ^ 

H, B, F, m 
Q, F, 0, n 

I, m, n, 

Expanding the determinant we obtain the relation between p and the 
coefficients A,B, ...Hixi the form 

+ Co»*+ 2i?j,»»n + 20^nl + 2H^hn => 
where A^^, B^, ... are the minors of B, ... H in the determinant 


A, H, Q . (4) 

H, B, F 

0, F, 0 

Consequently, 

TrJSJ = OiZ®+&im*+Ci7i*+2/im»+2^i7tZ+2AiZTO, (6) 

where 


Each region of the sky provides an equation of the form (6), in which Eg, 

I, m and n are all supposed known. A least-squares solution then gives the 
values of a^, ... 

It is to be remembered that Eg, in our notation, is the mean mofua 
peeuUaria, without regard to sign, in the line of sight for the region con- 
sidered. As each observed radial velocity contains the paraJlaotic com- 
ponent in the line of sight, the observed velocity must first be corrected for 
the efi'oets of the solar motion so as to yield the appropriate value of Eg. 
In general, this procedure requires that all the radial velocity material must 
be first analysed to give the direction and amount of the solar motion. 

5*73. Determination of the lengths and directions of the principal axes of the 
velocity ellipsoid. 

Wo assume that the coefficients Oj, ... of 6*72 (6) have been deter- 
mined. The ellipsoid 

aim+biV*+CyW^+2f^VW+2gyWU+ih^VV=\ ( 1 ) 

is the reciprocal ellipsoid of the velocity ellipsoid with respect to a con- 
centric sphere of unit radius, and since a^, b^, ... hi have been found the 
reciprocal ellipsoid is known. Also, the directions of the principal axes of 
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(1) aie the same as those of the velocily ellipsoid and the lengths of oorre- 

^ondiog semi-axes are ledlprooal; these theorems ate at onoe evident if 
the equation of the velocity ellipsoid is referred to its principal axes. 

The direotion-oosines {L,M,N) of the principal axes of (1) are easily 
found as follows. The diametral plane of the straight line 

U 7 W 

L-M-N ( 2 ) 

is + + -fCiJT) »= 0. 

( 8 ) 

Since (2) is a principal axis, it is perpendicular to (3); hence 

^giN _ hiL+b-iM-^fiN _ g-iL+fiM+c^N 
L ~ M N • 

Setting each of these ratios equal to A, we have 
(oi-A)If+AiJtf+Pi.y = O' 

Aii+(6i-A)Af+AJ^ = 0 •. (4) 

giL+f-i^M + [c^-X)N = 0, 

'BliTifiiTiii.tiTig L, M and N, we see that A is a root of 


Oi— A, Ai, Pi 

Ai, Ai— A, /i 
9i> A) Ci—X. 


= 0 , 


.( 6 ) 


that is, A is a root of 

A®— A*{ffli-)-6i+Ci)+A(4i-|- jl?i-t-Ci)— ^1 = 0, (6) 

where Ji = | Oj, Aj, Pi 

All Ai, /i 

ffv A> ®i 

and Ai, Bi, are the minors of Oi, Aj, Ci in A^. 

Substituting each of the three roots of (6) in (4), we obtain the three sets 
of values for (L, M, N). 

Now consider the cone 

a^l7»-|-AiF®+CiTr«-|-2/i7ir-|-2giTF17-H2AiD^7= ^ - ^^+^ (7) 

passmg through the extremities of all semi-diameters, of length r, of the 
reoiprooal dlipsoid, ( 1 ). When r is equal to the length of a principal semi-axis, 
the cone (7) degenerates into a pair of planes; the appropriate condition is 


Oi-l/r*, Aj, Pi 1 = 0, 

All Ai-l/r*. A 

?i. A. Cl- l/r* 
where now r denotes the length of a principal semi-axis. 


.( 8 ) 
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Oompariag this equation with (S), we see that the lengths of the principal 
semi-axes of (1) are given by I/a/As. where Aj, A*, A, ace the roots 

of (6). It follows that the lengtibs of the principal semi-axes of the vdooity 
ellipsoid are ^Ag, and ^Ag. 

We have thus shown how to find the lengths and directions of the axes 
of the velocity ellipsoid in terms of the quantities Oi, ... 


5*81 . The gmeral treai/mmt of proper moHone. 

As before, we sheJl write the general equation of the velocity ellipsoid, 
referred to equatorial (or galactic) axes, as 

F{U,V, W)sAU*+BV*+CW*+2FVW+2QWU+2HUV = 1, ...(1) 

so that the number, dn, of stars with 
peculiar velocitieB between (17, 7, W) 
and {U -^dU, V -f-d7, W+dW) is given, 
according to 6- 16 (13), by 

dn = n J^e-^^‘'^‘'^dUdVdW,...(2) 

where A' is defined by 6’72 (4) and n is 
the total nuinbor of stars concerned. 

Consider a small region at 8 (Fig. 30) 
with n stars obeying the frequency law 
(2) and transform to the axes as diown 
in the iiguro, the w-axis being radial. 
Ut (ii,mi,»i), (/g.Jfta.Wj) and (Z8,«h.»3) 
be the diroction-oosinoa of the «, v and w axes with rosi)ect to the 17, 7 
and ir axes. If (a, d) are the coordinates of 8, wo have 



= — sin a, = cos a, = 0 

lg = - cos a sin d, — — sin a sin d, = cos J 

Ig = cos a cos d, nig = (dn a cos d, ng = sin 
Also U =‘l^u+lgX}-\-lgW 

V = +»»,?« •. 

W = niU+ngV+rigW , 

Hy moans of (4), F{IJ, 7, W) is transformed into 

J{u, V, MJ) a ott* H- + 2fvw + 2gv)u -I- 2fvnv = 1 , 


(3) 

(4) 

( 6 ) 


where, for example, 

a = Al\ + Bm\ + Gn\ 4- 2Fmi rii + 2(7ni + 2Hlxmi, (6) 

f^^ Alglg-\-BmgrngJrCngng+F{mgng+mgn^ 

+ 0{nglg +nglg) + H{lgmg-\- Igtrig) (7) 


8SD 


13 
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From 6*6 (11), the distribution of the peculiar transverse components (u, v) 
is given by 


ttV c ’ 


.( 8 ) 


where Ug, 6g are the minors of a, ft, 6 in the determinant 


h, b, f 
g> f, 0 


( 9 ) 


Following Fleming,* to whom this investigation is due, we write (8) in 
the form 

Sn = (10) 


Teller® P=‘bolc, q = aolc, « = -ftg/c. ( 11 ) 

It is to be noticed that siaoe (6) is obtained firom (1) by change of axes, the 
determinants A and A ' are equal, by the theorem of invariancy . Thus we can 
write (9) in the alternative form 


B, F 
0, F, G 


( 12 ) 


6*82. We consider now the aba&rved transverse motions. Let ( — C5i, — Tg) 
denote the components of the solar motion, projected on the tangent pln-na 
at 8, parallel respectively to the u and v axes. If x and y are the components 
of the observed linear transverse velocities, we have 


® = tt+l7g, y = tf+PJ. (1) 

The formula 6*81 (10) becomes 




( 2 ) 


which gives the number of stars with observed components between (x, y) 
and (a;+da;,y+(2^). 

Fat a! = faind, y=aroos^. (3) 

If the generri equation, 6*81 (1), of the velocity ellipsoid is referred to 
equatorial axes, it will be seen by referring to Fig. 39 that 0 is the position 
anj^e of an observed proper motion. 

From (3), dxd/y rdrdd. 


* M.N. 97 , 173 , 1987 . 
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Henoe tbe number of stars moTing in the seotor 6 ix> 6 +d6 with total trans- 
yerse motions between r and r+dr is 

rd/rdd e~^ o-u^-air ooa sin e—ix^<r oos o-r^^ 

Let n{d) dd denote the total number of stars moying in the seotor dS; this 
number is obtained by integrating the previous expression with respeot to 
r &om 0 to oo. We thus obtain 



where 


Write pr—^ = r 

in the integral in (4). This integral becomes 


n(fi) rerP^^fiSrdr^ 

p* sa jpain*d+2oos®0+2aBin^ oosd, 
f =• i{(pl7o+fll^)sind+ («Z7o+gT^) oos^. 




or, in terms of Eddington’s function /(£), 
Henoe (4) becomes 


Write 


so that 


. n L 






The number of stars moving in the seotor d to 0 + dd is then given by 


n{e)de^-^,M)do. 

r 


Now let n\d)dd denote the number of stars moving in the seotor d+w to 
d+dS+n. The addition of tt to d in (6) leaves p unaltered but in (6) g changes 
sign. Henoe 

n'{e)dS = ^Ji-i)d$. (11) 

Subtracting (11) from (10), we have 


{nie)-n'{d)}de = ^d0{/(g)-/(-.g)}. 


Zfl-3 
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By the defizdtioD. of /(f) — see 2*3 (10) — 

» 2i€p • 

Hence {n{d)-n'{6)}de = (13) 

P 


5*83. Write 6*82 (6) for oonyenienoe in the foim 

J,8mg+.Boo85 

P 

We find on differentiating with leepeot to 6 that 

p*(4 0080— Bsin^) ( j 4 Bin5+ B ooB^). 

Also, from 6*82 (6), 

dp 

P ^ = (3> — j)Bin 0 0080+28 008*0-8. 

After 8ome lednotion we obtain 

P*^ = (jP2-«*) (i7oOOB^-^B“i^)- 
Let 1 } (3)g-**)*(t^oOoa^-T^oBing) 

Then = (l>ff-«*)*7- (2) 

It is easily shown that 

/)*(f*+7*) = (j)sin*0+gooB*0+28am0 ooB0)(p?7J+gF8+28l7ol^), 

from which f*+^* = e*, (3) 

where e* = j) i78 + gFJ + 28i7oT’;. (4) 

It is to be remarked that e is independent of 0; hence 

^d0 ’d0* 

We thus obtain firom (2) 

^d0=- (6) 

fP (j)J-8*)* ' f 

Also firom (4) and 6*82 (8) 

(•> 

Using (3), (6) and (6), we find that 6*82 (13) becomes 

(„ 
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By 6*81(11), 

But 

BO that 

Hence (7) becomes 


The JBJUipBoidal Theory 




A = c(3)g— «•). 
{n((9)-n'((?)}<W = - 


( 8 ) 

( 9 ) 


6*84. Otnmta of proper moUima in aemi^irculmr aeciora. 

Let N{6) denote the total number of proper motions in the sector 6 to 
d+n and N\d) the number in the sector d+7r to d+Sw. Then 

2r(d)-J^'(d) =. J*‘^’'{n(d)-ni(d)}(W. 

Hence, by 6*83 (9), N(d)-N'(d) » - - (1) 

nj y 

where ^ and ih correspond to 6 and d+n respectivdy . 

Now, by 6*88 (1), tj changes sign when 6+n is substituted for 6. Hence 
= —7; and (1) becomes 

N((9)-N'(d) = --?-r’e-»'d7. 


Introducing the error integral 

<®> 

and writing M{e)sN{6)-N'(d), (3) 

we finally obtain -AfCd) = n@(7). (4) 


5*851. Determination of the aolar apex. 

In practical investigations it is oustomaiy, as previously described, to 
work with counts in 10° sectors. If no(^i) ^ the number of proper motions 
in the sector dj — 6° to dj + 6°, 

no(di) - «(d)dd. 

J Si-a* 

or, taking n(di) to be the mean value of n(d) in the sector. 

Similarly, ni(di) - 

Then corresponding to dsd^^— 6°, we have 

Jlf(d) = 27{no(di)-ni(di)}, 

where the summation extends for values of 6^ between d + 6° and d + 176°. 
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The 'viJties of M(d), derived from a given region, can. then be plotted 
against 

By 6-84 (4), M(0) vaniahea when vanishes. But, by 6*83 (1), 7 = 0 for a 
poaitionangle<?ogivenhy (1) 

This value 6^ is obtain^ at onoe from the graph of M{d). 6 q is the position 
an^e of the projected solar motion on the tangent plane of the region. 
Denote tandg by A, which is now supposed known; then 

I7o-AFo = 0. (2) 

But, if ( — — T^, — ate the components of the solar motion referred to 
the {U, V, W) axes of I^g. 89, we have, by 5-81 (4), 

Ui “ 

Vi = mil7o+fn,TJ+m,BJ, 

Wi = niZ7j+n,PJ,+n,BJ, 

where is the radial component of the solar motion. Ikom these we have 

Uo = IxUi+miV^+n^Wi, 

p0 = WjBj. 

Hence the condition (2) becomes 


Z7i(Zi— AZ,)+T^(mi-An»,) + B^(ni-A»a) »= 0. (3) 

Each region famishes an equation of condition of this tyx>e, in which the 
coefficients of TJ^, and B^ are known; by a least-squares solution the ratios 

l7i:Fi:Bi 


are obtained. The coordinates of the solar apex are then found in the usual 

way from the formulae , . _ 

*' tanri = V^V^, 


tanD = Bi/(I7?-|-FJ)*. 


5*852. Example. 

As an illustration of the method we give Table 24 containing the statistics'" 
resulting from the analysis of a region'f by Fleming’s method; the second and 
third columns are taken directly from the data of the second paper mentioned . 

lie values of M{d) in the last column are given only for values of 9 
between 6“ and 176°; between 186“ and 366° they are reproduced as in the 
last column with a change of sign throughout. 

It will be noticed that M{6) vanishes when = 126°. The value of 
do calculated fix)m the coordinates of the solar apex (273°*0, -f-48°*6), as 
derived in the second paper, is 121°, with which Fleming’s value is in good 
agreement. 

• J. Fleining, XJH. 97, 181, 1987. 


t W. M. Smart, MJf. 87, 128, 1087. 
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Ileming’B onalyaiB of the eight Cambridge groupe of legioiiB by the method 
of the pieTiooB section yidded the following coordinates of the solar apex: 

. ^ = 272"*4, i) = +43'’-l, 

in good agreement with the position already quoted and obtained by an 
entirdly different procedure. 


Table 24. VeHma of M(d) for Ihe Cambridge Croup I 


e 


no 

N{e) 

N'(9) 

Miff) 

6* 

7 

20 

308 

162 

241 

15 

8 

28 

416 

180 

286 

26 

7 

19 

486 


326 

86 

7 

14 

447 

98 

849 

46 

6 


464 

91 

868 

66 

14 

12 

464 

81 

883 

66 

16 

4 

462 


879 

76 

27 

6 

460 

96 

866 

86 

84 

4 

428 

117 

811 

96 

60 

8 

898 

147 

261 

106 

40 

8 

861 

194 

167 

116 

40 

8 

814 

281 

83 

126 

88 

8 

277 

268 

9 

186 

28 

8 

247 

298 

- 61 

146 

81 

1 


828 

-101 

166 

20 

3 

192 

868 

-161 

166 

16 

2 

176 

870 

-196 

176 

16 

6 

162 

383 

-22] 


5*86. DeterrnimiiionoflbacoMtantaofthevdocitydiUpeoid. 

From 6-83 (1), we hare 

, (pg-«*)(17oOosd-'Piaind)* 

p • 


Let Tq denote the projection of the solar motion (which we denote hero 
by Z) on the tangent plane of the region under investigation. If A is the 
angnloT distance of the region from the solar apex, 

To = XsinA. 


Also, -Uo = Todndo, -1^ - 2oOos^o> 

where dg is the position angle of the projection of the solar motion on the 

tangent plane. We suppose that Bq has been found by the method of section 


6-861. 

WetUmtaTe 


or 


, j^sin*(^-^o) 

^ ^ 71 * 

X = (p2-«*)X*sin*A. 


where 

Now, by 8-84 (4), 


( 1 ) 

( 2 ) 
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he n aod M{6) aie known from the statistios for eaoh value of 6 used, the 

OQTEeqtonding value' of 0 {^) is easily found; from tables of the fonotion 

the value of ^ oonesponding to a given 6 can then be obtained. Thus 

the value of a\ 

^ sm 


can be oaloulated for each value of 0. 
We thus have, from (1) and (3), 




Now p* is given by 6*82 (6); accordingly 


j>sin*d+ 50 OB*d+ 2 «siad ooaff — 

or, on wiitiDg p = PK, q = QK, a = SK, (4) 

we obtain PBin*d+0ooB*d+2iS8ind oosd = (6) 


It wiU be assumed that the counts of proper motions are made in 10° sectors 
for the values 0°, 10°, 20°, ... of d. It follows that for eaoh region we shall 
have eighteen equations of condition of the form of (6), in which the separate 
values of ^ are known. A solution by least squares wiU give the values of 
P, Q and 3 for the region concerned. 

The normal equations are: 


P P am* Jg + 0 r sm* — ooa* — + 2 P P sm® COS Yg = r ^ sm* — , 


PPsin*^oo8*g+<2Poo8*g+2PPaingoos»^ = PCoo8*^, 


2PP8in»^oo8^+2(2PBin^ooB®^ + 4PP8m*^ooB*^ = i^^sin^, 

where the summations Sire taken from r = 0 to r = 17. 

Now 008*d = |oos4d + |ooB2d + | 

and Poo8*^=ijPcos^+4Poos^ + 64j 

=J{0+0+64} 

= ¥• 

i:8in*^ = ¥. 

„ . .rTT nW 9 
2; sm* — COB* — = • 

18 18 

Pam^g oos® ^ - Psm®- oos Yg = 0. 


Similarly 
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The aormal equatioDs are thus 

8P+C=.ti7Cam*g' 
P+8G = *i:^oos«^-. 


8 = 


( 6 ) 


These equations enable us to oaloulate the values of P, Q and 8 for the 
region. 

(2) and (4) we have 


Also, by 6'88 (8), 


K 


(P0-5*)Z»Bin*A. 


19J-S* 


A 

c’ 


( 7 ) 


BO that (2) oan be written 


jr = -Z>sin*A. 
c 


( 8 ) 


Multiplying (7) and (8), we obtain 

c = riZ‘(PQ-S»)Bin*A 


or c-y(PQ-i8«)sin«A, (9) 

where ysriJ*. (10) 


It is to be notioed that A and X are constants, the former being the invariant 
given by 6*81 (12); hence y is independent of the region concerned. Also 
"BQ — 8* and A are to be determined for each region. 

Now c is given by the analogue of 6*81 (6), so that (9) cam now be written 
A^ + Bn4 + On§ + 2PmjTO8 + « y{PQ — 8*) sin* A. 

( 11 ) 

This is the equation of condition for a given region. A least-squares solution 
of ( 1 1 ) gives the values of A , P , . . . H in terms of y. The directions and relative 
lengths of the principal semi-axes of the velocity ellipsoid are then found by 
the method described in section 6*78. 


5*91. Tiutrealme/ntofpardliaixstora. 

By parallax stars we mean those stars whose parallaxes are known, as 
well as the components of proper motion and the radial velodties. We thus 
oan determine the linear components of motion relative to the sun by the 
formulae of sections 1*88 or 1*42 with respect to equatorial or gaLaotio axes. 
We assume that the solar motion is completely known; hence, using the 
linear components {—X, — T,—Z) of the solar motion with respect to 



186 The EUipaoidtd Theory 5*91 

these axes, we obtain the linear oomponents of the matue p^uKarea of the 
stare. 

Consider now the vdooity ellipsoid referred to its principal axes. The 
linear oomponentsofthemotoepeoul*aresarenow(i7, V, lF)andthenxunber 
of stare with velocity components between (17, V, W) and (U+dU, V +dV, 
W+dW)iB «• m F« w* 

H a *>dTJiViW, 


where N is the total number of stars under consideration. 

Let 17 =s fsind oos^slr, 

V B r aind sin ^smr, 

W = rooB0 s«r. 

Then dUdVdW =sf*^6ddd^d/rsr*drd8, 

where dB — sin^d^d^. The number of stare with linear velodties between 

r and r+dr within a cone of solid angle dB is 

Nf^&rdB 

-j- _e '•i ** (1) 

Now, the radius vector, p, of the velocity eUipsoid in the direction (Z, vn, n) 
is given by 1 p 


Hence (1) can be written 


— 5 = ~+ 1 

«a «8 

jiL 

Ke P*i*dr. 


The total number of stare within the cone is 


Ej\ ^f*dr = Z/o» J%*e-^d* 


or 

This result riiows that the number of stars moving in a given direction is 
proportional to the cube of the radius vector drawn to the velocity eUipsoid 
in this direction. 

Let denote the mean linear velocity in the given direction. Then 


■I. ‘ 


4 : 


a!»e“*^daj, 


whence 


(3) 
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CoQBider now the velodty ellipsoid 

AU*-\-B7*+OW*+2VVW+2QWXJ-\-mV7 = 1 

lefened to the usual system of axes. For hneai peculiar motions in a given 
direction (1, m, ») with respect to these axes, we haTe 



where p is now given by 

i =» J5'm*+ (?»•+ 2Fm»+ 20?iZ + 2£flm. 

r 

Hence the equation of condition is 

JBwi*+ 0^n*+2FBMi+2GW+ 2J31tn = — • (4) 

Wo 

If we use equatorial coordinates, we can define I, m, n by 

1 a: oosoj cosdi, m B smoi cosdi, nsaedn^i 

and then 

XJ srcosdcioos ^19 y = rsinoi oos^i, TFatrsin^i (6) 

It is to be remarked that and must not be confused with the equatorial 
coordinates of the stars. Since we are supposed to know the values of U, 7 
and W for each star, we derive the corresponding values of r, and 
from (6). 

For a aTnii.n region* in the neighbourhood of (2, m, n) we obtain the value 
of which, with the values of 2, m, », can be substituted in (4). 

The solution of (4) by the method of least-squares yields the values of 
A, B , ... H. We thus obtain the equation of the velocity ellipsoid referred to 
the equatorial axes. 

The application of the method described in 6*78 leads to the determination 
of the lengths of the semi-axes of the velocity ellipsoid and their directions. 

5*92. NvmericdlreauUa. 

There have been numerous investigations on the derivation of the 
dharacteristios of the velocity ellipsoid, many of them undertaken at Lund 
Observatory by C. V. L. ChMlier, K. Q. Malmquist and W. Oyllenberg. It 
caimot be pretended that the various results are in completely satisfactory 
agreement; but t.hia is hardly surprising when one oonsidmB the somewhat 
inadequate observational material avsdlable in most of these investigations. 
Charlier’s researches may be summed up in the following table,t which 

* In “vdocity-BpMe”, and not in ihe aky. 

t TJ^ tnaliM and dUribiaiimcftht start the UntvartOifcfOaUfomia, 7, '14,1096. 
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gi^ee his resalts obtained by three different methods: (1) from radial 
velodties; (2) from parallax stars; (3) from proper motions. In the last 
method— which we have not described— it is assumed that the mean paral- 
laxes of the stars of different groups are known. Gharlier expresses the 
ellipsoidal yelooity frmotion in terms of the standard deviations (r^, or, and 
Cg, which are related to and a, in our notation by 

a^ = 2o^, a^ = 2U|, a3 = 203. (1) 

In the table, we give Charlier’s values of (r^, a-g and (Tg. 

(^a>ffa) ^ galaotic coordinates defining the direc- 
tions of the principal axes. 

Table 26 


• 

Radial velocities 

Parallax stars 

Proper motions 

Number of stais: 

1986 

646 

4182 

(h 

10-9 km./Beo. 
841?2 
-697 

27-9 km./seo. 
341?d 
+ 298 

23-4 km./8eo. 
33090 

-399 

Gg . 

ffa 

13-4 km./8eo. 
6996 
+ 1692 

19-4 kin./Beo. 
7194 
+ 796 

16-1 km./aeo. 
7090 

-1394 


16-6 km./Beo. 
27090 
+ 7298 

16*1 km./Beo. 
23391 
+ 8391 

12'1 km./8eo. 
62?9 
+ 7698 


The lengths ^g, *Jsg of the semi-axes of the velocity ellipsoid can be 
easily foimd by means of (1) from the data of the table. 

The ftTia corresponding to 0*1 is the longest axis of the ellipsoid and it 
lies nearly in the galactio equator. The three values of Oi are in good agree- 
ment with the direction of the vertex as obtained from the theory of the 
two star streams. The third axis is directed approximately towards the 
galactic pole. The lengths of the second and third semi-axes are, on the 
average, not very dissimilar. 



















CHAPTER VI 


STATISTICAL PABALLAXBS DBBIVED FBOM 
STELLAB MOTIONS 

6*1. In this chapter we investigate the methods adopted for obtaining 
mean pacallazes for particular groups of stars, usually sdeoted according to 
apparent magnitude or spectral type, when the proper motions of the in- 
dividual stars are known. A parallax determination of a sin^ star involves 
a large amount of work — about a score of plates, with two or three exposures 
on eeMsh plate, have to be secured and measured — and for stars at distances 
greater than a hundred parsecs the probable errors of the trigonometrical 
parallaxes generally exceed in magnitude the quantities to be derived. An 
ftTiTinftl output of fifty parallaxee from an observatory, or a department of 
an observatory, devoted to this class of work represents a considerable 
achievement. Despite the progress that has been made in recent years, the 
number of stars with acouratdy detemoined parallaxes (of which the prob- 
able error is, say, a third or a quarter of the parallax itself) is comparatively 
small and such stars are generally our nearest stellar neighbours. Within 
recent years the trigonometrical method has been supplemented by the 
spectroscopic method which, hcwever, is based on a knowledge of repre- 
sentative parallaxes as detemtined by the trigonometrical method. In the 
latter metbod, the faintness of the object whose distance is to be measured 
is no practical disadvantage, say, to the tenth or eleventh magnitude, since 
the necessary exposures can be made with modem refractors in a minute 
or two. The spectroscopic method, however, suffers from the disadvantage 
that the star must be comparatively bright, say, brighter than the sixth or 
seventh magnitude, for otherwise very long exposures must be given. It is 
hardly surprising that up to the present time the measures of spectroscopic 
parallaxes scarcely go beyond the naked-eye stars. Thus, in practice, each 
method has its definite limitations. 

Moreover, in the trigonometrical method the parallax of the star under 
investigation is relative to the mean parallax of the comparison stars used 
in the reductions. These are generally stars of the tenth or eleventh magnitude 
and are presumably at considerably greater distances from us. To obtain 
the absolute parallax of the stsff we require to know the mean parallax of 
the comparison stars and this can only be ascertained by statistical methods 
based on the proper motions of representative stars of these magnitudes. 
Proper motious are comparativdly easy to measure by the photographic 
■method, and it is probably true to afSrm that the proper motions of a hundred 
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stars ooa be as easily measnied 'with, at least, the some relative aooiirac^ 
astheparallazofasiDglestar. The proper motioitsoflatgeiuiinbeiCB of stars 
as faint as the fifteenth or sizteenth magnitude have been measured up to 
the present and these proper motions fimiish the material for the statistioal 
investigations of mean porallaz. 


itapex) 


6*21 . The v-eomponenta of proper motion. 

We shall assume that the magnitude and direction of the solar motion 
are known -with respect to the magnitude class of stars -with whidh 'we are 
concerned. Actually, the solar speed Vq, measured in km./seo., has only been 
determined firom observations of the brightest stars o'wiog to the practical 
limitations experienced in deri-ving the radial velooitieB from the spectra of 
stars fainter than the sixth or seventh magnitudes. The position of the solar 
apex, on the other hand, can be derived by the methods of Chapters m, iv 
or V from the proper motions alone, whatever the magnitudes of the stars 
observed may be. We shall consider first a single drift of stars and later 
investigate the modifications, if any, of the various 
methods resulting from the preferential motions of 
the stars, wBing as our basis either the two-streams 
theory or the ellipsoidal theory. 

As in section 8'6 'we resolve the annual proper 
motion of a star at X (Eig. 40) into two com- 
ponents, the first, V, directed towards the antapex A 
and the second, r, perpendicular to the great drdle 
XA. The component v thus consists of the paral- 
lactio component in 'the direction XA and a port 
due to the star’s peculiar motion. Denote the solar speed by T^, in km./seo., 
the angular distance of X from A by A and the parallax of the star by p; 

the paraHaotic component of proper motion is then given by^sinA and 
we can write 

( 1 ) 

where v' is the port of the observed proper motion (in the direction XA) 
due to the star’s peculiar motion and k <= 4-74. 

Let us consider a number of stars, in 'various parts of the sky, with their 
peculiar linear velodties distributed according to the Maxwellian law. 
AiwnTning first that the parallaxes are the same, the quantities e' 'will be 
distributed according to the law of errors. Consequently, -the value of p will 
be found from (1) by applying the principles of the method of least-squares. 
In -this case, we shall have x 2*1; sin A 



^“Fo2sin*A’ 


.( 2 ) 



6-21 


from Stellar MoHons 191 

the Bununatioiis extending over aJl the stan. This formula ia eqiuvalaa.t to 
(12) of section S'6. With the assumptions made, (2) may be expected to give 
a reliable value of the oonunon paraUax, p. 

In the more general case, we now assume that the stars, N in number, 
with which we are dealing can be divided into m groups, in each of which 
the parallax may be regarded as constant. This is a theoretical subdivision 
and it is not suggested that we can place a particular star in any one of the 
groups. 

For each star in the first group, containing stars, and of parallax pi, 
we have rr 

y = ^-?ainA+w'; 

K 


the value of Pi as determined from the stars will be obtained from 


K 


JwsinA 

2sin*A * 
*» 


( 8 ) 


We shall have similar equations for the other groups. 

Let p denote the meanparallaxofthe^ stars, where .W « «!+«,+.. 
AHAiinniTig that the different groups have the same distribution over the 
parts of the sky for which data are available, we may take the mean value 
of i7sin* A to be the same for each group and, denoting it by we write 


(8) as 


K ni-To 


Now 


, niPi+n,p,+ ... 

V ^ 


Hence, by (4), 2yBinA + 2*^®“^+*” 

^0 ^ nt JH 

K NEo 


or, smoeNi^o 




sin* A, in which sin* A is summed for all the N stars, 


P 



ysinA 
sm*A ' 


( 6 ) 


Formula (6) gives the statistical mean parallax on the assumption that the 
stars form a sm^e drift. The procedure shows that p, as derived from (6), 
is an arithmetioal mean. 

In many practical applications, the data will come from several small 
regions (n, say, in number) in different parts of the sky and A nuty be taken 
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to be the same for each star in any partioular region. If 17 denotes the mean 
Talne of i; for the stare in a region, the appropriate formula for p is 

2«BinA 

» W 

n 


sin»A’ 


where the sonunationB are taken over the » regions. 

We have now to examine the applioability of (6) when the stars are 
divided into two drifts, as actually observed. 

Consider the space vdodties, and V,, of drift I and drift n relative to 
the sun, As in section 4*36 they are represented by vectors SA^, SA^ 
(lig. 41), the lengths of 8Ai, SA^ being proportional to T^, T^. If AiA^ is 
divided at 0 so that 

= (7) 

where and W, are the numbers of stars in the two drifts, the solar motion, 

is given by the vector 08, siaoe 0 corresponds to the motion of the 
geometrical centre or centroid of the totality of stars. Also, 80 gives the 
direction of the antapex of the solar motion. Again, the spaoe-velooities 
Wi and Wf of the drifts with respect to 0 are given by the vectors OA^ and 
OA„ so that, by (7), 

= ( 8 ) 

Leaving the random motions of the stars, rdative to their appropriate 
drifts, out of consideration for a 

moment, we see that the syste- ^(Antapex) 

matic motion along 80 of a star T 

bdonging to drift I and measured ^ l^s 0/ fVi 

rdative to the sun consists of a * 7 ^ 

systematic velocity along 80 ly^ 

and a systematio velocity 

J^ooaAiOA. N. 

The sum of such systematio 

motions of the N-, stars of drift I » 

Kg. 41 

is, accordingly, 

TJJ cos CA. 

Similarly, the sum of the systematio motions of the W, stare of drift n 
relative to the sun and in the direction 80 is 

WaTg + Wg cos Ag CA. 

Hence, from (8), the sum of the systematio motions, relative to the sun, of 
the (A^+W|) stars along 80 is 


Fig. 41 
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If we consider a small aieai of the s^, at an angular distance, A, from the 
antapez, in which the stars are distributed between the two drifts in the 
ratio , it follows that when aJl the stars belonging to the two drifts are 

taken together the systematio motion of each star may be simply as 

sin A. 

In addition, we have the random motion of each star in the drifts in the 
direction of the antapez giving rise to the proper motion component v' as 
in (1). In all regions in which the ratio : ^2 holds the probable magnitude 
of v' is the same for each region. Where this ratio is not strictly observed 
the values of v' for a given region will contain a residuum of ^tematio 
motion which may be positive or negative and, consequently, in com- 
bining aU such regions this effect may be regarded as an accidental error and 
its effect in deriving (6) from (1) as negligible. We conclude, then, that (6) 
is valid when streaming is taken into account. 

This method, as summarised in (5) or (6), has been eztensively used to 
determine mean parallazes. It is to be remembered that, in the absence of 
observational evidence, the solar motion with respect to faint stars, say of 
magnitudes 9 to 16, is assumed to be the same (namely 19-6 km./sec.) as 
that found for the naked-eye stars. 


6*22. The T<oinponenta of proper motion. 

Consider, first, a single drift of stars. We shall suppose as before that the 
magnitude and direction of the solar motion are known. The r-oomponent of 
the proper motion of a star will then correspond to its random 1iTiAii.r velocity 
in one coordinate. From the observed radial velocity of a star and the 
radial component of the parallactio velocity we obtain at once the random 
radial velocity of the star, and firomalarge number of stars we find the mean 
random speed, S. Since M can only be obtained at present from the brighter 
stars, we have to assume that the observed value of S is appropriate to the 
investigations based on faint stars. Accordingly, for a number of stars in 
a given region of the sky we take the mean linear speed corresponding to the 
mean of the r-components of proper motion lobe this value of S. If the stars 
are all at the same distance, we have at once 

P = KT/Jf, (1) 

where r is the mean arithmeiioal value of the r-ooraponents. 

Consider now different groups of stars with parallazes p^, p^ In the 

ideal case, the value of S vdll be the seme for each group on the sin^ drift 
hypothesis; we shall have, accordingly, 

Pi-zfi/5, j), = .... 


BSD 


13 
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The meoa parallax, p, 'will then be givea by 


2 >=» 


/cf 

w 


6-22 

( 2 ) 


where r now denotes the mean of the r-oomponents, logardless of sign, for 
all the stars of the various groups. 

In a later section (6*41) we investigate the validity (or otherwise) of (2) 
when aooount is tr^en of the preferential motions of the stars. 


6*23. Thev'-rmd/udla. 


A third method of investigatiiig mean parallaxes is based on the values 
of v'. For a sin^ drift of stars all having the same parallax p the distribution 
of the values of v' must be expected to be the same as that of the r-oom- 
ponents. Consequently, the parallax is given by 


P = 


Kt/ 


( 1 ) 


where v' denotes the mean of the arithmetioal vsJues of v'. It is to be under- 
stood that the residuals u' are found after the parallaotio motion has been 
deduced by any of the known methods. If the stars are at different distances, 
it is only the mean parallaotio motion that can be found and the resulting 
values of the residuals v' are, in general, different from the true residuals as 
deduced from the true parallaotio motion for each star. The use of (1) is 
thus restricted to stars at the same distance or to stars known to be of the 
same absolute magnitude (such as the stars belonging to a subdivision of 
spectral class B) or to stars whose absolute magnitudes are known except 
for an undetermined constant (such as the Cepheids and cluster variables). 
In these last two classes, the apparent magnitudes enable us to calculate 
the relative distances of the stars and so to determine what their observed 
proper motions would be if they were aU at some standard distance. 
Proper motions so adjusted are called reduced proper motions. 

The effect of preferential motion in the derivation of mean parallaxes by 
(1) will be investigated subsequently (section 6*44). 


6*31. ThemeanpeGuliarradudspeedfor asmaUareaofihesky. 

In the next few sections we take the eUipsoidal hypothesis as the more 
convenient mathematioal expression for preferential motion and we assume 
that the individual linear motions are distributed according to the law 

e-^^-=^^^dVdVdW. ( 1 ) 

The 17-axis is directed towards the vertex and K<H. 
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Viom (4) and (5) of aeotion 6*11, the mean speeds, U and V, paEallel to the 
U and V axes aie given by 



(2) 

or, writing e and a for Z7 amd V respectivdy, 


1 1 

(8) 


and (1) cam be expressed as 


17 * 

c '0* dVdVdW. 

(4) 


It is to be noted that e>a. 

The intensity of streaming may be defined as c/a and we write 


-sooshh. (6) 

In the absence of preferential motion, we have c = a and consequently 
ft = 0. We are concerned ordy with the ratio of c to a. 

Consider a amall region of the sky, at an angular distance x from the 
vertex^, containing jAT stars (Mg. 42). 

For a star at X, the 17-oomponent of 
the preferential motion will be along 
XY which is parallel to OA; we take 
the 7-axis in the plane of the great 
drde AX. Thus the T7-oomponent 
does not contribute to the radial pre- 
ferential motion, B. 

The mean radial speed, which we 
now denote by i?, at JT is given by 
formula (10) of section 6*71. With 


our choice of axes in Mg. 42 the Fig. 43 

direction-cosines of OX are coax, ^nx> 0* Hence, from (4), 

5* = c*ooe*;if-ho*8m*x* (®) 

We can derive this formula directly as follows. 


The number, dW, of stars with lineaur velocities, resolved in the plane of 
the great oirde AX, with components between ( 17, V) and {U+dU,V+dV) 
is given by 

dN = Oe-^^f*-^dUdV, (7) 

where 0 — ^ (g) 

TT 



13-2 
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The ladial TebcitT' of any one of these stars is I7 oob;^+ F sln.x and we 
require to form the mean value of this quantity, regardless of sign, for all 
the stars in the region. As we ate oonoemed with speeds, we consider only 
positive values of {7 ; the values of F, however, can be of either sign. We are 
thus deahng effectively with stars. For a given value of 17 (a positive 
quantity), the radial velocity will be positive if F> — 17 cot;^; hence, the 
mdial Eqieeds, B, can be divided into two groups in the first of which, the 
radial velooiiy bemg positive, 

= sinx (17 oot;t+ F), 
where the range of F is given by 

— 17ootx< F<oo, 

and, in the second group, the speed B (the corresponding radial velocity 
is negative) is given by 

5 = sinx (F- 17 cotx), 
where the range of F is now such that 

F>17ootx. 

Forming the sum for all possible values of U between 0 and oo, we obtain 
the mean radial speed S for the stars &om 

(7smxJ*dl7e-^'^jJ*^ ^ (C7ootx+F)e-=*’"dF 

+ f" (F-17ootx)e-^^dF). 

J Ucotx / 

Let f=17ootx\ 

7 = Ztanx/‘ 

Then 

= 2<7ainxtanxJ*d£e-»'p{J"(f+F)e-s*^dF+ j\v-g)e-^dV^, 

from which it is found that 


NS = 217sinxtanxJJ’df e-»*p|±e-HV+2gJV=*^<iFj 

® 20'ainxtanx|^J^ +2j^ ge-^<'dfJ*V=*^(iF| ...(10) 

where I denotes the double integral ih (10). 
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In Eig. 43 let OB bisect the ang^ between the ^ and V axes {OA and OD). 
The integral denotes the sununation of the function of i and F over the 
infinite area between OA and OB, first Bumming with re^^ct to F over the 
strip PQ, where PQ = OP « i, and then summing aU such strips between 
and i = 00 . Changing the order of integration, we first sum over the 
strip B3 for i between OT ( s F) and oo. Hence 


I 



e-H*F*dF 






^J/r 1 


Hence NS B=^^OBmxteiax 


(V*+£P)* 
tn* ’ 



or, using (3), (8) and (9), nig. 43 

S = (c*oos*x+®*sui*X)*> 

which is the same as (6). 

It is to be noted that the mean peculiar radial speed, if, is a function of x- 
In the absence of streaming we have e a, so that the mean radial speed 
is a. Thus the mean peculiar radial speed when there is streaming is greater 
than the mean peculiar radial speed in a single drift by a factor/, defined by 


/ = i(c>ooB*;^+o*sin*x)*. (11) 

CL 

or, in terms of 6 in (6), by 

/= (H-smh*6 oos*;it)*. (12) 


6*32. Tha mean peculiar radial speed for uniform distribuUon over the whale 


Let S,^ denote the mean peculiar radial speed for stars uniformly distri- 
buted over the celestial sphere. Then 

47ri?„ = j^S.27rBmxdx- 

We shall write = af,^. (1) 

fW* 

Then 

aj (H-!B*sinh*6)*da! 

or /.-|ooali6+j^. (i!) 

This result was given by Eddington.* 

• StJlar MouemttUt, 1S7, 1914. 
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6*33. The mean peouliar radial speed for uniform distribviion over the 
galaetic equator. 

e 

The various detenninatioDS of the vertex of the preferential motions 
jdaoe it in or near the galaotio equator; we shall aooordin^y assume that 
the galaotio latitude of the vertex is zero. 

Let Sq denote the mean peouliar radial speed in the ease under oonsider- 
a;tion,andlet 5o = o/o. (1) 

For stars on the galaotio equator we oan regard x se the galaotio longitude 
measured from the vertex. Consequently 





whence 

^ (1 -tanb*6 sin*;ii:)*d;('. 

dltj 0 

(2) 

Setting 

h =s tanh6si(c*— o*)*. 

(8) 

we write (2) as 

/o-^X,(h), 

Cm 

W 


where Fg(h) is the elliptio integral of the second kind with modulus h. 

When the intensity (e/a) of streaming is known, /g oan be obtained from 
tables of the elliptio integrals. This result was first given by A. Fletoher.* 

6*34. The mean peculiar radial speed for uniform distribution over a paraUel 
of galaetic latitrude. 

Consider a small area at X (Fig. 44), whose 
galaotio ooordinates are (0,g), at an angular 
distance x the vertex. The mean value, 

R, of the radial speeds at X is given by af, 
where/is defined by (12) of section 6*31. 

Also, oob;^ = ooBfi' ooB (^~ ^o). 
where 0^ is the galaotio longitude of the 
vertex. 

Writmg the small area at Z as ocmgdgdO, 
we have, if R^ denotes the mean peouliar 
radial speed for uniform distribution of the 
stars between the parallels, g eiadg+dg, of galaotio latitude, 

Bg . inceagdg — aooegdg {1 +ainb*6 oos*p oos* (Q—G^)tdQ, 

• MJ^. 92 , 780 , 1983 , 


W 
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or, Bettmg 


(1) 


fa = |(l-l-siah*6 oos*g)*i?,(ki). 

(2) 

where 

sinh*& cos® fir 
l-t-sinh*6oos«g* 

(3) 

These equations* may be written more oonoisd.y iu the form 



2 

/- * - seed SJand), 

7t 

(4) 

in which 6 is defined by 

tand = Binhd oosg. 

(5) 


6*35. The "factor of exaggeration" for the meanpeouUar radial speeds. 

The leeults of the three previous seotions show that the mean peculiar 
radial speed, J?, is a fimotiou of position on the celestial sphere. It follows 
that the determination of mean parallaxes from the formulae in seotions 
6*22 and 6-23 depends on the appropriate value of i? to be used. For example, 
B type stars and Cepheids are strongly concentrated towards the plane of 
the Milky Way and for them the value of E — ^assuming that they partake 
of the usual preferential motion — ^is considerably greater than the value to 
be used if streaming were absent. In the formulae of sections 6*22 and 6*23 
it is assumed that the mean peculiar linear speed corresponding to the mean 
of the r-oomponents and of the u'-residuaJs is the same as the mean peculiar 
radial speed which can be obtained from the observed radial velocities. 
With star-streaming as a fundamental feature of stellar motions this is no 
longer true, and, accordingly, we must adjust r and E, for example, to the 
same standard of mean motions; in particular, we take this standard to be 
that corresponding to a Maxwellian distribution of velocities (that is, a 
single drift), for in this case the mean linear speeds for different directions 
are the same. Thus, the mean peculiar radial speed, considered in the 
previous three seotions, is /times greater than it would be if star-streaming 
were absent. 

Fletcher {he. cit.) defines the percentage exaggeration” of the mean 
peculiar radial speeds by 100(/- 1) and writes it as 

6 = 100 (/- 1 ). ( 1 ) 

The percentage exaggerations for uniform distribution over the sphere, over 
the galactic equator and over the parallel of galactic latitude are denoted 
respectively by e^, eg and Sg. The values of these quantities, calculated from 
the previous formulae for/, are given in the following two tables. 


* A. irietoher, M.N. 92, 782, 1032. 
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Table 26. Val/uea of amd % 


oja 


«o 

1-0 

0-0 

0-0 

1-2 

6-9 

10-2 

1*4 

14-2 

20-8 

1*6 

21-9 

81-7 

1*8 

29-9 

42-9 

2-0 

38-0 

64-2 

22 

46*4 

66-7 


Table 27. 7ake« of Ogfor different gdlacHc latUvdes 


o/a 

0 ® 

W 

0 

0 

eo 

46 ® 

0 

0 

76 ® 

90 ® 

1-0 

0 

0 

0 

0 

0 

0 

0 

1-2 

10 

10 

8 

6 

8 

1 

0 

1-4 

21 

20 

16 

11 

6 

2 

0 

1-6 

32 

80 

26 

17 

9 

8 

0 

1-8 

48 

41 

84 

24 

18 

4 

0 

2-0 

64 

61 

43 


17 

6 

0 

2-2 

66 

62 

62 

38 

21 

6 

0 


6*41 . The effect of preferential motion on die mean r-eomponent for a amaU 
area of die ehy. 

Consideir the stais in a small region of the sl^ at 8-, we shall assume at 
first that their parallaxes are all identioal. Let A be the solar antapex and 
V the Tertex of preferential motion (lig. 46) and 
let BA and 8V be A and x respeotiTely. The 
velocity ellipse of the transverse motions at 8 
has its major axis directed along the great circle 
8V. We denote the mean arithmetical values 
of the peculiar angvlar motions of the stars by 
^ and the former along BY and the latter in 
a perpendicular direction. Since the stare are all 
assumed to be at the same distance, ^ and 7 are 
proportional to the major and minor axes of the 
velocity ellipse. The mean of the arithmetical 
values of the r-components of the peculiar 
angular motions is then given by analogy with (6) of section 6’31 by 

f« = |*sin»i 8 r+ 7 *oos«/Sf, (1) 

in which 8 denotes the angle A8V. Also, by 6*12 (8), ij is the same for all 
parts of the sky; in the absence of streaming the corresponding value of r, 
which we denote by f 0, is simply 7, by ( 1 ) . Thus, owing to preferential motion 
the mean r-component is exaggerated by the factor/', given by 


A 



( 2 ) 
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Now, from 6*12 (10) we have the idation 



( 8 ) 


between the constants of the velocity elKpsoid and of the velocity eUipse. 
Since K and H are inversely proportiontd to the mean speeds, c and a, in 
the directions of the major smd minor ft-Ha Tespeotivd.y, we have 


H c 


and sicnilarly 
Hence, from (3), 

7* 


h. I 

jfc * 

l + (^,-l)ain*x = 


l+ainh.*6 Bin*x> 


( 4 ) 


smd (2) becomes /' * {1 +sinli*6 sin*;^ sin* 13}^. 

But ain ^ ain SI ea pin y ain 

where ^is the smgle VAB, and yis the angular distance of the solar antapez 
from the vertex and may be supposed known; its vsdue is in the neighbour- 
hood of 46“. Thus f' = {I + ainTi S b sin* y sin* (6) 

It is seen that/' is a function of a single coordinate which Metoher,* to 
whom the above result is due, designates the apical longitude of the region 
at 8. Thus/' is the same for all points on the meridism of apical longitude 

Consider smother group of equidistant stars at 8 with a different value 
of the parallax. Then the factor/' will be the same for this new group as for 
the previous group, smce the expression on the right of (5) is independent 
of the parallax. It follows that, for an assembly of stsirs at 8, the value of r 
obtsuned from all the stars will be greater by the factor/' than the corre- 
sponding value, Tg, which would have been obtsuned if the assembly formed 
a single drift. 


6*42. The effect of preferential motion on the mean r-component for stare 
distribvied vmiformty over ike shy. 

The corresponding factor, which we denote by/^ is simply obtsuned by 
integrating 6*41 (6) over the sphere, that is, between the values 0 and 27r 


of Thus 1 rsir 

/^=^l {H-sinli*6 sin*y sin*j(i*}^<i^^, (1) 

ZtT Jo 

or, SIS in sections 6*33 and 6-34, 

/; = ?seo5'.B,(sind'), (2) 

where 6' is given by tan^' = sinli& siny. (3) 

* Loo. oft. p. 782. 
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ThB TBlnes of the mean percentage exaggeration, which is defined by 

e:=100(/i-l), 

are given in Table 28 for the three values 36°, 46° and 66° of y. 


Table 28. Vahtea of 


cja 

y*86° 

7 = 46“ 

7=66“ 


0 

0 

0 


4 

5 

7 


7 

11 

15 


12 

17 

22 


16 

24 

31 


21 

31 

39 


26 

38 

48 


6*43. The effect of preferenituA motion on the mean T-components for atare 
dnatribukd vmformty over Aie galactic eguator. 

In Kg. 46 let S now be a region on the galactic equator which will thus be 
defined by VS. Denote the angle AVS by a, which may be supposed known 
from the positions of A and V derived from observations. 

U /0 denotes the mean value of / round the galactio equator, 

/0 = if {l+ainh*6ain*y Bin*^^}W»dX» 

ZffJo 

in which ^ and ^ are related by the formula, derived from the triangle ASVt 
cosy oosa = siny oot^— shi* oot^i'. (2) 

Writing ootpif = Zcot^+m, (3) 

where 1 = sina cosecy, m = ooBaooty, (4) 

and expressing dx in terms of ^ by (3), we obtain 

_ 1 r’' pooB*^+qooB*i/r+r Id^ .g. 

” ffjo /oo8*V>’+poos*^^+h‘ (lH-K*sin*ji^)^’ 

where k * = sinh*6 Bin*y, 

p = l*+m*), 

g = l*(l+ic*)-(l+m*)(l + 2/c«), 

f = (H-OT*)(1 + /C®), 

/- 1 - 21® + 2m* +(!*+»»*)*, 
g=2{l®-Z*m®-(l+m®)®}, 
h= (1+m®)*. 
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IWtiher, settiiig 
we obtaixL from (6) 

|‘*/^ 3)Bm*^+gain*^+f ... 

” ?r Jo /8m*5J+yBiii*^+A' ( 1 — 

By an approximate method Hetoher was able to obtain numerioal valnes 
of/o firom (1) ooixesponding to y ss 46° and a >= 86°, ralnes given by the 
most reliable positions of the antapex and vertex. Subseqaently, Hetohar 
and A. MnlUgan,* using the formula (6), oaloulated the exact values of /g 
for c/a = 1'6 and 2*0. As these agreed suffioiently weU with the values 
obtained by the approximate method, they concluded that it was un- 
necessary to repeat the long calculations involved in the formula (6). 
Write, in accordance with previous procedure, 

6S = 100(/i-l). 

The values of e^, as found by Metcher, ate given in Table 29. 

Table 29. Valuea of 
(y=46°,a=8«°) 


oja 

V 

oja 

«o' 

1-0 

0 

IQ 

18 

1'2 

4 

1*8 

18 

1*4 

8 

2-0 

23 

1*6 

18 

22 

29 


6 * 44 . The tZ-residfoala. 

Assuming that the stars in a region of the sky at 8 have the same parallax 
we find, as in section 6*41, that the mean of the arithmetical values of v' 
is given by p* ^ g* cos* 5 +7* sin* /S, 

and denoting by/' the factor of exaggeration, we have as before 

/' = "'M 

so that /' = {1 -f-sinh*6 sin*;;^ cos* 5}^. 

Define and Cg by means of 

<=100(/:-l), c; = 100(/o'-l), 

where/' and /J are respectively the mean values of / over the sphere and 
over the galactic equator, for uniform distribution in each case. The follow- 
ing table computed by Hetcher by a method of approximation gives the 
values of Cg and for y = 36° and a = 36°: 

* MJf. 95, 787, 1986. 
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Table 30. Vc^maofe^and^ 


oJa 


V 

1-0 

0 

0 

1-2 

9 

7 

1*4 

18 

18 

1*6 

27 

21 

1*8 

87 

28 

2*0 

47 

86 

2*2 

57 

44 


6*45. ApjpUcationtoihecalcuUxtionofm^pimd^ 

la deriving the mean arithmetioal values of the v and r-oomponents in 
a small area of the sby for insertion in the formulae (6) of section 6*21 and 
(2) of Beotion6-22, vrehave to remember thatthe components ofproper motion 
ate Bubjeot to accidental errors; oonsequently, it is essential, if the highest 
aoouKU^ is aimed at, to correct the statistios for the effect of accidental 
erroTB. Generally, in the process of determining proper motions, it is pos- 
sible to estimate the values, p, of the probable error for the cos 3 and Pf 
components, and usually these two values are equal or approximately equal. 
If we take them to be the same, the probable errors of the u-components 
and of the r-oomponents are each p numerically and the observed distribution 
of the v-components, for example, can be corrected by the method of 1-81 or 
1-82. We then obtain the true distribution of the u-components and firom it 
the value of I; to be used in (6) of section 6*21. We obtain similarly the value 
of ? to be used in (2) of section 6*22. 

We shall denote by Tq and the means of the arithmetioal values of the 
r-oomponents and of the radial speeds (fi«ed from the solar motion) as 
observed and corrected for accidental errors. If we insert these values in 
(2) of section 6*22, we obtain the “calculated” value of the mean pandlax, 
which we denote by p,. Thus 

Po = KTo/So- (1) 

But the use of this formula implies, as we have seen, that the mean linear 
speed corresponding to the r-oomponents is the same as the mean radial 
speed; thus, on the hypothesifi of preferential motion, the application of 
(1) gives an erroneous value of the mean parallax. If we denote by % the 
true value of the mean parallax, we have 

p, = ktIS, 

where r and S refer to the absence of preferential motion. Now, by the 
previous sections, 

S^^fS and f,»/'f, 
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yrhscef and/' lefer to any one of the distributionB of the etais in the sky. 

AooordijDgly, 

9t™'p'Va‘ ( 2 ) 

Thus, the true value of the mean parallaz is obtained by applying the 
appropriate factor///' to the value as computed by (2) of section 6*22; for 
example, if the stars are distributed uniformly over the gaJactio equator 
the appropriate formula is 

?<=-4-Pe- 

Jo 

In the case of the v'-redduals we obtain in a Himilar way 

Pt~f-Po, (3) 

where/, /' refer to one of the distribution of stars considered. 

It is to be emphasised that the / factors only apply to the formulae for 
p derived from peouUar motions; the formulae (6) and (6) of section 6-21 
for p derived fcomparaJlaetic motions remain valid when there is streaming. 

6 * 46 . Thearr6Cti<}ruU>aba(l^Uemag7Utiude. 

It is sometimes convenient, in the application of the previous formulae, 
to deal with absolute magnitudes. Let m denote the mean apparent magni- 
tude of the stars concerned and JStg the mean absolute magnitude cone- 
spondiog to the value Pg as obtained fix>m (1) of section 6*46. Then 

Mg = i^+6-(-6LogPa. 

Sunilarly, the true absolute magnitude, M,, is given by 

M, = »»-|-6 + 6Logp<. 

Hence, writing AM' = Mf—Mg, 

we have from the r-components 

dif' = 6Log(/r). 

In a Hunilar way, if J Jlf * denotes the corresponding coneotion for absolute 
magnitude when the v'-residuals are employed, we obtain 

dif' = 6Log (///'). 

We cem thus calculate from the data of Tables 26-30 the values of 
AM'^ AM'^ and AM'^, AMq corresponding to uniform distribution over the 
sky and over the galactio equator. The results* are summarised in the 
following tables (for various values of y and a = SS**) : 


* HBtoher and Mulligan, M.N, 95, 741, 1985. 
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Table 31. Corrections to absotute magnitude {r-eomponents) 


o/a 


«= S6 °) 

r = 86 " 

7 = 46 ® 



M 

M 

M 

M 

10 

0-00 

0*00 

0-00 


1-2 


+ 0*08 

0-00 

+ 0-18 

1*4 

+ 0-13 

+ 0*06 

-001 

+ 0-24 

1*6 

+ 0*10 

+ 0-08 

- 0*01 

+ 0*38 

1*8 

+ 0*24 

+ 0-10 

- 0*01 

+ 0-41 

2*0 

+ 0*28 

+ 0-12 

- 0*02 

+ 0*48 

2.2 

+ 0-82 

+ 0-18 

- 0-02 

+ 0-65 


Table 32. OorrecHona to abstd/ute magnitude (v' -residuals) 


o/a 

AMJ ' 

AM ,* 

( 7 = 46 °, a = 36 °) 

7 = 86 ® 

7 = 46 * 

7 = 66 ° 


M 

M 

M 

M 

1*0 

0*00 


0-00 


1*2 

- 0-07 


0*00 


1-4 

- 0*12 


0-00 

+ 0-14 

1-6 

- 0-17 

- 0*09 

0*00 

+ 0*19 

1*8 

- 0*21 

- 0-11 

- 0*01 

+ 0-24 

2*0 

- 0*24 

-018 

- 0*01 

+ 0-27 

2-2 

- 0*27 

- 0-15 

- 0-01 

+ 0-31 


Foi nomuil streaming the ratio of the minor axis of the velocity spheroid 
to the major axis is found to be about 0'6, so that c/a is approximately 1‘7. 
Taking the usually accepted value of y (the angular distance between the 
vertex and the antapex) to be 46°, the tables show that for stars uniformly 
distributed over the sky the correction to the absolute magnitude is fairly 
Hmall and of opposite sign for the r and v' formulae, so that the average of 
the mean parallaxes derived from these formulae requires practically no 
correction. But when the stars are concentrated on or near the galaotio 
equator, the correction is substantial. 

The most important application concerns the mean parallaxes of the 
Oepheids or of the duster variables on which are based the estimates of the 
distances of the ^obular dusters and extragalaotic nebulae in which these 
objects are found. The galaotio Cepheids are, almost without exception, too 
remote for the successful determination of parallax by the trigonometrical 
method, and it is by means of their proper motions that estimates of their 
mean distances can be made. From observations of these variables in a 
portionlar star duster it is found that the periods of light-variation ore 
rdated in a definite way to the mean apparent magnitudes and, as we can 
ftWHiTTift for praotical purposes that all the stars in the duster are at the same 
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distance from ns, it follows that the relation can be expressed as 
between the periods and the relatire Inminosities. This relation is known as 
the period4umino8ity law and it is assumed to hold for all Cepheids, whether 
in the galactic system or elsewhere. If we can find accurately the parallax 
of a siog^e Cepheid, relatiTe Inminosities can be conyerted into absolute 
magnitudes and the law can then be expressed as a relationship between 
period and absolute magnitude. In this way, the distance of a remote 
duster or nebula, contamiug one or more of these variables, can be estimated, 
for the observed periods fix the absolute magnitudes, M, and if the apparent 
magnitudes, m, are measured the parallax is deduced from the fnimnlit 

M = TO+6+6Logjp. 

More strictly, the period-luminosity relationship involves the period P, 
the bolometric absolute magnitude M and the effective temperature Tg, 
and as given by Jeans* its mathematical expression is 

LogP+0-23Jif-|-SIiOg2i = C7, (1) 

where (7 is a constant whose value has been determined to be 11’36. The 
evaluation of 0 depends, of course, on the evaluation of the parallax of at 
least one star, so that the corresponding value of M cam be obtained. 

Consider a group of galactic Cepheids at varying distances and, for sun- 
plidty, suppose that the values of Tg are the same for all these stturs. By 
measuring the periods Pi and P, of any two stars, we have 

0-23(Jlfi-Jfi)=Log(P,/Pi), (2) 

from which the difference of their absolute magnitudes can be calculated. 
If we suppose that the second star is moved to the same distance from us as 
the first star, the apparent magnitude, of the second star would then 
be given by Jf, = mi-f-6 + 5Logi)i, 

and, since - mi-|-6-|-6Logpi, 

we obtam from these and (2), 

~ ^ (-PaZ-Pi)- (3) 

Thus, regarding the parallax to correspond to a standard distance d>i, we 
can find from (3) the apparent magnitude of the second star if it were situated 
at this standard distance. But its apparent magnitude is actually and 
the relation between its actual disteunce d, and the standard distance 
is given by to, — = 6 Log {d^/dx). (4) 

The observed proper motion of the second star corresponds of course to 
its actual distance, but by multiplying the proper motion by the factor 

* Aatronomy and Oomogont/ (2nd ed.), 886, 1926. 
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dtlij. as oaloulated from (4) \re obtain the proper motion whioh the second 
star would hare if it were at the distance dj. Such a proper motion is called 
a redAued proper motion. In this way we can deal with a group of stars whioh 
may now be all supposed to be at the same distance, and the distribution of 
the reduced proper motions is then the distribution of the transyerse linear 
Telooities. The apphoation of the formula (3) of section 6-46 in the case of 
the v'-residuals is then yalid. It is to be noted howeyer that the introduction 
of the factor may haye serious effects on the probable errors of the 
reduced proper motions unless the obsetyed proper motions haye been 
deteimined with almost complete accuracy. 

It is by such processes as haye been described in the preyious sections of 
this chapter that the Cepheids can be arranged on the usual absolute 
magnitude scale. 


6'5. Forimda for the mean paroUax derived from the toted proper mtdiona. 

We denote by n the total proper motion of a star so that, with the usual 
notation. 

Lx the case of photographic proper motions the yalues of /», cos d are found 
directly ficom the measures. The yalues of /t can be rapi^y obtained by 
plotting /ig cos 8 and pt on squared paper. 

In section 2*42 we deriyed the formula for the mean transyerse linear 
speed, T^, for a small region of the sky when the stars concerned form a 
wiTiglft drifb; it is 

( 1 ) 

where T is the mean random transyerse speed, b = ih‘V‘, in whioh hV is 
the projection of the q)aoe-yelooity of the drifb, rdatiye to the sun, on the 
tangent plane for the small region and ^ is the function 

^(b) = e-*{(l + 26) Ub) + 26Ji(6)}, (2) 

whose yalues are giyen in Table 7 (p. 43). 

Basing our procedure on the two-streams theory we shall haye, for the 
giyen region, the proportion, a, of the total number of stars belonging to 
drifb I and the proportion (1 — ce) belonging to drifb n. If and ate the 
projections of the space-yelodties of the two drifts on the tangent plane, the 
mean transyerse linear speed, T, of all the stars concerned will be giyen, by 


means of (1), by _ 

T = T{a}lr(bj) + (1 - a) i«^(6,)}, (3) 

where 6i = iA*F}, 62 = (4) 
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Suppose at fiist that all the stats have the same paiallaz, p. Then, if is 
the mean of the total proper motionB, T is given in km./seo. by 


where k = 4*74. 

Henoe, from (3) and (6), 



^ T{oL^(h)+{l-a)r/r(b,)y 

Also, from section 2*24, ^ ^ 

in terms of the theoretical unit 1/A. 

We nbA.ll suppose that from an analysis of several regions of the sky the 
various drift constants have been derived, as described in Chapter rv. To 
particularise, we assume that the following are known for each region: 

(i) a, (ii) hVi and hV^, (iii) the value of the solar motion in terms of the 
theoretical unit 1/A. From (ii) we obtain the values of and to be used in 
(6), and from (iii) and the value of the solar motion in km./seo., as found 
from radial velocity measures, we can express the theoretical unit in km./seo. 
and so obtain T in km./seo. by means of (7). 

Thus with Ji given by the observations we can oaloulatep by means of (6). 
In the gener^ case with N stars in the region divided up into m groups, 
containing n^, n^, ... n„ stars, the stars in each group having the same 
pareiUax, the mean para^x, p, of all the N stars is given by 


( 6 ) 

( 6 ) 

( 7 ) 


Np = + »,pa + . . . + 

If each group is supposed to be a representative sample of the two drifts, 
we see i^m (6), inasmuch as the denominator of (6) is constant for each 
group, that 

= /g\ 

3’{aiir(6i) + (l-a)jir(6,)}’ 

where ]i now denotes the mean total proper motion of the N stars. In the 
application of this formula we can, if we like, restrict the stars to those 
lying within prescribed limits of magnitude. 

It is to be remembered that the value ofji will be affected by the accidental 
errors inherent in the measurement of the proper motion components; 
accordingly, it wiU be necessary to use the corrected value of in (8). We 
now investigate the methods of allowing for accidental errors in the total 
proper motions. 


sss 


u 
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6*61; The correction of dte total proper motiona {first method). 

We oonsideir here the statistios of a quantity which is given as the lesultant 
of two leotangolar oomponents, the measurement of eaoh of which is subject 
to the Qausaian law of errors. In particular, we take the quantity to be the 
total proper motion jt given by 

+ ( 1 ) 

where i — /t^oos^and ^ = /tg, so that cm error in /t depends on the error in 
i and the err or in ^ . We shcdl assume that the quantities 4 and if are mecustured 
with the seuue probable error r ; accordingly, the modulus, h, in the Qausaian 
error law is given by 0-4769 

r ‘ 

I'dlowing Elapteyn cmd van Bhijn,* to whom the method to be described 
is due, we denote by Nfi/i) d/i the number of stars with values of the true 
total proper motion between /t and fi+d/t, N being the toted number of 
stars concerned. 

Let N^{jiQ)d/iQ denote the number of stars with values of the observed 
total proper motion between /Cg and ji^+d/i^. The observationed statistics 
will furnish the form of the frequency function ^(/Cg) cmd we require to 
deduce the true frequency function /(/c). 

In Eig. 46 let 08 define the true total proper motion of e star, the 
coordinates of 8 being (£,^) with 
respect to the axes OA, OB. As a 
result of errors in g and ij the 
observed total proper motion, /cg, 
is represented by a reedius vector 
such as OT. Let {z,y) denote the 
coordinates of T with respect to the 
axes OX, O F as shown in the figure, 

OX being drawn through jST. Then 
/*5 = a:*+y*. 

Thus the error in /Cg is doe to error 
oomponents {x—fi) cdong OX and 
y along OT. It follows from the Kg. 46 

equality of the probable errors for ^ and 7 that the probable errors for 
measures with respect to the axes OX and 07 are also equal and that 
the modulus in eaoh coordinate is A, as given by (2). Hence, the probability 
that, in the direotion of the OX cuds, the observational error will lie between 
(aj— /t)and(x-/t+<ia!)is j. 

* Qnmnotn PM. No. 80, 44, p. 1080. 
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SimUarly, the probability that, in the direction of the OT axis, the obser- 
yational error will be between y and y+dyia 


Hence the probability that the observed total proper motion will have com- 
ponent errors lying between and {x-ja+dx) and between y and 

y+dy is M 

-e-^-z^'^dxdy. 

It 


Transforming to polar coordinates (/to,d), so that 
and dxdy •= i/^dy^dd, 

we find the probabiliiy that the observed total proper motion will have 
values between /tg and/tg+d/tg lying in directions between^ andd+d^to be 

^/tg d/i^dd. 


and consequently the probability that the total proper motion lies between 
/tg and /tg+d/(g for all possible values of 6 from 0 to 27r is C^d/tg, where 

^d^g «= — tfge-*^*+^d/tg f (3) 

IT Jo 

The integral on the right is expressible in terms of the modified Bessel 
function of zero order and of imaginary argument as 

We can then write (3) as 

^d/i^ = 2AXe-*^‘+>*>^(2^*;^„;t)d/^g. (4) 

Consider now, for a given value of ft, the number Nf(fi) dy, of stars with 
values of the true proper motion between y and y-\-dy. Then the corre- 
sponding number with observed values between /tg and /tg+d/tg is 

Nfiy)dy.^dyo, 

where Hdy^ is given by (4). Summing for all possible values of y between 0 
and 00 , we obtain the total number of stare with observed values of the 
total proper motions between /tg and /tg + d/tg; this number is, by definition, 
^^(/tg)d/tg. Hence 

N^{yo)dyo = ^Wdy; 

from this result and (4) 

^(/tg) - 2h*y^e->>^Pfj\(2h*y^y)f{y)e^r^dy (6) 


14-11 
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Theoretioally, givea the form of we oau determine the form of /(/() 
&6m this integral equation. But, in the general ease, it is evident that the 
diffiooltieB in the way of solving facf(/t) wonld be at least formidable and ^ 
possibfy nnsnrmoimtable. Instead, we can fund the form of the fdnotion 
for assumed fonotional forms offi/t). In partioalar, the integral on 
the right of (5) can be evaluated in simple form i£f(jt) is given by 

/(/*) = ( 6 ) 

the constant A bemg determined from the relation 

which leads to .4 f /lerf^i^dn = 1, 


Jo’ 

whence A » 2/9* (7) 

and /(/*) = (8) 


By invoking the principles of section 4*6, it is dear that 
given by a function similai to that in (8), with a modulus k defined by 

1-1 1 


We verify this result by direct integration of (6). 
We then have 



^(/tg) = 4A*/9*/tge-**A* /^e-®*+^^^(2AV^/tg)d/t. 

( 9 ) 

Write 

H* = A*+/?*, y = 2AVjg. 

(10) 

If K denotes the integral in (9), we have 



jS: = Jo miiy) dft. 

(11) 

Now 


(12) 

Hence 

/•« 00 a/lfh 


We have the formula 



= ( 13 ) 


(which may be derived by differentiating n times the uniformly convergent 

integral /*« 1 

J *6”®** (iiP = ^ with respect to a) 
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Md, 

1 itoL 

or Z = ^e*‘+^. (14) 

Heaoe = 

or, de&iixig i by *• = 

4>ijto) =■ (16) 

Thus ^(/(q) IB of the same analytioal form aaf{ji). 

We oondude that if the obserred frequenoy fmiotion of the total proper 
motiona is given by (16), in whioh h may now be supposed hnowu, the true 
frequency funotion/(/t) is given by 

fi/i) = 

where ^ 


6*62. Derivation of the theoretical correction. 

It is found in praotioe that the observed distribution of the total proper 
motions oeua be represented satisfaotorily by one or more functions of the 
form given by (16) in the previous section. In the general case, we can con- 
sequently assume that 

^(^) = 2Aiklfi^e-*i*et*+2A^li^fi^e-*»*/^*+..., (1) 

where the constants Ai,Af hi, k^, ... are determined fix>m the statistios 

of the observed total proper motions. In consequence, the distribution of 
the true total proper motions is given by 

f(fi) = 2Aifil/te-fii^f^+2Ai/3l/ie-fi^f^+..., ( 2 ) 

in which 

Actually, it is more satisfactory to determine the constants Ai, A^, ..., 
ki, k^, ... from a function whioh gives the proportion of the observed 

total proper motions greater than a given value jiq. Thus 

^0*o)= I ^(/*o)‘lAof 

J ^ 

whioh leads to iP(/^) = Aie"*i*^*+A,e“*«W+ ... (4) 

with the condition, since <P(0) = 1, 

Aj+Aj-|-... = 


1 . 



214 StaHstical PdrcMaxea derived 6*62 

I have fonad it more oonvenient to work with oenteimial proper motioiifl, 
and in the tabular matter and numerioal work that follow, the oentuiy will 
be taken as the unit of time. 

Table 33 gives the values of the Amotion for different values of h 
and for values of the observed oenteimial proper motions between = 0^*0 
and » 8^*0. 

Table 33. VaJ/uea of 


\ 

0-1 

0*2 

0*8 

0*4 

0*5 

0*6 



1*000 

1*000 



1-000 


. 0*098 


0*078 

0*061 

0*080 

0*014 

1-0 


0*061 

0*014 

0*852 

0*770 

0*698 

1*5 

0*078 

0*014 

0*817 

0*608 


0*446 

20 

0*061 

0-852 

0*608 

0*627 

0*868 

0*287 

2-5 

0*030 

0*779 

0*570 

0*868 



8*0 

0*014 

0*608 

0*445 

0*237 

0*105 

0-080 

8*5 

0*885 

0*613 

0*332 

0*141 

0*047 


4*0 

0*852 

0*627 

0*287 


0*018 


5*0 

0*779 

0*868 



0*002 


6*0 

0*608 

0*287 

0*030 




7*0 

0*618 

0*141 

0*012 




8*0 


0*077 






In the following table the values of as a function of h and of the probable 
error, r, of the centennial proper motion components, cos ^ and are 
given for numerioal values of r between 0'*2 and l^'-O per century; the value 
of h corresponding to a particular value of r is calculated first from (2) of 
6-01 and with this value of A, ^ is obtained from (17) of section 6'01 for each 
value of k between 0*1 and 0-7. 

Table 34. Vcihiea of fi 


X 

0^2 


0^4 

( K5 

0^6 

0^7 

0^8 

(KO 

1^0 


1^1 





0*101 










0*200 

0*213 






0-311 

0*316 

0*324 

0*334 




0*4 

i lui 

0*413 

0*426 

0*441 

0*463 

0*404 


0*600 

0*781 

0*5 

0*512 

0*627 


0*603 

0*643 

0*737 

HQ 

1*506 

0*6 

0*620 

0*640 

0*604 

0*771 

0*014 



0*7 

0*732 

0*784 

0*865 

1*080 







When the constants -4^, 42, ...,^ 2 ,^ 2 ,... have been obtained, the AeoreUcal 
correction — ^whioh we denote by c — ^to be applied to the mean of the observed 
total proper motions to give the mean of the true total proper motions is 
easily derived. 
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We have 


and, Bimilarly, 


and, writing 
we have 


/* 

/*o 

c 

0 




/*-/ 



( 6 ) 


( 6 ) 

( 7 ) 

( 8 ) 


Beferenoe to 6*01 (17) shows that fi is greater than the ooireqtonding 
value of k and consequently the ooireotion c is always negative. Thus the 
effect of correcting for accidental error is to diminish the mean of the 
observed total proper motions. 

Generally, the observed distribution shows a somewhat greater pro- 
portion of the larger total proper motions than is allowed for by the theo- 
retical distribution given by the function or the function 0(/(o). By 
omitting several of these larger proper motions from the statistioB (the 
number is readily found by “trial and error ”), the remaining distribution — 
which we ocbU the adjusted distribution — ^gives, as a rule, a sufficiently satis: 
factory representation between = O^'O and = 4**0, say, of the function 
(P(/{o) composed of one or more of the exponential fimotions. Let N be the 
total number of stars and N* the number in the adjusted distribution. The 
theoretical correction then applies only to the N' stars and we take as the 
mean, /i, of the true proper motions the expression given by 


_ _ ^N' 


( 9 ) 


In this way we correct the great majority of the total proper motionB for 
accidental error and leave uncorrected a few of the larger ones,'^together with 
the residual numbers between the theoretical and observed distributions 
of the W stars. The result is a slight under-correction of /to but this may be 
balanced empirically by taking a slightly larger value of the estimated 
probable error, r. 


6 * 63 . of application of ihe method. 

Table 35 gives the relevant details*' concerning the total proper motions, 
in a particular region, of 116 stars between magnitudes 9*0 and 9*4 on 
.Argdander’s scale or of mean magnitude 9*6 on the Harvard scale (visual). 
* W. M. Smart, 96, 141, 16SS. 
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Table 36 


A 

No. 

(observed) 


0 

(ibrrO-48) 

0^0 

6 

1-00 

1-00 

0-5 

12 

0*96 

0-94 

1-0 

26 

0*88 

0-79 

15 

16 

0*67 

0-69 

2*0 

18 

0-41 

0-40 

2*5 

8* 

7* 

2 

0-23 

0-24 

8*0 

0*14 

0*18 

3*6 

0-07 

0*06 

oo 

A 

5 

0-06 

0-08 


la the Beoond oolomn are the numbeES of stars 'with observed oentemiial 
tottd proper motiozis between the limits 0**0-0'’6, 0'*6-l''0, etc. (a star 
-with yUg = 3*'0, for example, oontribntes ^ to the interval 2**6-3'‘0 and ^ to 
the interval 8'-0-3*‘6). The number of total proper motions greater than 
4*’0 is assumed to be 6 (actually the n'umber of proper motions greater than 
4**0 is 20), so that in the adjusted distributed N' = 100; thus 16 of the total 
proper motions exceeding 4*'0 per century are unaccounted for in the 
adjusted distribution. 

Denote by N'(fio) the number of stars in the adjusted distribution 'with 
totalpropermotionsexoeeding/(o; thus, for 4',iV'(/<o) = 6:for/(gs= 3**6, 
= 7: for /(o = S^'O, N'ifio) = 14iand so on. The third column oontams 

the values of and this set of values represents the observed 

adjusted frequency distribution. In the last column ore the values of the 
fmction 0(/io ) = for the value k = 0'48; the value of i is most readily 
obtaiued from graphs of the function 0 for various values of k, so as to 
give as accurate a representation of the observed adjusted distribution as 
possible. In this partLoular example it is found that a good representation 
can be obtained when 0 is represented by one exponential function. In- 
spection of the last two columns shows that there is satisfactory agreement 
between the observed adjusted distribution and the theoretical distribution 
given by 1; = 0*48. 

The probable error, r, is estimated to be 0'*4 numerically; hence with thin 
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value of r and h » 0*48, we find from Table 33 that fi «« 0*626. Eoimnla (8) 
of section 6*62 then gives e = — 0**168. 

The statistics of the proper motions give 207**3 as the sum of the total 
proper motions for the 116 stars; hence = 2**686. Eormnla (9) of section 
6*62 then gives 

;t*2**686-^x 0**168, 

1X0 

from which Ji ^ 2**448. 

This is the value to be used in (8) of section 6*6. 

6*64. The eorrecHm of the toieU proper moH<m8 {aecond metJtod). 

In this method we derive the mean value of the true total proper motion 
corresponding to a given value of the observed proper motion. 

The formula (4) of section 6*61 gives the probabilil^ that for a given 

jt the observed total proper motion lies between /Iq and /(g+d/tg. Also 
f{/t) dft is the proportion of stars with true total proper motions between 
and;t+d/». Hence the proportion ofstars with observed totid proper motions 
between /(g and/tg + d/tg and with true proper motions between n and/( •)* d;t is 

( 1 ) 

We may equally well describe this result as giving the proportion of stars 
with true total proper motions between /i and /i+d/i for observed values 
between /tg and /tg + d/tg. 

Denote by ^ the mean of the true total proper motions for a given value 
/tg of the observed total proper motions. Then 

f 

A = ( 2 ) 

whence, on inserting the expression for ^ given by (4) of section 6*61, 

■p^ = . (3) 

e-»^/^f(/i)Jo(2h*/ifio)d/i 

Assuming, in accordance with (2) of section 6*62, that f(ji) is given by 

f(ji) = 2ZAiPliurfifi^, 

we then have 

fVe-^(**+>»*>/g(2AV/*o)^/t 

A % W 

ZAft* 
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in whidi we drop the sufSz j for the sake of eunplioity . Writing as before 


y = 3h*f^, ( 6 ) 

SA^ I* 

(4) becomes . (6) 

HA/Pj fier^J^lo{/ty)d/t 


The integrals in the denominator are of the form in (11) of section 6'61: 
hence the denominator of (6) is 


Ae» ^ 
^2(h«+/i*) 


.(7) 


Cohsider a typical integral 

L a j 

in the numerator of (6). Using the series for given by (12) of section 
6-61, we have 

art • J-^^4, l.3.8^!!«+l ^ 


Hence 
We write 

so that, by (6), 

Also, we have 
Hence (8) becomes 


r_ a/”’ y/ y* 1.3.5....2»— 1 

■^“4£r»-^\4H«/ nl ' 2.4.6....“ ' 


.(8) 


q = yV^\ 

“ A«+yff* 


.( 9 ) 


1.3.6. 


i-l 


2.4.6....; 


=-r 

nji 


OOB^ffdd. 


or, on writing 


J = 26, 

L = j^^j\l + 4AoQa'e)e-’^»^*^dd. (10) 


But, by referring to section 2*42, it is seen that the integral in (10) is n^{b), 
where, in the notation of that section, 

tib) = e-*{(l + 26)^+26Ji(6)}. 
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(11) 


(12) 

where G(g) is defiboed to be ^ ^ (|) * 

(13) 

From (6), (7) and (12) we then obtain 



(14) 

where g is defined by (9). 


If the function f(ji) contains one exponential only, we have the result 

in this case 


<?(?) 

^ “ (A* -!-;?«)*• 

(IS) 


Kapteyn and van Bhjjn expressed the fimotiou as an infinite series 
which is rapidly convergent for g< 1 and in this way they evaluated the 
function for such restricted values of q. For g > 1, they effected the evalua- 
tion of the function by numerical integration. The calculation of the values 
of (^(g) by this procedure is extremely laborious. The preceding demon- 
stration* shows that Q{q) can be expressed in terms of the function ^(g/2), 
the evaluation of which cetn be very simply effected by means of the tables 
for and e'^Ji(6) given in Watson’s Beaad JPunctiona. 

The following table gives the values of Q{q) as calculated by Elapteyn 
and van Bhijn.t 


Table 36. Values o/ 0{q) 


9 

m 

9 

CHq) 

9 

m 

O'O 

0-80 

7-0 

2-78 

40-0 

6-88 


1-28 

8-0 

2-01 

50-0 

7-18 

2-0 

1-61 

0-0 

3-08 

60-0 

7-80 

80 

1-80 

Hu H 

8-24 

70-0 

8*41 

40 

2*18 


8-08 

80*0 

8-08 

50 

2-84 


4-52 

90-0 

0-51 

60 

2-54 

KGS 

5-55 

100-0 

10-02 


2-78 

400 

6*88 

150-0 

12-81 


• W. M. Smart, M.ir. 96, 180, 1980. 
t amuhtgen PiM. No. 80, p. 68, 1020. 
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6*65,' Excm^of finding the yahtee, fix. 


I 


Taikiiig the statustioa of the adjusted distribution in section 6*63, ve have 
fi s 0*626 andA, oaloolatedj&omA = 0’477/r,isfoiindtobe l*19forr » 0**4. 


Thus we obtain 


2=M9/^. 


Also 


(A*+;ff*)* - 1*303. 


Por the values 1**0, ... 4**0 of/i^we find the oorreq>onding values of fti, 
using the entries of Table 36, as follows: 


Ih 

A 

1^0 

1^03 

2-0 

1*76 

3*0 

2*57 

4*0 

3*39 


6*7. DeUrnunaiitm of the mean pimiUaxderwed from the total proper motione. 
The foimula for the mean paraJlaz is, from (6) of section 6*6, 

... 

^ “ T{air{bi ) + (1 - a) ^^■(6,)}’ 

in which Ji is now the ooiieoted mean total proper motion. 

We have to express T in km./sec. This can be done when the solar motion 
is known both in terms of the theorericsl unit, 1/A, and in km./sec. Taking 
as an example the analysis* of the Cambridge photographic proper motions, 
it is found that the theoretical value of the solar motion is 0*881 ; identifying 
this with the generally adopted value of 19*6 km./sec., we find that 

Hence, on inserting the value of xs 4*74 in (1), we have 

p = 0*242^, 

where Z) = a^(6i) + (!—«) (2) 

With the values of a and the drift velooitieB AT^ and AT^ for the region 
concerned, D is readily calculated and hence p is obtained. 

Por example, for the region to which the data of section 6*63 refer, D is 
found to be 1*682 and, as the corrected value of yii is 2**448, the mean 
parallaxt of the stcbrs, in the region, of mean magnitude 9*6 on the Harvard- 
scale is found to be 0**0037. 


« M.N. 87, 137, 1026. 

f For fbrther detallB and lesultB, the reader is referred to M»N. 96, 182, 1086. 



CHAPTER Vn 


THE SFAOI! DISTRIBUTION OF THE STABS DERIVED 
FROM THEIR PROPER MOTIONS 

7*1. Density laws. 

In this ohapter -wb consider one of several suggested Is.'ws of stellar dis- 
tribution and investigate its theoretical implications conoeming the dis- 
tribution of proper motions. Observation and theory can then be brought 
together for comparison and it will then be possible to decide as to the da^ee 
of justification for the assumed law of stellar density. 

Let D(r,g) denote the number of stairs per unit volume of space at a 
distance r from the son and in galsiotio latitude g. As the son is believed to 
be very near the galactic plane, the form of D(r,g) must be such that this 
fimotion decreases, for r constant, from the gadaotic equator tot^ards the 
galactic poles in accordance with the well-authenticated thinning-out of 
the stars towards the poles. There is a certain amount of evidence in favour 
of a “local cluster” with the sun occupying a fairly central position; for 
example, Charlier’s mvestigation* of the B type stars is in accordance with 
this suggestion, and van Bhijn’s researchf on the absorption of light in 
interstellar space provides a certain amount of additional oonfirmation. In 
consequence we postulate, for a given galactic latitude, a function D{r) 
decreasing with the heliocentric distance r in the expectation that it will 
be of the nature of a first approximation, at least, to the true distribution. 

We shall see in a subsequent chapter that there is a general method of 
determining the form of D{r) from the observed distribution of stellar 
motions, but its practical application has met with difficulties depending 
on the uncertainty and insufficiency of observational data. Just as we can 
regard the Maxwellian law concerning the distribution of linear velocities 
as a standard of comparison between theoretical considerations and obser- 
vational facts, so in a Bimilar way we can treat an empiiioal law of density. 
There is a farther practical consideration of a different nature. Statistics 
of proper motions, for example, are frequently incomplete so far as the 
smallest values are concerned, and a general discussion of systematic motions 
of stars with proper motions exceeding an assigned miniTnum value is 
invalid unless the space distribution of such stars is, in some way, taken into 
account. With an assumed law of stellar density, even if it is but a first 
approximation, the effect of omitting the smallest proper motions can be 
found. Eor example, the omission of annual proper motions less than 
* Lmi MM. Ser. n, No. 14, 1916. t Ormilmgen PM. No. 47, 1686. 
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0**02 for any part of tha ciky, generally leads, on the two-streams theory, to 
Tallies of the drift Telooities oonqiiononsly greater than the Talnes obtained 
from the analysis of proper motions of all magnitudes. Sudh V>igli Talues are 
not representatiTe of the star-drifts and must be regarded as spurious. Sut 
with the introduotion of a density law, they can be oorrelated with the true 
Telooitjes of the drifts and can serve to give reliable information oonoeming 
the systematio motions of the stars. 

Pther than D{t) s constant, the simplest empiiioal density law is Ihat of 
Seeliger, whose name is associated with the formula 

D{r) = Dor-*, (1) 

in which e is positnrb, and Dg a constant. 

In 1912, Schwarzschild proposed the formula 

Dir) = Dge-^-6)*, ( 2 ) 

in whiohy » logr and Dq, a and 6 are constants. 

In 1913, Dyson suggested the formula 

Dir)=^er^, ( 3 ) 

in which Dg and k are constants. 

The results of his investigation into the motions of the B type stars 
suggested to Charlier the adoption of the formula 

D(r) = DgS-***, (4) 

where, again, Dg and k are constants. 

In this chapter we shall be concerned only with formula (3) and its 
implications. 

7‘21. InveaHgcttion of the peculiar proper motiona. 

In the absence of systematic motion, we shall assume that the proportion 
of stars with linear motions in one coordinate between v and v 4- de is given by 

( 1 ) 

We suppose that, in a particular region of the sky, we can resolve the 
observed proper motions in such a direction that (1) holds. For example, 
on the ellipsoidal theory, if we select a region on the great oirole 
through the vertex of star-streamiog and the solar apex, the motions 
perpendicular to this great drole will be haphazard and in aooordanoe 
with (1). 

If the region subtends a small solid angle S, the element of volume of 
the cone between distances r and r +dr is Sr*dr and the number of stars in 
this volume is St* Dir) dr. 
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Wiitang the number of Ertiars, withizi the cone cmd at distaaoes between r 
and r+df, aef{r)dr, we define /(r) as the linear density. Then 

m = 3f»D{r), 

or, by (3) of the previous section. 


/(r) = Arer*^, (2) 

where A and k are constants. 

Ae a generalisation we shsill take, following Dyson,* 

f{r) => Ar^e-^, (3) 


where A>0. This formula contains two disposable constants A and k, A 
being determinable later in terms of A and ib and the total number, N, of 
stars under consideration. 

Since the total number of stars is 2^, we have from (3) 

N = A j 

or, on putting = y, 

A iizl 


Hence 


2Nk^+^ 

"W) 


(4) 


This formula determines A in terms of N, A and k. 

The number, dN, of stars at distances between r and r+dr and with 
linear velocity components, in the assigned direction, between v and v+dv 
is given by 

dN = -^r^e-^e-^^drdv, (6) 

If r denotes the proper motion (in circular measine) cone^nding to the 
linear velocity v, the units of time for v and r being the same. 


t> = rr, 

and for the stars at distances between r and r+dr, 

dv = rdr. 

Hence the number, dN, of stars with proper motions between r andr+dr 
and at distances between r and r + dr is given by 

Ah 

dN » -^r^+ie-^**+**^drdr. 


* MJT. 73 , 884 ^ 1018 . 
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'Snauning now for Btars with proper motionB between the limits r and 
r+dr for aJl distanoes between 0 and oo, and denotii^ the number so 
obtained by iy(r) dr, we have 

Ah 


N{T)dT ' 




■i 


d/T I 


rl^ 

2 


'jdr 


2Jn' A+S' 


Set 

Then we oan write 


k = ah. 


.( 6 ) 


2f(T)<lr-TO^(l+^ 

where 0 is found, with the help of (4), to be 


-m 


.(7) 


C7 = 



a+2\ 
( 2 / 

pi 



^ 2 ) 


.( 8 ) 


It is to be noted that a is expressed in terms of the same units as t. 

The number of proper motions with numecioal values greater than r 
(r being positive) is, from (7), 




.( 9 ) 


and if we denote the number when t =>Ti by and the number when r = Tg 
by Nt, we oan find from (9) the ratio of Ni to N^. In particular when r is 
large oompared with a, we have, as an approximation, 

. /•«/-\-(A+#) f0D/^\-CA+*) 

= Ti+i:it+i. (10) 

This last relation, (10), oan be used, in oonjunotion with the statistics of 
r, for estimating the value of A and for testing the legitimacy of the assump- 
tion regarding the form of the density function. 


7*22. Applieatum to the T-componmia of the Carrington stare. 

Thft analysis of the previous section is due to Dyson Qoc. cit.). To test the 
formulae he used the proper motions of 3708 stars in Carrington’s Oiroum- 
polar OataJogve, which includes all stars between declinations -i- 81° and 
90° down to the tenth magnitude. For the comparatively small area of 
the sky represented by this catalogue, the parallaotio motion may be taken 
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to be towards the point 0°), and this is also approximately the direotion 

of the Telodty of dziffc I and opposite to the direotion of diifb 11 on the two- 
streams theory. By finding the components^ r, of the observed proper 
motions in the direotion perpendicular to that of the paxallaotio motion, we 
obtain angular motions which are almost completely free from the effects 
of the preferential motions and are consequently of the type to which the 
foregomg analysis can be applied. 

At the outset, the statistios of the r-oomponents were ooireoted for 
accidental error, partly by an empirical process and partly according to 
the method of section 1*81. 

Dyson compared the distribution of the r-components with formula (7) 
of section 7*21, taking dr to be 0''*4 (centennial) and the three values 0-8, 1-0 
and 1-2 of A and diG^nt values for a. He concluded that the observations 
were best satisfied when A « 1-0 and a « l'^-4:7. 

The following table gives the comparison of the observed distribution 
with the theoretical distribution for A « 1-0 and a « 1^-47. 

Table 37 


Number of stars 


Limits of r 


Of 0-0^4 

0- 4r-0-8 
0-8-1-2 
l*2-l-6 

1- 6-20 
2-0-2-4 
2-4-2-8 
2*8-3*2 
8-2-3-6 
8-6-4>0 

40-4-4 

4-4-4-8 

4-8-eo 

eo -80 

8 - 0 - 10-0 

10-0-160 

>16-0 


Observed 


684 

666 

603 

440 

872 

281 

215 

162 

121 

94 

64 

61 

76 

66 

88 

26 

16 


Calculated 


604 

676 

617 

448 

866 

288 

224 

168 

120 

88 

64 

47 

88 

69 

26 

24 

18 


Difference 


+ 30 
-20 
-14 

- 3 
+ 6 

- 7 

- 9 

- 1 
+ 1 
+ 6 

0 

+ 4 

- 7 
+ 7 
+ 7 
+ 1 

- 2 


7 * 23 . Evaihuxtion of k. 

Takmg the function /(r) to be given by (2) and (4) of section 7-21 (A - 1), 


^ liave f(r) = Are-^ (1) 

and A = 2k»N. (2) 


With the paiseo as the unit of distanoe, the paxallajE, p, in seconds of aio is 

1 


88D 


15 
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and the mean parallaz, p, of the etars is given by 


p = 24* J ~re~*^dr = (3) 

or p= 1-7724. (4) 


The mean parallax can be detemuned numerioaUy by means of the v-oom- 
ponents, as explained in section 6-21. Dyson assnmed that the antapex of 
the solar motion is at (6^, — 36°), so that, for the small polar area under oon- 
sideration, the component of the parallaotio motion dne to the solar speed, 
Vq, is along the great circle joining the pole to the point (6>^, 0°). Eor a star 
with parallax, p, the parallaotio centennial motion v in this direction is 


given by 


cos 36° 


4-74v 

10 ^’ 


and inserting Vq as ig-6 km./seo., we obtain 


_ V 

*’“412008 36°' 


The observed value of 17 was found to be l''-41; consequently 


p = 0''-00418. (6) 

IVom (4) and (6) it is found that 

4 = 0-00236. (6) 


From these results the percentage of the Carrington stars at difEerent 
distances or between different limits of parallax are readily calculated; the 
details are shown in the foUowmg table given by Dyson.* 


Table 38 


Dietanoe 

(parseos) 

Parallax 

Peroantage 
of stars 

0-40 

>0^^026 

0-9 

40-100 

0^026 -0^010 

6-0 

100-200 

0-010 -0-006 

16-1 

200-400 

0-006 -0-0026 

40-1 

400-607 

0-0026-0*0016 

31-6 

607-1000 

0-0016-0-0010 

7-1 

>1000 

<0^'0010 

0-3 


Consider again the small polar area treated by Dyson. The coordinates of 
thevertexofpreferentialmotionsare(04°, + 12°) and consequently the great 
drole joining the pole to the solar antapex passes very close to the vertex. 
Consider the components, t;, of proper motion of the stars at the pole resolved 

* M.N. 73 , 842 , 1913 . 
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along thia great oirole; they will ooirespond to the linear peculiar velooities 
giren by the major axis of the velocity ellipse for the polar i^on combined 
^th the parallaotio linear velocity in the same direction. 

We write the velocity ehipse at the pole in the form 
y*u*+AV=I, {g<h). 

The peculiar linear motions in the direction concerned are, by the ellipsoidal 
theory, distributed according to the firequen<y law 

« 

where g is inversely proportional to the major axis of the velocity ellipse for 
the polar region. 

If to is the total linear velocity in the direction we are considering and V 
is the component of the parallaotio motion in this direotdon, 

u => w— F, 

and hence the total linear velocities are distributed according to the fre- 

>•' ( 2 ) 

Since v is the component of proper motion oorrespondiog to w, 

w = vr. (3) 

With the linear density law expressed by (1) and (2) of the previous 
section, the number of stars between distances r and r +dr and with linear 
velocities between w and u; + dw is 

?^re-^e-^'^'^drdw. (4) 

sjTT 

If dN denotes the number of stars at distances between r and r+dr and 
with proper motion components between v and v+dv, (3) and (4) give 

dN = rH->^’*-f^^d/rdv. (5) 

Hence the total number, N{v) du, of stars at all distances with proper motion 
components between t; and t; + dt; is given by 

N{v)dv = dy (6) 

S« : (7) 

and gv = hitaad. (8) 

Then hr = <ios6{x+gVemd), (9) 

gdv = ks/bfflddd, (10) 
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ami (6) becomes 


2N r® 

N{v)dv ^ -^coaddder*^^^ j (x+gVBiB.0)*er^d(e, 


or, on wiitiiig 


T = ^Fsin^, 


Hence, nsing (11), 


N(u)du = ^ oo80£We~**’^|e’^J (a!+T)*6~**<fo| . 

e^J (a!+T)*e-®*d* =: J(l+2r*)fl:^j e~^dx+^ 


N^^d L 


N{v)dv - "de^{^e(r‘^«>^o 


e-^dx 


-OVOsiB 


I (12) 


If ^(0, + 1;) denotes the number of stars mth values of v between 0 n■Tll^ 
+ V, we obtain, from (12), 

■N'(0,+w) = ^sinde-«^«»*«f“ e-^dx (18) 

^ J -aroiie 

sinoe 6 = 0 when v — 0. 

Similarly, the number, N{0, — v), of stars with values of v between 0 and 
— y is given by 

AT rco 

"KTtrk A I ^ 


^(0, -y) = -^siDd6-«*'^«**« e-^dx. 


IgrOaB 


From (18) and (14), 

^(0,y)+J^(0, -v) = jralu5e-»*’^“**» (16) 

SAT /•aFrintf 

and 2r(0,u)-J/^(0, -y) =^sin0e-»**”«*‘®J e-**d* (16) 


Similarly, denoting by N(v,co) and N( — v, — w) the numbers of stars 
with proper motion components between y and oo, and between — y and — oo 
respectively, 

N(v,ao)+N(-v, -co) = N-{N{0,v)+N{0, -y)} (17) 

This last formula gives the number of stars with proper motion com- 
ponents greater numerically thAw y. 

When y is large, 6 is near to ff/2 and, writing 

a = 7rl2-6, (18) 

the number, 21^, of large proper motions (taken regardless of sign) is given 

Ni = 3r{l - cos 
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Heaoe, as a is now supposed small, we have — up to the second older in a — 




(19) 

But, from (8) and (18), 

tana = — , 

9» 


k 

or, with sufficient accuracy, 

(20) 

Hence, (16) becomes 

Nh^ 

(21) 


Similarly, if denotes the difEerenoe between the number of stars with 
large positive proper motions and the number with large negative proper 
motions (the limits being numetioally the same), 

Nf = N(v,co)—N( — v, — oo) 

= N(0,oo)-N(0, -oo)-{N{0,v)-N{0, -w)} (22) 


But from (13) and (14) and from the consideration that 6 = n'/2 when v go 
as deduced from (8), 


^(0,oo) • 


2 Jo 


jV(0, -00) = 


er^dx] 




Hence from (22), using (23), (24) and (16), 

2N 2N 

e^d»-^Bin(9e-fl^«*‘‘» e-^dx, 
•JnJo Jo 

or, with the previous approximation with regard to a, 

rgr 

Also, I er^dx is approximately, since a is small, equal to 

J gVooBti 

er^^gV{l — QOBx) or 

Hence, inserting the value of a given by (20), we obtain 


e~^dx 


= ;^^,{(1 + (26) 

The formulae (21) and (26), which were derived by J^son,*" can be used 
in conjunction with the observationed data. 


* M.N. 73 , 402 , 1918 . 
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7-32 


7*32.' AppSicaUcn to ^ Carrington stars. 

Of the 3736 Caxtington stars used by Dyson in this partionlar investiga- 
tion 87 had values of v greater than 12' per oentuiy and 18 had negative 
values exceeding 12* per oentuiy numerically, so that Ni = 106. Hence, 
from (21) of the previous section. 




•( 1 ) 


Erom (3) of 7-23, 


kV 


Vp 


where p is the mean parallax. 

Also Vp is the parallaotio proper motion which was found to be 1**44 (a 
later value tbRn that used in section 7*23). Hence / 



II 

(2) 

Substituting (2) in (1), we obtain 



- = 2?*01. 

( 3 ) 


9 

But we had from section 7*22 

l-K-a. 

( 4 ) 

Hence, from (3) and (4), 

f = 0*663. 

fh 

(6) 


But g and h are respectively inversely proportional to the axes of the velocity 
ellii>se at the pole. The ratio of the axes of the velocity ellipsoid is given by, 
from formula (10) of section 6*12, 




With the usual position of the vertex, x — bo that, with the help of (6), 

K “ 

a result which may be regarded as in fair agreement with the results based 
on the methods of Chapter v. 


From (2) and (3) 


„ 1*44 1 „ , 


.( 6 ) 


and with this value of gV, we obtain from (13) and (23) of section 7*31 
2^(i;, 00) = ^ . 3*40 {0*60 + 0*37}, 
when V is taken to be a large proper motion. 
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N 

Siimlaily, N{-v, -oo) = 8-40 {0-60 - 0-37}. 

With N = 3736 and u = 12' per oeuttory, 

^(Ujoo) =» 86, Jr( — w, — oo) = 20, 

as oompared with the observed numbers 87 and 18 respectively; the agree- 
ment between theory and observation is thus satis&otory. 

Again, formula (13) of section 7*31 enables ua to oaloulate the number of 
stars with values of v between Vi and ^ 2 , and formula (14) of section 7*31 
is available in the same way for the corresponding negative values of v. 
Before comparing the theoretical and observed distributions, it is first 
necessary to take account of the accidental errors. Instead of correcting 
the observed distribution, Dyson put the effect of the errors into the 
theoretical distribution. Accordingly, in Table 39, “theoretical number” 
implies the number as calculated from the formula, together with the 
effect of accidental error; it is to be oompared with the “ observed number ” 
in the adjoining column. The details for thp Oarrington stars, as given by 
Dyson (loc. oil.), are in Table 39. 


Table 39 


Oeatennial 
proper 
motion (u) 

Theo- 

retioal 

number 

Observed 

number 

Centennial 
proper 
motion (i;) 

Theo- 

retical 

number 

Observed 

number 

1 

V 

16 

18 

+ 3^ to + 4-^ 

304 

257 

-12-'to -8-' 

19 

13 

+ 4 ,, 4 - 6 

201 

182 

- 8 „ -6 

28 

23 

+ 6 „ + 6 

126 

126 

- 6 „ -6 

33 

30 

+ 6 „ + 7 

81 

86 

- 6 » -4 

67 

60 

+ 7 „ + 8 

53 

48 

- 4 „ -3 

104 

91 

+ 8 „ + 9 

86 

34 

- 3 -2 

211 

226 

+ 9 „ + 10 

27 

86 

- 2 -1 

347 

359 

+ 10 „ +12 

34 

39 

*- 1 „ 0 

480 

617 

+ 12 „ +16 

27 

27 

0 „ +1 

663 

674 

+ 16 ,, +20 



+ 1 „ +2 

628 

530 

>+20' 

27 


+ 2 „ +3 

426 

410 





The agreement between the theoretical and observed results is, as Dyson 
remarked, very satisfactory. 

A further test can be applied as follows. The total number, Ar(0, cx)), of 
positive proper motions is given, from 7* 31 (23), by 

moo) = f = f {1+ W)}» 

&(t) being the probability integral.* With the value of ffV given in (6), we 
find that ^(0, oo) = 0*67^^. 

* For nnxaoiioal valuoB of 0(0, Boe Brunt’s TAe OomAincUion of ObaorvatioTU (2nd ed.), 234, 1981. 
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Thus 67 % of the stars hare positive values of v aooording to the theory. 
Table 36 shows that the observed number is 2406, or 64)- %, in good agree- 
ment with the theoietioal value. 


7*33. Bdaiion to ^two-etreams theory. 

The preceding tests have been made with leferenoe to the ellipsoidal 
hypothesis. On the two-stoceams theory the polar region is suoh that the 
direotions of the qieeds of both drift I and drift 11 are given approximately 
by the great oirole joining the pole to the point (6i>, 0°). In this ease, we can 
use formula (21) of seotion 7-31 for each drift, with the proviso that the 
modulus, g, in this formula is to be replaced by h, the modulus in the per- 
pendicular direction. AafniTning that the stars ore equally divided between 
the drifts and that the projections of the space velocities of the drifts on the 
tangent plane at the pole are Vi and V^, the number, of stars belonging 

to drift I with large proper motions (taken regardless of sign) and the 
corresponding number, for drift II ore given by 

Hence, of the N stars formiag the two drifts, the number, Ni, {sNi+Ni), 
will have projwr motions greater numerically than v, where 

Thus with the numerical data corresponding to 7*32 (1), we have 

^{l-hA«(P,+ Tl)} = 2.^.(12)«. 


But, as we have seen, k/h => 1‘47. Hence 


A»F|+A»T1 = 2*76. (1) 

Also, with the stars divided equally between the two drifts, the mean linear 

1*44 

parallactic motion is i(AIt+ Al^), which by 7*32 (2) we see is equal ^ ^ j^^* 

( 2 ) 


O.QQ I 

Hence AFi+AF, = = I'lO- 

Brom (1) and (2), we find that 


AFi=l*68, AF, = -0*48. (3) 

The negative sign associated with AT^ in (3) indicates that the drift 
velocities for the polar region are in opposite directions, as can easily be 
deduced from the coordinates of the apices of the drifts. 
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Eddington’s lesults £rom the analysis'* of the Carrington stars brighter 
than magnitude 8*9 give the numerical values of Wi and to he 1*40 and 
0*36, in fair agreement with the values in (3). It should be added however 
that as the diceotion of the velocity of drift n is approximately 20'’ different 
from the direction of the velocity of drift I for the polar area, exact agree- 
ment could hardly be anticipated. In consequence, the r-components 
treated in section 7*21 include the effect of the velocity of drift n in this 
diceotion, and the theoretical formulae, pertaining to the two-streams 
theory, which we have used cannot be appUed with complete strictness to 
a comparison with the observations. 

7*41. Oeneral iheory. 

We investigate now a general theory f applicable to any region of the sky; 
as we have seen, Dyson’s researches deal with a special region of the sky in 
which the proper motions can be resolved in two directions, one approxi- 
mately free from systematic motions and the other oontaiidng the greater 
part of the systematio motions. 

We consider first a single drift. Suppose that there are N stars m a small 
region subtending a solid angle If F is the projection of the space velocity 

of the drift on the tangent plane at the centre of the region and 6 is the angle 
between the direction of the projected drift velocity and any other diceotion 
in the tangent plane, the number of stars with transverse linear v^ocities 
between w and w+dw and in directions between 6 and d + dd is, by 2*3 (4), 
JVA* 
n 

in which A is the modulus of the drift. 

Denote the star-density by D(r) per unit volume. The element of volume 
of the cone of solid angle 8 between the distances r and r+dr is Br’^dr and 
the number of stars in this volume is 8r^D(r) dr. Of these stars the number 
with transverse linear velocitieB between w and w+dw and in directions 
between 6 aadd+dS is 

—r*Dir) we-W-HVi-ivti-ooBiOird^du;. 

7T 

1£ /I is the proper motion corresponding to to, 

w = r/t. 

Hence the number of stars in the element of volume, at a distance r, with 
proper motions between /i and n+dfi and m dueotions between 6 and d + dd is 

* MJH. 67 . 68 . 1906 . 


t W. M. Smoct, ItJir. 88, 667, 1038; 89. 98, 1928. 
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(i) ThediatributiimofproperfnotionBinanydrreeiiond. 

Let M{ji,6)d/tdd deaote the number of stars in the whole cone with 
proper motions between /i and jn+d/jt and in directions between 6 and 6 + dd. 
Then 

M{n,0) = — ^ j (1) 

w Jo 

We assume that D(r) is given by (3) of section 7*1, but for oonvenienoe we 
s h all write it in the form . 

(2) 

The total number of stars in the cone is given by 

N = Jj5i)(r)r*dr = A8^%e-*^dr, 

from which AS = 2Nh*Tc*. (3) 

Erom (1) and (2), 

M{fi,d) = r"r»e-»'WAMfl+F*-arf/.oo««df (4) 

w Jo ' ' 

Let &■(;**+*») = o*, (6) 

/ F/toos^* 

<*' 

hVuOOBd , . 



Then = (8) 

Let 0{y) = I t-^da. (9) 

j-v 

Expand (®4-y)® under the integral in (8) and make use of the following 
results: 

I" ®e-«*da! = (10) 

J -V 

r ®®e-«*da! = J(?(y)-|ye-v*, (H) 

J — t/ 

j ^e-^dx = (12) 

J —y 

Then, using (3), 

VMM 

= ^=x-/^-*'^[(2y®+3y)e‘^G'(y)+y*+i] (13) 

This formula, combined with (3), gives the distribution of proper Tnnt.inr iB 
in any direction 6. 
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(ii) The mtmber of proper mafAona greater than p in any dArec^/ion 6. 

Let N{ji,6)d6 denote the nmnber of stars 'with proper motioiis between 
p and 00 in diieotionB between 6 and d+dd. Then 

N{p,d) = J M{p, 6) dp. 

h* 

Erom (7), ydy * A*F* ooe*5p-j-^;td/t; 

from this equation and (6) we obtain 

pdp ydy 
a* “A«*»Poos*d* 

Write hV coed = t. 

Then &om (7) we Bee that y = t when p^^QO. 

Erom (13), (14), (16) and (16) we obtain 

W+ 3y*) ^ (i7) 

ITT Jy 

Bot.<diioe ^ = 6-^, 

ay 

we can write the integral in (17) as 

Thus N{p,d) = [T>{Te^(?(T) + J}-y»{yeV(?(y)+ J}]. 

Now Eddington’s function /(«) is given in 2*3 (10) by 

^/(x) = i+xe!^G{x). 

Hence N(p,6) (18) 

Deacribing proper motions which exceed a certain value of as restricted 
proper motions^ we see that ( 1 8) gives rise to the frequency curve of reatrioted 
proper motions and is analogous to the formula for the drift curve derived 
in section 2*3. It is clear that ^ = 0 is an axis of symmetry, as in the drift 
curve. 

Let us suppose now that the drift curve and the frequency curve of the 
restricted proper motions have an axis of symmetry in position angle d^. 

Then, from (16), ^ = AFcos (6-6^, (19) 

in which 6 signifies position an^e. 


,(14) 


(16) 

,(16) 
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^ 

80 that, by (7), y^ifr. (21) 

iFotmnla (20) abows that ij oanaot exceed tmity. Definiog by 

oob(( 9'— dj) = ^oob(^— ^ i), (22) 

'WB have y =» JiFooB(0'— ^i). ..„..(28) 

Introduce the fdnotion 

^(AF,ff-<?i)a«-w^/(T) (24) 

whose values are given in Table 13, pp. 104, 106. Then we have 

NM - ^{0(AF,d-0i)-7W^".<?'-<?i)} (26) 

or, in terms of Eddington’s function, /(r), 

N{ji,e) = (26) 


In any region of the sky we have an equation of the form, (26), for drift I 
and a aiTnilii.r equation for drift n. If the drift constants 
and Al^) are known, we can readily ocdculate the theoretical distribution 
of the restricted proper motions belonging to the two drifts, by means of 
the values of 4>(jk7, 0—6-^ given in Table 13 (pp. 104, 106), for any assumed 
value of the parameter, h, ocouiiing in the density function i)(r). Thus we 
can compare the theoretical distribution (corresponding to a definite value 
of k) of the restricted proper motions with the observed distribution and, if 
the stellar density follows the assumed law, we are then enabled to deduce 
the value of k for the region concerned. It may be anticipated that k is 
likely to vary with galactic latitude. 


7*42 . Approximate formula for N(fi, 6) when kjft is small. 

By 7*41 (20) it is seen that y approaches unity as kjfi tends to zero. Let 


= 1— a. 

(1) 

Then, up to the second order in kjfi. 


k* 

(2) 

“ “ 2/**' 


Also, it is easily found that up to the first order in a 


/(T)-«lV(r) =«{(3 + 2rW-^}. 
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wli6i8/(r) is Eddington’s function; this result can be obtained at once from 
the equations following (6) of section 7'6. We thus derive from 7*41 (26), 



or, in terms of the ^ function, 

"'<'*•«> = 4 ^? 


7*43. A special case of the densiiy fwtuiUon. 

The analysis of section 7*41 brea.ks down when the value of i is zero. 
The density function is then given by 

J5W-7* (1) 

Let^bethenumber of stars within a cone of solid anj^ jS and extending 
to a distance B. Then .j, 

N^A8\rdr, 

o V 

BO that AS’i^-^. (2) 

The formulae (6), (6), (7) and (19) of section 7*41 become 

hn - a, h/zr—T = as, y = r AFoos (3) 

and M{ji,d) is now given by 

ASer>^ ChpR-T 

If E is large we can write the upper limit of the integral as oo, without 
introducing any appreciable error. It is found that 




CF{t) 
/*• ’ 


( 4 ) 


where 0 is independent of F, fi and r and 

F(r) - (T*+|)5S(AF,5-<9i)-^e-*^ (6) 

The number, N{/i,d)d6, of stars with proper motions greats p, m 
position emgles between 6 and d+dd is then given by 


N(ji,e) 


GF(r) 

2/t» • 


( 0 ) 
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7*44. The frnnber of etora in a drift tmih total proper motions greater than fi. 

Lefc B(jt) denote the number of stars in a region of the dry, belonging to a 
drift, with total proper motions exceeding a given value /i. Then 

SOt) = j^N{ji,e)dd 
or, fit>m (26) of section 7*41, 


N 




W = I . W-V*f{T)}^- 


J. 


.( 1 ) 


If pdd is the number of stars moving between position angles 6 and d+d6, 
no resipotion being made on the magnitude of the proper motions, we have, 
from 2’3 (11), V 

pdd = -^e-»^f{T)dd, 

in which r has the signification of the previous sections. Now 



N, 


where N is the total number of stars in the drift. Hence 


/(T)i(? = 2^s»^. (2) 

Similarly, j ^f{7iT)dds j ^f{‘ijhVooBd)dd 

= (3) 

Consequently, fi(/i) = (4) 


7*5. The paeudo-drift ourve of restricted proper moticma. 

It is found that the polar ourve 

p = N{ii,d), (1) 

representing the distribution of the rratricted proper motions in position 
angle, resembles very closely a drift ourve of which the velocity is greater 
than that in the true drift ourve which would have been obtained for the 
same region if no restriction had been placed on the magnitude of the total 
proper motions. The ourve given by (1) is called, in consequence, a pae/udo- 
drift ourve and we denote the pseudo-velocity by As is the position 
angle for the axis of symmetry of the true drift curve, it will also be the 
position an^e of the axis of symmetry of the pseudo-drift ourve, and we 


shall write 


Tj = Al^ooe(d— di). 


■( 2 ) 
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IdentifyiDg the ourve, given by (1), -with, a drift onrve relating to a total 
number, R{n), of stars, we write 


whenoe, using (26) of section 7*41 and (4) of section 7*44, 
1 


(3) 

( 4 ) 


It is to be remembered that (4) is not a true equation, as the sign of equality 
only implies that the function on the left can be represented satisfactorily 
by the drift fanction>on the right in terms of a pseudo-drift velocity, 

The dose approximation of the left-hand side of (4) to a drift curve is 
illustrated by the entries"' in Table 40. 


Table 40 


e-Oi 

A 

B 

e-dx 

A 

B 


403 

4°04 

90® 



mSm 

3*06 

3*96 

100 

0*99 



3-76 

8*78 

110 

0*81 

0*86 


342 

3-37 

120 

0*69 

0*73 

40 

301 

2-94 

130 


0*64 

60 

2-67 

2*61 

140 

0*63 

0*67 

60 

2*13 

212 

160 

0*48 

0*62 

70 

1-76 

1-70 

160 

0*42 

0*49 

80 

1*44 

1-46 

170 

0*41 

0*48 


The entries in the columns A are derived from the left-hand side of (4) 
for a true drift velocity, hV, of 0*6 and for ij == 0*7 (correspondingto A = 2**0 
oentennially and a Tm'Tn'nmTn oentennial proper motion of 2'). In the columns 
B are the values derived from the right-hand side of (4) with Wx »• 0*6. In 
each case the sums for three adjacent 10° sectors are given — ^this conforms 
to the usual practice of smoothing the counts in the 10° sectors. 

A curve based on the entries, A, would evidently be indistinguishable 
from a curve based on the entries B; in other words, the frequency curve of 
the restricted proper motions is practically identical with a true drift curve. 
On analysing the statistics of the restricted proper motions (for which the 
true drift velocity is hV) we associate the curve with a drift curve in which 
the velocity is hV^. Thus we can regard as given by the observations of 
the restricted proper motions and it is then required to derive the true drift 
velocity AF pertaining to an assembly of stars in which there is no restriction 
as to the magnitude of the proper motions. 

Table 41 gives the values of ATx> corresponding to several values of AF and 
of k, when the limiting proper motion is 2* per century. 

* W. M. Smart, M.N. 89, 96, 1628. 
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Table 41. VakteaofWiVntermaofhV andh 







‘ 1 ) (pfflV 
oentniy ) N . 

6-0 

0*5 

1-0 

1-5 

r -0 

0-0 

0-60 

1-10 

1*68 

1*0 

00 

0-66 

1*22 

1*66 

0-6 

0-0 

0*68 

1-25 

1*71 

0-0 

0*0 

0-70 

1-26 

1*78 


Except 'wben i/ is close to unity (ootiespondiag to values of k near zero — or 
to large values of the limiting proper motioii, ft), the entries in this table 
have been derived by means of formula (4). When tf is near unity, this 
formula is unsuitable and we proceed as follows. 

Let 7 = 1— a, 

where a is to be r^;arded as a small quantity. Up to terms* in a*, we have 

f{T)-v*f{VT) - + ( 6 ) 


But 

^/(t) = i+TS’^J e-^da. 

from which 


Inserting these m (6), we obtain 

_ 7 */( 7 t)} = j4a - Bct\ 

where 

4-e-»*»^[(3+2r*)/(T)-^j, 


B = e-»*»^|(3+7T*+2T‘)/(T)-^(2+T*)j 


or, in a form more suitable for computation. 


A = (3+2T«)^(AF,^-(9i)-4:e-*^, 

yTT 

B = (8 + 7T»+2T*)^(AF,^-5i)-4-(2+T*)e-W’. 

In a similar manner we obtain 

l _^* e - WF * 0 -»^ = Fot-Qa*, 

where J* = 2(1+A»F*), (6) 

G= H-6A*F*+2A«F*. 

* Tor the exjMDdanB np to tamu in (fi , «. W. H. Smart, MJS. 89, 97, 1998. 
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Thus (4) becomes 

( 7 ) 


The values of A, B, F and 0 and the values of the function F{hV, ii, r) 
'were found at intervals of 10° or 20° in (d — dj). These latter values are to be 
associated with the corresponding values for a true drift curve with vdiooity 
Wx, so chosen as to give as satisfactory a representation as possible of the 
function F{7i, r). 

In the limit when ^ = 1, (7) reduces to 


(8 + 2 t *) 4>{KV,e-ej) 






.( 8 ) 


This is the form oorrespond- 
rog to )b =■ 0, the density 
function i>(r) being given by 

lig. 47* illustrates the re- 
sults for hV = 0-6. The curve 
A is the true drift curve 
in polar coordinates, 'with 

= 0. Curve B is drawn 
from the entries A of Table 
40 and is the frequency 
curve of the restricted pro- 
per motions (•with <= 2' 
as the limiting centennial 
value) for k » 2-0. It is in- 
distinguishable from a true 
drift curve with velocity 
0-6. Curve C, derived from 
(8), ootiesponds to i = 0-0; 
the differences between this 
curve and a true drift curve 
with velocity 0-70 are so 
small that in praotical apphcations C would be identified with the latter. 



* M.N. 89 , 99 . 1928 . 
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7 * 6 . Teateofihe density formula. 

Thero axe several ways in whioh. the formiilae of the loevious seotionB 
may be tested. la each case we assume that, for a given region of the sky, 
the analysis of all the proper motions, whatever their magnitudes may be, 
into two oonstitnent drifts has been made. We thus know the constants of 
the drifts for the region oonoemed. 

Method (a). 

If the stars are sufficiently numerous we can find the observed numbers 
of stars moving in an assigned sector, say d— 5° to vdth centennial 
proper motions* greater than 2', 3', 4' and so on. !From 7*41 (13) we can 
calculate the corresponding values of M{ji,6) for two or three values of h, 
say O'0, 1-0 and 2*0. If the density law is satisfied, the observed quantities 
should satisfy the theoretioal curve y = M{ji, d), in which 6 is constant, and 
consequently it should be possible to estimate the value of h. The process 
can be repeated for different seotors and it will be seen whether the deduced 
values of 1; are all consistent. This method, however, is hardly practicable 
at present, as, for a satisfactory application, the observational material is 
not yet sufficiently abundant. 

Method (6). 

The frequent^ curves of the restricted proper motions, for a given mini- 
mum value of /t, can be analysed into two pseudo-drift curves. We obtain, 
then, the two pseudo-drift velocities, AT^, for the two drifts. The corre- 
sponding true drift velocities, AF, being known, the data of Table 41 will 
enable us to find the appropriate value of k for each drift. Bepeating the 
process for a new minimum value of /t, we ought to find again the same values 
of k. The method suffers from the same defect as (a), namely, the present 
inadequacy of the observational material. 

Method (c). 

In this method, whioh is at present the most practioable of the three, we 
find the total number of stars in the region with proper motions exceeding 
a given value of n. If R{ji) denotes this number, we have 

Bji) = 

in whioh and i2, are each given by 7*44 (4) in terms of the total numbers 

and of stars in the true drifts and of the corresponding true drift 
velocities. For a given value of k, we can then draw the curve 

y = 

for values of /», say, 2', 3', 4', .... 


* These shonld flist be ooneoted for aoeidental eiroEB. 
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- Fig. 48 shows two such ouTTes'* oaloulated for k = 0 and k » 1’6, the 
velooities of the true drifts heiug 1'6 sjid 0*7. In. eaoh ourre.the number of 
stars oorresponding to /i = 2* has been tetiken arbitrarily to be 60. The 
corves are well separated and, if the observational data are in accordance 
with the theoretical oonsiderationB on which the method is based, it ought 
to be possible to estimate k for a given region to within 0*2 or so. 



The method was applied to the Cambridge proper motions {loc. cit.) with 
2* per century as the minimum proper motion. A positive result of the in- 
vestigation — ^the observational material was comparatively meagre — ^was 
that k increased with galactic latitude. Since, by a modification of 7*23 (3) 
in accordance with the change of notation in section 7-41, the mean parallax: 
p is ‘sjnkk, this result is in accordance with the observed fact that the mean 
pfl.rA.llft.Tep of the stars within a given range of magnitude increase with 
gfl.lfl.nt.in latitude. It was also estimated that, for galactic latitudes 0**, 30° 
' and 60°, k hewi the values of 0*3, 1*0 and 1*6 approximately. According to 
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■these lesnlts the meen parallax inoreaseB at a greater rate than that in- 
dicated by investigationa based on the methods of Chapter Yi. 

When the limifiTig value of is large, the value of to be used in the 
formula for B(/t) is close to unily and the relation between the true drift 
vdocity and the pseudo-drift velocity is the same as if 1; were dose to zero 
in the entries of Table 4 1 . From this point of view, Dyson’s proper motions,* 
exceediog 20' per century, have been re-analysed.! Brom the values of the 
pseudo-drift velodties, the true drift velodties were deduced in the manner 
already described. As the coordinates of the drift apices may be assumed 
Imown, the space vdodties of the drifts can be readily calculated and these 
were found to be in good agreement with the values derived by the methods, 
of Chapter iv. 

7*71. TJU density leiw and tAeeUipsoidcU hypothesis. 

We now undertake a paralld investigation on! the basis of the ellipsoidal 
hypothesis. Let the equation of the velodty ellipse for a given region with 
N stars be = 1. 

Then the number of stars with transverse hnear vdodties between {u, v) 

ir 

and, consequently, the number within these limits of velodty in the 
volume-element 8i^dr of the cone, defined by the region, is 

It 

Let 17, V be the components of the parallactic motion and w the resultant 
transverse linear velodty making an angle with the u-axis. Then 

u = wooed— U, v^wsmd—V. 

Also dudv = wdwdd. 

Let M{fi,6)d/tdd denote, as before, the number of total proper motions 
between p aadp+dp in the sector 6 to6+dj6. Since w r/t, we obtain, on 

writing ^ for D(f), 

^(P,d) " 4^ M r"f8g-»*fcM-®«(r^oos«-D)»-»«<r^.8ln9-F)*dr 

It 

I* 

It Jo 

* Proo. Boy. Boc. JMin, 38, pt. iii, 231, 1908. 

t Mjr. 89, 101, 1928. For farther ap^oatioiu of the method, «. MJT. 89, 147, 1928; 90, 112, 
1929. 

t W. M. Smut, Mjr. 89, 105, 1928. 
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^h«*e a* = A***+^*(^*oofl*d+A*8ia*^), (1) 

6 ='/t(?*I7oo85+A*Fsiii^), (2) 

0* = ^»?7«+A>F». (8) 

Write a"^’ ar-aj+y. (4) 

Then (*+y)*e-®'<fa!. 

Using the lesnlts of section 7'41, we have 

and M(ji,e) = ^^^^«-^[(2y»+3y)e»*G‘(y)+y*+ 1 ] ( 5 ) 

This equation determines the function 


Let N{j/,,d)dB denote the number of proper motions exceeding /» in the 


sector d to d+dd. Then 

2V(/t,d) = J Miji,e)dji. 

(6) 

Now 

, _ 6* ^ /t*(y*U oosd+A*F sind)* 
a* +/ 4 * oos*^ + A* sin* 6) * 


Put 

a* «= y*oo8*d+/i*8in*d. 

(7) 


/3 =, g^U ooBd+h*V sind. 

(8) 

Then 

« 

“A*ifc«+aV’ 

(») 

fix}m which 

a* 

(10) 

Prom (5), (6) and (10), we obtain 



“ ^«~^/]|‘[(V+8y»)e«^G(y)+y>+y]dy, 

where = fija, corresponding to /t = oo. 

The integral on the right has been evaluated in section 7*41. We 
obtain, in terms of Eddington’s function, 


N{it,d) 


2a*-0r 



gy 

A*A;*+ay 



( 11 ) 


This last equation gives the distribution of the restricted proper m o t io ns 
in position angle. It can be readily verified that (11) reduces to 7*41 (26) 
when g is put equal to h — ^the distribution is then that of a ainglA ilrjft. 
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7 * 72 . Tjmitingea8efof‘klft-*-0. 

Begaid kj/i SiS a smaJl quantity. Ilrom (9) of the preyious section, 

, fi 

^ a 2ii*a?' 

where denotes the value of ^ when y ^ • Consequently, 

' ’ 


( 1 ) 


Also, 

After some reduction, we obtain, from (11) of section 7*71, 

« 

which may be written N(ji,d) «■ (3) 

M’ 

where (7 is a constant for the region. 

This is a similaj result to that in 7*42 (6). 

7*73. The number ofetara in the region toWi total proper motione exceeding /t. 

As before, let Riji) denote the number of stars in the region with total 
proper motions greater than /t in all position angles. Then 

<■) 

Let pdB be the number of stars in the region with total proper motions 

between 0 and oo in the sector 6 to d+dd. Then 

p = jV(0,oo), 

and from (11) of section 7*71 we have, putting /( = 0 in this formula, 


^ 2^71 a*^\aj’ 

r2w 
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Hence 


(2) 

where 

C* = p*U®+A*F». 

( 3 ) 

Consider now the second integral on the right of (1) and denote it by I. 
Wntmg A* for , we have, smoe 

Uf 


a® => y® cos® A® sin® 

( 4 ) 


-4* = — Bin*0 

P* 



aQ‘»+(H®-(?®)sin®0, 


or 

A® = fl«oos*0+H*sin®0, 

(6) 

where 

<3® = ri ^ “ *•+— i". 

(6) 


Comparing (4) and (6), we see that A* and a* are analogons fonotionB of 6. 
Also, from 7'71 (9), 

.(7) 


y ^2» 


in which = g^U oosd+A*F sin0 

s(3‘*?7iOO80+J?«FiSin0sS, (8) 

where €PUi = g^V, H*Fi = A«F. (9) 

From (7) and (8), we have 

in which B and A are functions of 6 analogous to fi and a. 

We can now write down the value of I, by means of (2); the result is 


j 2^j7r gt 

where C is analogous to c and is given by 

a» = G>Vl+H^Vl. 

Using (6) and (9), we find that 

, ft®* 

1 + ■« 1 H — ; 

g^ffi /t* 

We have now from (1), with the help of (2) and (10), 


.( 10 ) 

.( 11 ) 

.( 12 ) 


r»/..\ TIT 


( -i g^ 



248 The Sjpace Dietribvtion of the Stare 7*78 

or, wrLtiiig ^ " A’ 



Tho valne of i2(/t) can be obtained from (16) when e (the ratio of the axes in 
tl^ vdodtjr eUipse) and gU, hV are known from the analysis of all the stars 
in the region, without restiiotion as to the magnitude of the proper motions, 
following the method of Chapter v. 


7*81 . Comparison of B(ji) as obtained from the dUpsoidal and two-streams 
theories. 

The following table* shows the values of Bi/t), as oaloulated on the two 
theories, for a iypioal region; E. denotes “ellipsoidal theory” and T.S. 
“two-streams theory”; and k are expressed in centennial measure; it is 
assumed that S{ji) » 100 for /{ = 2' in eaoh instance. 

Table 42. Values of B(fi) 


H 

ib = 

2^r0 


l^O 

ib = 

0^5 

ib = 

O^'O 

H 

E. 

T.S. 

E. 

T.S. 

E. 


E. 

T.S. 

r 


100 

100 

100 

Kl 

100 

100 

100 

4 

64-4 

58*6 

34-7 

34-3 


27-3 

26-0 

26-0 

6 


20*2 

17-0 

16-3 

hei 

12-6 

11-1 

11-1 

8 

19*2 

18*4 

9-8 

9-4 

■m 

7-1 

6-2 

6-2 


Within the range of /i considered in the table, the two formulae for B(jt) 
lead to very much the same numerioal results, and it is hardly likely that the 
values of B(/i) obtained from actual counts of observed proper motions 
would be able to differentiate between the two theories. If we continue our 
calculations for limiting values of jt> 8', the agreement between the pairs of 
oolumns would become more exact, sinoe, in the limit as kj/t-*- 0, the two 
expressions for B(/i) are of the same form, namely 0//i\ 

It may be concluded that the frequency distribution of restricted proi>6r 
motions is practically identioal in the two theories. 

7*82. An approximate relation between the dUpsoidcd and the two-streams 
constants. 

In the preceding section we have seen that if klfi is small the two expres- 
sions for i2(^) derived on the ellipsoidal and two-streams theories may be 
taken to be identioal. 


* MJi. 89 . 112 , 1928 . 
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Taking the eUipeoidal fonutila for as in 7'73 (Id), and writing it in 
^ ^ NO— Pe-«), 

we find, up to the second order in kl/$ (whioh we regard as a small qnantity), 


Wk^ 


sothat -BC»)=^{2A«(Z7«+F») + l+i]. (1) 

On the two-streams theory, 

P(;t) - J?i0»)+22,(;t), 

where refers to drift I with constants N^, Wy, and BJji) to drift n with 

constants Now 

Riin) “ ^{ 1 — 

Write a = 1 — 9 (since hf/n is small, ^ is a little less than unity); then 


H ib> 

(/**+*»)*“ 2/t» 

and, with the same approximation as before and using 7-5 (6), 

^(/*)“^(1+W1). 

Assuming that the two drifts contain equal numbers of stars, we have 


+ ( 2 ) 

Equating (1) and (2), we obtain 

l+A«F?+h*Fl-2A*(17* + F*). (8) 


Now A(I7*-|-F*)* is the transverse paraUaotio motion, for the region 
concerned, in terms of the theoretical unit 1/h, so that if ATq denotes the 
solar motion and A the angular distance of the region from the solar antapex, 

A(17«-|-F*)* = hFoBinA. 

Accordingly, (3) becomes 

i = H-A*F;-l-A«Fl-2A*F|jsin*A. (4) 


This equation enables us to calculate the ratio of the axes of the velocity 
ellipse when the drift velocities and the solar motion are known. 
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. Ooturidwing the region dieouased in section 5*32, we have 

AFisl*5, Ap;»0*8. 

From the complete analysis* of eight regions of which the preceding region 
is one, » 0*88, and from the given position of the solar apex it is found 
that A = 120° for the region under consideration. Inserting these numerical 
values in (4), we derive 

e5|=>0*6L 
. A 

The analysis, in section 6*32, of the propmr motions in the same region gave 

e = 0*63. 

Thetworesults, obtained by widely different methods, are m good agreement. 
* W. M. Smart, MJf. 87, 187, 1926. 



CHAPTER Vm 


QENEBAL THEOREMS OF STELLAB STATISTICS 
8*11. Introdfiustion. 

la previoiiB chapters we have dealt with several types of investigatioas 
by Tna.king in each an initial assumption oonoemiDg the law goveocning the 
distribution of a partLoular oharaoteristio amongst the stars; by following 
out the implications of such an assumption we have been able to compare 
theoretical conclusions with observed facts. If there is reasonable agreement 
between theory and observation, we are entitled to affirm that the original 
assumption is likely to be of the character of a fundamental law or, at least, 
a good approximation to an actual law. For example, we have studied the 
unplioations of the ellipsoidal distribution of peculiar velocities and have 
shown that the observed features of stellar motions support the original 
assumption. A statement of the same character may be made equally well 
as regards the two-streams theory. But the true frequency fimotion of 
peculiar velocities cannot be represented exactly by both theoretical dis- 
tributions and aU we conclude is that the true distribution can be imitated 
very successfully by either of the two theories. 

In this chapter we invert, to a large extent, the procedure just outlined 
and we show how it is possible to deduce from observation certain frequency 
functions* associated with various oharacteristios of the stars. 

We have to distinguish between an observed or apparent oharaoteiistic 
of a star and the real or abaolvie oharaoteristio. The apparent brightness of 
a star, for example, depends on the star’s intrinsic luminosity and on its 
distance from us. We assume at first that interstellar space is perfectly 
transparent; in later sections we consider the effects of a galactic absorbing 
medium. We can obtain from observation the distribution of apparent 
luminosities, but this does not represent something of fundamental import- 
ance. What is of importance to an understanding of the stellar system is the 
manner in which the stars are arranged according to intrinsic luminosity. 
This is but one example. 

8*12. Two fundamental theorema. 

Consider an absolute oharaoteristio X; this may be absolute magnitude 
or intrinsic luminosity or peculiar linear velocity (the latter being supposed 
here to be independent of position in the galaxy). We denote by x the oorre- 

* Most of thoBO in BeotionB 8*l-8*3 ore due to Sohwaizfloluld {A.N. 190, 861, 1012). 
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spondmg apparent dharaoteocistio (appaient magnitude or apparent lumino- 
mty or proper motion). If r denotes the distance of a star firom the sun (we 
shall generalfy’ measurer in parsecs), we have that sis a function of X and 
r, that is. 


and inversely. 


■/(■2f,f), 
■ F{x,r). 


•( 1 ) 


We shall suppose that ^(X) is the frequency function of X, so that the 
proportion of stars with the oharaoteristio X between X and X+dX is 
^(X)dX; consequently, if Xi and X, are the limiting values of X for the 
assembly of stars conoemed, 

^^‘^(X)dX^l. (2) 


j: 


Let 2)(r) be the density frnotion. If a small region of the sky subtends a 
solid angle 8, the element of volume of the cone with generators passing 
throng the periphery of the region is iSfr*dr and the number of stare in this 
element of volume is 8r*D{r) dr 

Of these stars, the number with the absolute oharaoteristio between X 
and X+dX is 8t*D(r) ^(X)drdX, 

and these will be observed to have the apparent oharaoteristio between x 
and x+dx. 

Also, for the element of volume considered, r may be regarded as constant ; 

drdXs^P^drdx = ^drdx. 
d{r,x) ox 

Consequently, the number of stsire in the cone at distances between r and 
r+dr, and with apparent oharaoteristios between x and a; + dx, is 


ax 


dNdxs8r*D{r) ^{X)^drdx, 

OX 


.(3) 


in which X is expressed as a function of r and x by means of (1). 

Let now b{x) dx denote the total number of stars within the cone with the 
apparent oharaoteristio between x and x+dx. Then the function b(x) is 
given by summing the expression on the ri^t of (3) for all values of r 
between 0 and oo; hence 

rao aif 

6(») = AfJ^f>i)(r)«S(X)^dr. (4) 

This is the first theorem. 
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liOt p{x) denote the mean paiaJlaz of atafs with the appaient ohaiaoter- 
utioas. D efinin g the paraJlaig. p. of a aingle atar by 1 j/r an that, «m «■ ia wiftAa mWI 
in paiseos, p will be given in seconds of arc, we have from (8) 


whence 




p{x) 





or 6(») •!>(*) “ S ^(Z) ||dr. («) 

This is the second theorem. 

If the fonotionB b{x) and p{x) can be determined from the observations, 
(4) and (6) axe two integral equations from which the functions D{r) and 
^(Z) can theoretically be determined. 

We can extend the previous procedure to the case when ^ is a fimetion 
of two (or more) absolute oharaoteristios Z^, Z,. Then if 6(xi,a^)da;jda;, 
denotes the number of stars with apparent charaoteristioB between Xi and 
Xj^+dxj^, and between x^ and +dx^, it is clear that &(xi, x,) will be given by 


= 5 JJf»D(r)95(Zi,Z,)^.|^*dr (7) 

in which Z^ is supposed to be expressed ia terms of r and x^, and Z, in terms 
of r and x,. There is an equation, similaT to (5), giving the mean parallax 
function p(xi, x,). 


8*13. Apparent amdcAa6l/wtehm,itu>siiiea, 

Let L and I denote the absolute and apparent luminosities of a star. We 
define the former as the luminosity the star would appear to have if it were 
at unit distance (r » 1). Then, since the apparent brightness of a star varies 
inversely as the square of the distance, 

L = lr\ (1) 

In (4) and (6) of section 8* 12, Z and x are to be replaced by L and I respec- 
tively. Also 

as 

91 ‘ 

Hence 6(1) = 5 J f*D{r)^{lr*)dr (2) 

a(l)a6(l).p(l) = S t»D{r)4>(Vr*)dr. 


and 


( 3 ) 
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In thfiae formiilae we hawe explicitly aesnmed that a Amotion, ^{L), of 
Jihe absolute Imninoaities, independent of r, exists for the stars oonoemed. 
In praotioe we associate a fdnotion ^ with each of the vaiions speotral 
divisions (or subdivisions] in the Hertzsprang-Bussell diagram, distin- 
gnishiog between giants and the stars of the main series. 


8*14. The total apparent hrightneaa in amy region of the ahy. 


Considering stars of a single speotral division, 
osity, Z, is given by pm 


the mean absolute lumin- 
( 1 ) 


If we assume that the mean absolute luminosity of the stars in the element 
of volume, iSfr*dr,ofthe cone is given by (1), these stars will have an apparent 
iTuniaosity £/r* on the average. As the number of stars in the volume-element 
is 3D{r)r*dr, the total apparent luminosily arising from these stars is 
LSD(r)dr. 

We then have for the total apparent luminosity. A, for the region 

A = 15 f “D(r)dr, 
jo 

equivalent to the brightness of a single star of apparent magnitude 
— 2*6 Log A, assuming that zero apparent magnitude oorresponds to 2 <=* 1. 
The stars of the other speotral divisions famish HiTni1ii.r results. 


8*15. Apparent and olaokaemagnitudea. 

The absolute magnitude, M, of a star is given in section 1*24 in terms of 
the apparent magnitude m and parallax p by 

M ^m+S+Sliogp. (1) 

M is thus defined in terms of the standard distance of 10 parsecs. 

We write, for oonvenienoe, 

Afi = Jf-6, (2) 

so that Ml is defined in terms of the standard distance of 1 parsec, 

Ml = m+6Logp. (3) 

.la this formula the base of the logarithm is 10. 

We shall refer to in this connection as the modified abadhUe magnitude. 
Also, with r measured in parsecs, we havep = 1/r, and so 

Afi = »»— 6Logr. (4) 

Let denote the frequency function of the modified absolute magni- 

tudes. Itom (4), 

dm ~ 
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Hence, 

6(nt) ^ J »^-D(r) — 6 Logr) dr 

(6) 

and 

6(«»).2>(m) =s jSf f r2)(r)^(i»— 6Logf)<2r. 

(8) 

In these formulae, 6(m) is the number and p(m) is the mean parallax^ of 
stars of apj>arent magnitude m. 

We write p=>—6 Logr, 

so that r = (7) 

where c =» ^log, 10 = 0*4605. (8) 

Then 

b(m) J D{e-^P) +/)) ip, 

(9) 


b{m) .p{m) = c/S J e~*‘s J[){(Br*p) ^m-¥p)dp. 

(10) 

or, on setting 

A {p) a cSe-*>s D{er‘P), 

(11) 


b(m) «= J A{p)^(m+p) dp. 

(12) 


a(m) a 6(m) . p{m) = f epPA (p) + p) dp. 

J —00 

(13) 


If the fiiaotioiiB b{m) and a{m) oan be derived from observations, the 
funotions A{p) and ^(m+p) oan theoretioaJly be found by means of (12) 
and (13). 


8*16. Linear vdocity and proper Tnotion. 

Let T denote the transverse linear velocity of a star in a given r^on and 
/I the oorresponding total annual proper motion. Then 

T = /tr. (1) 

With r measured in parsecs and /i in seconds of arc, T will be measured 
in terms of the unit k or 4*74 km./sec. Here T and ft correspond to the 
characteristics X and z. 

Let ^T) be the frequency function of the linear velocities. Then by (4) 


and (6) of section 8*12, 

b{ft) = sj^ i*I>(r)^{/M‘)dr, (2) 

a(fi)sb(fi).p{/i)- r* D{r)fijur)drt (3) 


in which b{fi) and p{ji) are respectively the number and mean parallax of 
stars with pro]^ motion ft. 
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Set r = er and ft = e*. (4) 

Then (2) becomes 

- /sj D{ee)fifir+‘)dp, (6) 

and setting 8e^D{ei>) » Ajilp)^ (6) 

= ^^i(p+a), (7) 

the fotmiila (6) becomes 

&(/t)s&i(a) « J Ajlip)^jllfi+(i)dp. (8) 

Similiurly, 

. a{p)sai{pt) = b{jt).p(ji)=\ e-i‘Aj(j>)ilri{p+(t)dp (9) 

J «-oo 


The foimalae (8) and (9) aie integral equations from which the functions 
Axip) and l^i(p+a) can be detarmined when the functions h(ft) and a(/() 
have been obtained from observations. 

8*17. The number and mean pamttaa of stare of magnitude m etnd proper 
motion p. 

Denote, as before, the frequency function of the modified absolute magni- 
tudes by and the frequency function of the linear velocities by ^(T). 

Let h{m,p)dmdp be the number of stars with apparent magnitudes 
between m and m+dm and proper motions between p and p+dp. Then, 
asBuming that there is no correlation between and T, we have 

r* flW 37* 

h{m,p)dm.dp ® f*J^i*)^{^ii-^^^T)^dpdr, 


whence 6(»n,/») = /Sj^ r*D(r)^(»»-6Logr)iif(/Br)dr. (1) 

Similarly, the mean parallax p(m,p) is given by 

a{m,p)sb{m,p).p{m,p) <=* sj^ r*l)(r)^(m-SLogr)^{pr)dr, (2) 

Setting r =» e-^r, 

where e a> 0*4606 as in 8*15 (8), 

and oSe-*>fiD{e-^r)^{per«p) = Ai{p,p), (3) 

we have &(♦»,/*) = J Ai(p,p)^(m+p)dp (4) 

and Hm,p).p{m,p)=^ j ^ef>PAi(p,p)^{m+p)dp. (6) 
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8*18. The meem proper moikM of stars of appairenitmiigri^udem. 

From the preceding section, the number of stars with a given assigned 
apparent magnitude m and with proper motions between p and p+d/t is 
proportional to dp, and, if p{m) denotes the mean proper motion of 

all stars of apparent magnitude m, we have 


^00 

\pb{m,p)dp 

J b(m,p)dp 


From 8*17 (1), this formula becomes 


J 5Logr)|J ^(ju’)pdp dr 


/•oO — * 

,J — 5Logr)ir ^(;tr)(2/t|dr 

or, on the assumption that the freqnen(y function of the hneac velocities T 
is independent of r, , 

f*rD(r)^(i»-6Logr)dr {'^Tf(T)dT 

/*(”») = • 

r i*D{x)^(m-liJjogr)dr\ \lr(T)dT 

But [“‘T^{T)dT - T f V(2’)d3’, 

Jo Jo 

where T is the mean transverse linear velodtj. From (6) and (6) of section 
8-15 we obtain . T, (1) 

where p(m) is the mean parallaz of stars of apparent magnitude tn. 

As (1) holds for each small range of magnitude, we obtain 

(2) 

where p and p denote the mean proper motion and parallaz of stars within 
any given magnitude range. 

From (1), b(m) .p(m) = b(m) .p(m) . T. 

Hence, foom (13) and (12) of section 8*16, 

b{m) .p{m) = 3* j e!‘PA(fi)^(m-^p)dp (8) 

J —00 

and 6(m)=J A{p)i^{m+p)dp. (4) 

If the fonotions 6(m) and p(m) are obtained foom observations and if we 
suppose that T can be found for the given region, say from a representative 


SSD 
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ntudber of staxa of known parallaz, the formulae (3) and (4) are two int^ral 
equations from whioh the fonotions A(p) and ^{tn+p) oan theoretioally be 
obtained. 

8*21. The Fourier integrdla. 

We begin with the wdl-known doable integral 

/(*) = ^ (mfi(x-a)da, (1) 

where the fanotion/(a;) satisfies ]>iiioblet’s conditions* and 

f{x)dx 


is absolntdy oonvergent. 
We write (1) as 


i: 


= oosy9»|J /((*)oosyffada|d^+^J sm;?®|J f{a)emfiado^dfi 

/(*) = P(/?)oos^a!dy?+J^ (2) 

P{B) = - f /(a) ooeBctda 

TTJ 

" • • 

Q{fi) = - I /(«) exafictdct 
nj 


ot 


where 


(3) 


From (2), 


fix) = (4) 


Let 2F(/?) = P(/?)+»W)- 

Then, by (3) and (5), P(/?) = —j /(a) eff^dx. 

Also, firom (3), P( -fi) « P(/3) and Qi-fi) = - Q(^). 
Hence 2P( -yS) = P(^) - 

But, from (4), /(a!)=J Fi—fi)e*f^dfi+^ P(/J)e“*^d/?, 

firom whioh, on writing — for in the first integral, 

or /(*) = I* Fifi^e^dfi. 

J —00 


.(6) 

.( 6 ) 


•(7) 


* Wbititaker and Watson, Jfodam Anatym (4th Edii.)» pp. 168-107, 1027. 
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The integrals (®) 

and /(»)=!" J'Of)e-*/'*dyff (9) 


are the Fourier integrals and we describe / and F as conjugate functions. 


8*22. The integrtA equations. 

The principal formulae of sections 8*15, 8'16, 8-17 and 8*18 can all be 
summarised in the following two forms: 


J^{p)<l>{pii+p)dp, 

a(z)=\ ^PA(p)^(x+p)dp. 

J —00 


(1) 

.(i) 


In (2). 


k:=e for 8-16 (13), 

= for 8-16(0), 
k = c for 8-17 (6), 
k<=o for 8-18(3). 

We indicate by an asterisk the Fourier function which is conjugate 
to a given function. In this notation, the formulae (8) and (0) of the previous 

section are „ 1 f® . , 

/*(/?) = 


/(») = J"y*(/?)e-^>»-dyff. 


-W 


In general, the formulae (1) and (2) are such that the functions b{x) and 
a(x) may be supposed given by observation. The problem is to solve these 
equations so as to derive the functions A and The solutions were first 
effected by Schwarzschildt by means of the Fourier integrals. 

We first consider the case when b{x) and ^(a;) are known and it is required 
to find A(z). 

8-23. SdtOion of the integral equations, IM fwncUons b{x), or a{x), and ^(*) 


It is clear that the integrad equation involving a{x) is of the same type, in 
thin case, ae the equation involving b(x) ; we consider only the latter. 

Multiply (l)of section 8-22 by e*“®da;andintegrate between — ooand -(-(X). 

Then /•« /•« ^ , 

b(x)e*>^dx=\ A{p)^(x-\-p)€f^dxdp 

J-oo J-«oJ-oo 

= j*" ri(p)e^^dpj* ^{x+p)e***i^f'>dx (1) 

t AJU. 186, 81, 1810. See olao Cherlier, Lund Mtdd. Ser. n. No. 8, lOlS. 
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la the second integral on the right-hand side, let a; +P a, bo that for a 
given value of p it can he 'written 


/: 




which is equivalent, by 8*22 (3), to 

Also, by 8*22 (3), J A(p)e'^i’dp — 2trA*{—<i>) (2) 

and J b(x)e^dx’= 2nb*(w). (3) 

Hence (1) leads to &*(<») = 2nA*( — o)) (4) 

Similarly, 6*(— w) = 2vJ*(<a)^*(— w). > (5) 

How, by 8*22(4), A(x) = j A*(a>)e~*^d<o, 
whmoe, by (6), ^ 

" <*> 


Since b{(i)) and ^{a) are presumed known, 'the conjugate fonctionB 6*(<i>) 
and ^*(< 0 ) can be obtained; formula (6) then gives A{x), from which the 
density fimction Z>(a;) is easily deduced. An ezample of the process will be 
given later, in section 8*33. 


8*24. General s6haimof1hetux>irUegral equations. 

We assume that the fimotions b(x) and a(a;) are obtained from observations 
and it is required to find the functions A{x) and ^{x). 

Oonsider a(ai) = f ^PA(j))^{x+p)dp. (1) 

J —00 

Multiply by e**^dx and mtegrate between — oo and + oo. Then 

r a{x)e*^dx^\ e'**ri*pA{p)dp\ e*^i‘'>^{x-\-p)dx. 

J— CO J — CO J— CO 

Hence 2na*{<i)) = f 

J —00 

Hence o*(<u) = 2»r^*(<w) (2) 

Similarly, a*{—<i))<=2rr4>*(—<^)A*{p>—ih). (3) 

In deriving 'these rdations 'we ore assuming that the Courier integrals hold 
for complex values of the argument. 
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Bnt firom 8*28 (5), 

b*(-<o) - 2wJ*(6))^*(-w). 

Henoe, flliininating -(o) between (8) and (4), we derive 

tifc) ** 

Let ei)=itJb(f+l). 


Then 
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(4) 

.( 6 ) 

( 0 ) 

(7) 


Since b(x) and a(x) are supposed to be known fonotiona, the ooireqMjnding 
ooojugateftinotionB oanbedetennined. Thus, the right-hand side is a known 
fiinotion of | and we shall write it in the fonn e^. Similarly, let 


A*(iH) = ( 8 ) 

Then (7) beoomes (?(f + 1) - <3'(£) =■ (9) 


This is a funotional difieorenoe equation, the solution of which giyes us 
The function A{j^) is then given by 





(10) 


This constitutes the formal solution of the problem. 


8*26. Sohaion of the difference expiation. 

A particular solution of the difiterenoe equation 




(1) 

can be written as 


(2) 

for then 

•-1 

(8) 

and (1) is verified. It is assumed that the series in (2) and (8) are uniformly 
convergent. 

It is to be noted that the most general solution will contain periodic 
terms of period unity; for such termsf 


<3'i(£+l)-G'i(f)-0. 


Hence 

Om = i F{i+e) 

9^0 

(4) 

is a solution of (1). 

t A simple example Is Oi{0 5 sin 2w(, 
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The seiieB in (2) can be ecq^reesed ae a dosed expression as follows. 
Oonddeir the integral- 

I = ^J^^^(*+o{»root7rC-i)df. (6) 


taJien, in the first instance, over the contour C^, consisting of the imaginary 
ftTifl between +tii^ and —Ut^ and the semicirde of radius Sn, where 
n<i^<n+l (Kg. 49). Now 


1 +J_+. ' 

' f* . 1 ” 1 




+ 


jrootjr^— ■= 

b- 


( 6 ) 

(7) 


*iRn 



Fig. 49 


Consider (7). The poles within the contour 
are at a: 1, 2, 3, ... » and the oorresponding 
residues are J'(«+l), F{z + 2), J'(z+3), ... 
JPiz + n). Hence by Ch>uchy’s residue theorem 

<*> 

for all positiTe integral values of a, and 

(») 

acoording as « is one of the positive integers 
1, 2, 3, ... norass>». 

For a semiciroular contour C of infinite 
radius, we can write 




and it follows from (8) and (9) that 


J= 2F(z+s). 




.( 11 ) 


AminTyiiTig that F(^-^0 as ^-»-ao suffidently rapidly for the integral 
in (10) along the semicircular aro to vanish, we have 

L-r 


+<00 


Hence, from (6) and (11), 
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BO that, from (S), 

Q(z+ 1) = 1 (12) 

This is the leqniied solution. Pormula (12), or its equivalent, appears to 
have been given first by SehTrarzBohild.* 

The general solution of the problem, as represented by (3) or (12), has up 
to the present been outside the possibility of praotioal applioation. This has 
been due, in great part, to the insuffioienoy of accurate observational 
material. So far as the author is aware, the only attempt to apjdy the 
Fourier solution of the integral equation to actual astronomical statistics 
wu made by Eddington.t 


8*31. ITAe dtafri&ttfiono/ apparent mopniihufes /or conatonldena%. 

We assTi'nie that the absolute magnitudes are distributed in accordance 
with a frequency fonotion which is independent of distance from the 
sun. 

From 8*16(5) we have 

6(»») = 5j r*i)(f)^(m— 6 Log r) dr, 
or, putting r = e~*^, 

where c is defined by 8*16 (8), and setting D{r) » K, 

b(m) «= o8K j ^{m+p) dp. 

Write m+p = x. Then 

6(t») = eSJSe?°^ J ^(x) dx. 

The integral on the right is a constant and we have 

6(«») = 4e**", (1) 

in which .d is a constant. 

Let B(m) denote the number of stars brighter than apparent magnitude m. 
Then 

B{m) = J b{m) dm 


JB(m) = -e»«». 


Similarly, if B{m + 1 ) is the number of stars brighter than apparent magni- 
tude (m+1), . 

5(m+l) = ^e«»H-W. (8) 

tSC 


* AJf. 185, 85, 1910. 


t M,N. 72, 868, 1912. 
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Henoe, (2) and (3) give 

B{m) 

or B{m+ 1) : B{m) = 3*98 : 1. (4) 

This result ^ows that, Tvith the hypothesiB oonoetning the density 
funotion, the total number of stars brighter than apparent magnitude 
(m+ 1) should be nearly four times the number of stars brighter than ap- 
parent magnitude m, this ratio being independent of the frequency funotion 
of absolute magnitudes. Aotnally, the ratio is found from star-oounts to 
be muoh less than 4 and the ratio is also foimd to diminish frith increasing m . 
Henoe the original assumption is inoompatible frith observation and the 
general in&tenoe is that the densiiy funotion decreases frith inoreasing 
distance. Hofrever, this conclusion must not be r^arded as final inasmuch 
as we have not taken into consideration the effects of galactic absorption 
which we shall discuss in section 8*61. 

8*32. Sediger’a hypothesis. 

The density law used by Seeliger in his researches is 

D(f) = Dof-*, 

which gives a density diminishing as r increases if <> 0. We have as before 
6(i») = /SDq j* 6 Log r) dr 

t= cSBoj ^(m+p) dp, 

so that on writing x for (m+p), 

6{m) = J e~*^^^(x)dx. 

The integral on the right is a constant and so &(m) can be expressed by 


b(m) = (1) 

Also B{m) = (2) 

and 5(fn+l):5(f») «a 

= (3) 


The ratio is thus a constant, being independent of m; it is less than the 
ratio 3*98 : 1 found in the previous section provided « > 0. Here again, the 
theoretical implications of Seeliger’s hypothesis are not in accord with a 
diminishing ratio for ffdnter stars. 
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8'33. Sehtoarzeehild’s density fumtion. 

We investigate the denaiiy fiinotiont when the distributions of the ap 
parent and absolute magnitudes are Maxwellian in form. We that 


b{m) «= (1) 

( 2 ) 

and that K>h. (3) 


As regards (1), this is the form found to satisfy the star-oounts for a given 
gaJaotio latitude in the exhaustive investigation by Chapman and Mriotte^ 
on the number of stars of each photographio magnitude down to 
the oounts being based on the Tranklin-Adams plates ; and it is the form that 
represents, approxunatefy at least, most of the later work in this department 
of stellar statistios. The parameters a, h and mo ^ ^ regarded as fdno- 
tions of gaJaotio latitude and possibly also of galaotio longitude. 

The formula (2) must be regarded as applioable only to a partioular qteo- 
tral fype or subdivision of ^otral type. In Strdmberg’s studies! of the 
distribution of absolute magnitudes, the separation of the stars into the 
giant and dwarf olasses is reoognised, so that in dealing with a given rpeotral 
type we represent the fimotion ^{Mi) as the sum of two Maxwellian ex- 
pressions of the type (2). In the following analysis, we deal with a single 
MaxweUian hmotion only. 

The oondition (3) implies that the dispersion about the mean is less for 
absolute magnitudes of a given spectral type than for the apparent magni- 
tudes. This is in accordance with observation, for the giants or for the 
dwar&. 

From formula 8*16 (12) we have 


6(m)=r A(p)4){m+p)dp, (4) 

J —00 

where d(p) = e8e-*‘i>D{6~^P) (6) 

and m+p = M^. (6) 


Since the functions b{m) and ^(m+p) in (4) are given by (1) and (2), the 
function A{p) can be found by the method of section 8*23. 

The solution is, by 8*23 (6), 



6*(<a) 


(f^PdO). 


(V 


t SohwBnsohild, A.N. 18S, 81, 1010. 

X Memoirs, R^J3, 60, 145, 1014. 

§ See for ejcample Mi WUson Contribution, No. 442, 1082, or Ap, J. 76, 116, 1082. 
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6*(w) = — J* b(m)e*"^dm 

=“^J 

or, on settiiig =a », 

b*{(i)) = 6"*®*oosa«(2«. 


18 



k ® • 


Hence 


(8) 

Similarly, 


(9) 


SnbBtitating (8) and (9) in (7), we obtain 

j: 


A(p) = r* e~ * (ip-gi)+*"(’»*-^.+p) 

2nAk 


du> 


aK f" 

*2^/ €**•*•)< 


Hence 


d(p) = 


.flO 

aZ* 


^oofl(y(ni,,-J^,+p)d(y. 
■g»ib«(p+tm-.af,)» 

• 

Uaing (6) and remembering that r = e-<*p, we obtain for the density function 

(Uj 

which, as r^arda p, is of the Maxwellian form 

D{r) = Cie-^-p.)’, (12) 

pis fonnnla for the density function has been extensively used in statistical 
mvestigations. 

It is to be noted that the maximum density occurs where p - p.. With 
the vduM of the constants, as derived by Kapteynf and Schwarzschild,! 
ent^mto the formula for the density function, the density is a maximum 
within a few parsecs of the sun. 


t AJ. 34, 118, 1906. 
t AJf. 190, 861, 1012. 
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8*34. The tmmp<uvllax of aUtra of givmappciretU magnitude. 

We have from 8*16 (13) 

&(m).p(m)>=| tf>fiA(p)^(m+p)dp, 

J —CO 

-where p{m) is the mean paraUaz of stars of apparent magnitude m. In- 
serting the frmotions 6(m), A{p) and ^{m+p) in (1), (10) and (2) of the 
previous section, -we obtain 

p(m) = ™ J « 

where i* is a constant. Put 


Then 


whence 

where 


X’B p+m^—hl^ i»i=n»-w»o- 


i: 




p{m) »• 


p{m) = F^e-^, (1) 

X = ±(K*-k^). (2) 


In these formulae and F 2 are constants. 

Formula (1) may be written 

Logp(m) = a—bm, (3) 

where a and 6 are constants, b being positive; from (1) and (2) the value 
of 6 is easily seen to bo (jET*— h*)/6Fr*. 

This last formula (3) can be readily compared with observations; it has 
been used extensively in statistical studies. 


8*35. The mean proper motion of atara of given apparent magnitude. 

It follows from (1) of section 8*18 that the mean proper motion, p{m), of 
stars of apparent magnitude m is given by 

/t(«i) = ige-^, (1) 

F 2 being a constant. 

8*36. Eapteyn’a formula for the mean paraUax of atara of given apparent 
magnitude and proper motion. 

We denote, as in section 8*17, the number of stars with apparent magni- 
tudes between m and m + dm, and total proper motions between p and p -I- dp, 
by b(m,p) dmdp, and the mean parallax of such stars by p{m,p). Eapteyn’s 
formula* is Logp(»n, p)^A + Bm -I- C Log/t. 

This was originally derived empirically. 

* QroiAiiigm PvO. No. 8, 1901. 
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We now that the fonnTila oan be derived on the bacds of (a) a Gaussian 

distribution for the absolute ma^tudes, (b) Sohwaizsohild’s density fiino- 
tion, and (e) aformof the frequenc^fiinotionof the linear transveEsevelooities 
.used by Sohwarzsohild. The latter fonotion is 

m *’•>*, ( 1 ) 

whereTis the transverse linear velocity /irrelative to the sun and 

Tg are constants. This velocify fonotion. is analogous in form to Sohwarz- 
sduld’s density fonotion. 

We have, firom 8‘17 (1), 

b{m,/i) = iS jS(m-6Logf) ^r(jjur)Ar, (2) 

and setting r = e-®^, /» = 

and mating use of (1), Sohwarzsohild’s density fonotion D{r) and the form 
(2) of section 8*33 for the fonotion ^{M^, we oan write (2) in the form 

6(f»,/*) = P f * (3) 

J —CO 

where P; k, p^\ I, n, r, are constants. 

We farther write (3) as 

b{in,p) — P J 

where a*3ic*+2*+n* and <2, q are constants. 

Similarly, (2) of section 8*17 becomes 

6(w»,/i).2)(m,/i) sx PI e ' dp. 

Hence j 

P(m,M) - , 

g-a»/)*-S/>(Pin+n*r+«,) Jp 

where and c, are constants. It is easily seen that 
J>{»»,/t) = e»‘ 

from which it follows that Log j7(m, p) is of the form 

Logp(m,p) = A + Bm+OLogp, (4) 

in which A, B and 0 are constants. These constants, however, depend on 
galactic latitude and spectral type; their mean values for galaotio latitudes 
numerically greater than 40° have been determined by Kapteyn and van 
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Rhijn* from an ezhaosiiiTe analyBis of iihe data lelatibog to the brij^t staia, 
and th^ write (4) in this pase as 

IiOgjp(m,;t) <= — 0*691 — 0’0682m + 0*646 Log/f (8) 


A more general form of (4) was later derived and employed by Seares.t 
To seonre more satisfactory agreement with the measured paraUazes of 
the very distant stars, Strom Wg t added a constant d to the proper motion 
/t, so that the formula becomes 

Logp(m,/i) = A + Btn+0 Log {/I +d). (6) 

Expressed in terms of absolute magnitude Af , by means of 
M « m+5+5Logp{m,/t), 
the formula (6) assumes the form 

M »na+bm+eLog(jt+h). (7) 

This is the form used by B. E. Wilson.§ 

With the. numerical ooeffidents of (6), the formula (7) beoomes 

M = 1*646 +0*669n»+ 3*226 Log (/c+ib), 

in which the ooefGloient of Log {ft+k)iB about five times the ooeffident of m. 

Luytenll has pointed out tiiat the relation between absolute magnitude, 
proper motion and apparent magnitude for a given speotral class is 
equivalent (for the particular value of 1; => 0 in (7)) to 


Jf = Oi+6iJ5r, (8) 

where jET = TO+6+6liOg/*. (9) 

A further generalisation^ is 

Af = (10) 


These formulae involving H have been used extensively by Luyten,** 
Prasad, tt Ceoohini|j; and others in deriving numerical relations between 
parnUftT (or absolute magnitude), proper motion and apparent magnitnde.§$ 

* Ap. J. 62, 28, 1020 {Mt Wilton Oootr. No. 188, 1020). 

t Ap. J. 59, 810, 1024 {Mt Wilton Oonir. Ko. 278, 1024). Ap. J. 74, 820, 1081 {Mt Wilton 
OoHtr. No. 488, 1031). 

t Ap, J. 47, 0, 1018 {Mt WUion Oonir. No. 144, 1018). 

§ AJ. 36, 40, 1026. 

II ImA Oht. Bva. 11, 80, 1028. 

I MJf. 85, 167, 1024. 

** PA.a.P. 34, 168, 1022; 36, 200, 1028. 

Loo. eit, 

it PvH. S.O. Morato, No. 6, 1081. 

M For a oomplote diaoaaaloii on the oozidatlon between absolnte mognltnde, linear tangential 
velooilT', ajipaient mafpoitnde and proper motion eee B. A. Bobb, M.N. 97, 87, 1088. 
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8-4 


8 * 4 . Eddington' 8 method of derwing the velocity Idw. 

OoDsidaF the fonutila 8’16 (2) 

b0t)=8jyD{r)^(fir)dr. ( 1 ) 

b(/t) d/t beiiig the nxunber of total proper motioiis bet^vreen fi and ft+d/t 
in a partionlar direction in the tangent plane for a given region, and ^{T) 
is the velocity function of the corresponding linear transverse velocities 
2’(s/ir). 

We assume that the observations himish the function b(ji). If we know 
the velocity law ^T), the density function D(r) can be determined from 
(1) according to the procedure of section 8*23. 

We further assume that for the given region the direction of star-streaming 
is known and that at ri^t angles to tViia direction the peculiar linear velo- 
cities are distributed according to the Maxwellian law 

h 






The linear velocities, T, relative to the sun will consequently be distributed 
according to the law j, 

where V is the component of the parallactio motion, in the tangent plane, 
perpendicular to the direction of the vertex. Hence by the method of 
section 8*23 the density function is derived. 

Now consider any other direction in the tangent plane. The observations 
will fu rnish 6(/t) as before and now we know the density fiinotion E{t). 
By the method of section 8-23 we then derive the velocity function for the 
given direction. 

Eddin^n* employed this method in 1912 and concluded that the 
observational material slightly frvoured the two-streams theory rather 
than that of the ellipsoidal distribution of peculiar velocities. 

As noted by Schwarzschild and Eddington, f the solution for is in- 
determinate if Seeliger’s density law 

D{r) = DqIt-* 

is used. Erom (1), we have 

b{ji) = 8I\,j dr, 

which becomes, on setting /tr = T, the transverse linear velocity, 
b(fi) - 8Do/i-*j'^T»-^^T)dT. 

• BMar Movtttml*. 218, 1914; MJT. 72, 868, 1912. t tfJT. 72. 871, 1912. 
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Sinoe the integral is independent of ft, -we hare sinxplj 

b{ft) *= 

so that the distributionof proper motions is independent of the form assnmed 
by the velodly distribution. 


8*51. The denaify law. 

We consider here the components of the linear velocities and the proper 
motions of the stars, in a given region, perpendicular to the direotian of the 
vertex of star-streaming. We assume as before that the of the 

linear motions is independent of distance from the sun and that in partioalar, 
as in the previous section, the linear velocities T petpendioular to the 
direction of the vertex are distributed according to -the law 

( 1 ) 

where F is the component of the parallactic motion in this direction. 

From 8*16(2), 

b{ji) = ^ r*2)(r) ^{par) dr. (2) 

Let F(r) denote the number of stars -within -the cone of solid angle 8 up 
to the distance r from the sun. Then 




Integrate (2) by parts so as to make use of (8); then 

or Hft) =. C«f ) F(r)J^ - F{r) -^{lirifir)} dr ( 4 ) 

Paying attention to the form of ^ in (1), we see that the integrated pcurt 
of (4) vanishes at both limits, provided 0. 

0 0 

■Also ^ fU^r) 


But 

Hence 


—{rfiivr)} =Y^{jif{iar)}. 
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In oonaeqaenoe, (4) beoomes 

OT Jo 


Let Biji) denote the total nmnher of proper motioiis in the asBigned 
direction with poaitiye Talnes between 0 and /»; we taJke the convention 
that n is positiTe if it ia in the same direction as the paralkotio oopiponent V. 
Then, if ^ is the total number of stars with positiye valnes of ft between 0 

AiTlfl 00 . 

Hence, by tfi), Ni-B(jt) “ /» J*^ (6) 

sinoe, by (1), ff^r{fur)-*-0 as fi-*-co for a given value of r. 

In the same way, if denotes the total number of negative proper 
motions perpendicular to the direction of the vertex and B{ — ft) the number 


of negative proper mottons between 0 and —ft, -we have 

2^, - H( -^) = /t F(r) f{-fur)dr. (7) 

We now assume that l'{r) is an even function of r. Then (7) becomes 

N^-B(-ft)=> ft^ ^J\r)f{jiir)dr. ( 8 ) 

Hence, on adding (6) and (8), 

= ^ I* F(r)^r{ftr)dr (9) 

J —OS 

These general formulae are due to Eddington.* 

In (6), put f =: e^, /( s: e*. Then 

= J J'i(p)fi(p+a)dp, (10) 

where Fi{p) «= ePF{ef), 

^jip+a) = ^eP^). 


Thus (10) is of the form (1) of section 8*22. If jBi(a) and are 

known, F^ip) is found by the method of section 8'23. 

The solution of (7) is obtained in a niTni1ii.T manner. When F^ip) is derived, 
the density function i>(r) is found from (3), for 


Dix) 


1 dF{r) 
8t* dr • 


* MJr. 73 , 846 , 1918 . 
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8*52. Application to Dyam'sdenaiiy law. 

Eddington* has employed. 8*61 (9) to test Dyson’s law of density. Since, 
in this case, 


we obtain, from 8*61 (8), 




If is the total number of stais within the cone of solid angle 8, this last 
formula is simply 

J’(r) = .N^{l-6-*’*^. (1) 

Inserting in 8*61 (9) the Emotions F{r) and ^(/tr), ^ being as in 8*61 (1), 
we find readily that 

( 2 ) 

or, if Riji) denotes the number of proper motions greater than p, (irrespeotiTe 
of sign), 

{ u. 

■Di.,\— »r)i n .g /o\ 


P) 

This is analogous to the general expression obtained in section 7*43 for a 
single drift and of course it applies oiJy to components of proper motions 
perpendicular to the direction of the Y6rtex.t 
The test was applied to the proper motions of A and K type stairs separ- 
ately, in two regions, one in high galactic latitude and the other in low 
galaotio latitude, and was considered to be successful for the E stars and 
less satisfaotoiy for the A stars. 


8*61. Qalactio absorption. 

Within the last few years there has come the realisation that galaotio 
space is not perfectly transparent. Although the existence of dark nebulae 
in the Milky Way has long been known, it was formerly beliered that these 
were isolated agglomerations of diffuse matter and that the remainder of the 
Milky Way was free from absorbing matter. The present position is that 
there is distinct evidence of on absorbing layer in the equatorial plane of 
the galaxy, variously estimated to be, at any rate so far as the denser parts 
are conoemed, from 100 to 200 parsecs in thickness (that is, perpendicular 

* Lot. eU. 

f In 8-S2 (3), F lefeiB to tho oomponent of the paralUotio motion at right angles to the direotion 
of the vertex, whereas in 7*43 (4), F lefem to the drift velooil^’. 


ssn 


i8 
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iH> thfi galaddo equator). IliiB is, qnaJitat^ydiy, in conformity fdtb. the well- 
knoim fact that very distant objects such as ^obtilar dusters and extra- 
galaotio nebnlae are never observedl in or near the galactic equator. Edding- 
ton’s theoretical researches * and Plaskett and Pearce’s observational 
investigations f on the stationary H and K lines of ionised caldum in 0 and 
B type stars leave little doubt as to the existence of interstellar matter, a 
condusion 'strengthened erabsequently by difierent lines of attack, notably 
by Trumpler’s investigation | of the open dusters, to be discussed more 
folly in the next chapter. 

Uleasuxing the distance, r, of a star in parsecs and assuming that there is 
no loss of light during its passage through interstellar space, we have the 
relation between the apparent magnitude m and the absolute magnitude M, 

Jf = m-l-6— 6Logf. (1) 

But, if there is an absorbing medium, the star’s apparent brightness will 
be less than if its light traversed transparent space ; acoorduigly the observed 
magnitude, will be greater than m by a quantity whidh will depend on 
the absorbing properties of the medium and on the length of path within 
the medium. We can thus write 

= m-|-i?'(r), 

the absorbing properties being regarded as a function of the distance r and 
the total effect being denoted by F{r). The relation between the absolute 
magnitude, M, and the observed apparent magnitude (as affected by 

d»«rpttai) to a™ jf = .^+5_,Logr_j.(,), (2) 


where the function F{r) depends on the oharaoteristics of the absorbing 

medium, and is positive. For a first approximation it is generally assumed 

that the absorption, as expressed in magnitudes, is proportional to the 

distance, so that ir . ^ i /ov 

’ Jf = 7no-i-6-6Logr— Jfcr, (3) 


where h (a positive quantity) is defined to be the absorption constant 
(expressed here in terms of magnitude per parsec) and, strictly, should be 
regarded as pertaining to one direction in the Milky Way alone. 

We can express the result (3) in another way by sailing that the effect of 
the absorbing medium is to increase the apparent magnitude of a star by hr. 

In accordance with physioal principles, the loss of light we have been 
considering may be due to absorption by firee atoms (or molecules) or due to 
scattering by electrons, or by atoms, or by small discrete particles. We shall 
discuss this a^ot of the subject in the following chapter. 

* Baktrian LeOurt, Proe. BJ3. Ill, A, 424, 1826. 
t M.If. 90, 248, 1880. 
tUekObi. BM. 14, 1S4, 1880. 
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We farther remark that k is a Amotion of the waYe-length of li^t and is 
larger for the photographic wave-lengths than for visual wave-lengths. We 
denote by and the values of k referring respectively to photographic 
and visnal observationB. According to Tnunpler,* the mean values of k^ 
and k^, the averages being taken over several directions in or near the 
galaotio equator, are 

kjp = per 1000 parsecs, 

k^=‘ + 0™'35 per 1000 parsecs. 

We have seen in section 8*31, formula (4), that the ratio 1) : jB(m) 
is numerically equal to 3*98, where .6(m) is the total number of stars brighter 
than the appairent magnitude m, on the assumption that the space-density 
of the stars is constant and that interstellar space is perfectly transparent. 
As the observed ratio is found to decrease with increaBiag m (that is, effec- 
tively, with increasing distance), it was early inferred that the star-density 
must decrease at increasing distances from the sun. But, as we have 
previously remarked, this apparent decrease in star-density may quite wdl 
be ascribed, in whole or in part, to the effect of interstellar absorption; on 
this assumption, Halmf and Sohal4nj; obtained values of k of 2»‘*1 and 0 >a* 6 
per kiloparseo respectively; the former value must now be regarded as an 
upper limit. 

8*62. Galactic abaorpiion amd Gie statistical equations. 

Ilrom section 8* 15, we have for the number, b{m) dm, of stars with apparent 
magnitudes between m and m -H dm, 

6(m) *■ 5 J 

it being assumed that there is no absorption. In this formula 

t= m— 6Logr, 

where, being the modified absolute magnitude, 

= Jf-6. 

Also, with an absorbing medium present, we have from 8*61 (2) 

Afj =■ mo-6Logr-jP(f), (1) 

in which ntg is now the apparent magnitude actually observed. 

If b(mo) dmg is the number of stars with observed apparent magnitudes 
between mg and mg -|- dmg, 

6(7»g) = -S *•. (2) 

in whioh is now given by (1). 

* ZXM. oif. t M,N. 80, 162, 1010. 


t A.N. 236, 240, 1029. 
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Follo^diig the method of Seares,* 'write 

F(r ) + SLogr = 6 Logrg, 
so that ro = r.lO**^>, 

axul, pnttmg c => ^log^ 10, 

•we have r, = ( 3 ) 

If F{r) is kno'wa, we can invert this relation and obtain r as a fimotion of fg. 

l!com (3) rjiiro = or dr (4) 

or rjdro = (3‘(r)r*dr, (6) 

whace ©(r) = e*^) jl+or^^j. (6) 

Now write Do(ro) = ^i)(r), (7) 

the right-hand side of (7) being expressible in terms of rg by means of (3). 
Then (2) becomes 

6(«»o) = /9 »-iji)g(ro) ^(f»o-6Logro)dro, (8) 


which is of the same form as 8* 1 6 ( 6) and leads to an integral equation similar 
to 8-16 (12). 

If the functions 6(mg) and are known, the solution of (8) leads to 
the function hence from (6) and (7) the density function D(r) is given 


^ -DCr) = Dg(re^)) |l - 1 - or . (9) 

In the case of uniform absorption, F{r) = hr and (9) becomes 

D{r) = Do(re*»-) e«»-{l + Jfcor}. (10) 


The equation (9) — or (10) — constitutes a formal solution of the problem 
if the function F(r ) — or the value of h — is kno-wn. 

In the same way the other integral eqxiations involving apparent magni- 
tudes can be modified to take account of galactic absorption. 

However, the apphoation of these formulae must be a task for the future 
when observational material is more abundant and accurate. The integral 
equations, derived in earlier sections, must at present be confined to in- 
vestigations of stars in regions at some distance from the Milky Way; in 
such directions, the apparent magnitudes of stars at distances exceeding 
i cosec p parsecs are all affected by a constant amount depending on the 
absorption by an effective depth of t ooseo g parsecs of the interstellar doud, 
t being half the thickness of the doud and g 'the galactic latitude of the region 

* . 4 j>. /. 74 , 01, 1081. 
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oonoemed. H the oharaotoiisdos of the doudoaii be derived by othec, means, 
it will then be possible to make the proper magnitude aJlowanoe for the 
given direction. 

8*71. TheJrequencyfwMtion of the apace-veloeiUea of ^ stars derived from 
radial velocMea. 

We have remarked on several oooasionB that the observed oharaoteristios 
of the stellar vdocity distribution are represented equally well according 
to the assumptions ioherent in the two-streams and dlipsoidal theorieB. 
The modus operand* has been to compare the ImplioationB of an assumed 
formula with observations. We now consider the inverse problem of deriving 
the fiequency function of the space-velooities from the observations them- 
selves, in the present instance the observed radial velocities freed firom solar 
motion and the K term. In practical applications it will be generally con- 
venient to deal with each spectral type separately. Also, the assumption is 
made that the frequency function is the same in all parts of the shy in oux 
nei^bourhood. The solution of the problem is due to Ambarzumian.* 

8*72. The two-dimensional prMem. 

We consider first the distribution of stars in a plane with a view to 
the application of the method to stars strongly concentrated towards the 
galactic equator. The position of a star is then defined by its angular distance 
from any arbitrary point on the galactio equator. Denoting this angular 
distance by a — vre refer to this simply as the longitude— and the radial 
velocity by 7 (freed frx>m solar motion and the K term), we have that the 
number ofstars with radial velocities between V and 7 +d7 andinlongitudes 
between a and a+da can be written as 

f(y,a)dVda, (1) 

where the function /(7, a) is supposed to be derived frem observations. If 
N[a)da is the total number of stars observed between longitudes a and 
a.+da, we have 

= J"^/(7,a)d7. (2) 

Let «) be the frequency function of the peculiar linear velodties whose 
components are {u, v) in the galactic plane, it being assumed that the com- 
ponents of velocity perpendicular to the galactic plane are negligible. We 
take the u-azis in the direction a = 0. 


• M.N. 96 , 172 , 1936 . 
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The proportion of stars with velooity components between (v, v) and 
(u+dio,v+do) is 

the hmotion satisfying the relation 

r flO roo 

I a= 1. 


The number of stars between longitudes a and a+da and with velocity 
components between {u,v) and (u+du, v+dv) is then 



Nijx) v) dttdvda (3) 

Now the radialvelooity is given by 
F s ttoosa+vsina, (4) 

which is the equation of a straight 
line in the (»,«) plane, the perpen- 
dicular from the origin to this line 
being V. Hence the number of stars 
in the longitude interval (a, ct+da) 
with radial velocitieB between V and 
F +dF is obtained by summing the 
expression (3) over the strip be- 
tween AB and CD in Fig. 50. But 
this number is also given by the 
expression (1). Hence 

( 6 ) 


ng.00 


f(V,a)dV = N(a)Jj^(it,v)dudv, 


the integration being over the strip of width dF. 
Let i =* uooBa+vmnac, 


ij s — usina-l-voosa. 


This transformation corresponds to a change of axes as indicated in Fig. 60. 
We have du dv » d^doj, 

and for the strip d^ — dF. 

Then over the strip 


JJ^(tt,t>)d«dt;=i dFj ^(Fcosa— ^sina, FBina-hi;oosa)d)y, 


.( 6 ) 


the integration on the ri^t-hand side being along the straJ^t line AB. 

/(F.a) 


TjJ. 


■BI/T7 


/IW\ 
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ABf{V,a) and N{a) are sapposed known from the obserrationB, we regard 
as a known fonotion. !From (6), (6) and (7) we obtain 

J’(F,a) = J ^(Foosa— ^sina, FBina+^oosa)^^ (8) 

this integral equation we have to deduce the fimotion It is to be 
added that the oonditions of the problem require that J'(F,a)->-0a8 F-»-oo. 


8 * 73 . Sokiiion of the ium-diimeiiaiortdl pr<^lem. 

In (8) of the previous section, write 

F = »oosa+2^sina+ IF, (1) 

where x, y and TF are arbitrary parameters, and introduce a new variable 

ITbyrneansof i; - l7-ajama+yoosa. (2) 

Then Foosa-^sina = a+TFoosa- Usina, 

Fsina+^cosa = y+TFBma+l7coea, 

and, we obtain 

J'(a! oos a + y sin a + IF, a) 

= j* ^^(an-TFoosa — I7sina, j/+lFsina+!7cosa)iU'. 

Integrate both sides with resiwot to a between 0 and 27r, and set 

r®* 

X(x,y,W)s \ F(xooBa+yBina+W,a)da (3) 

Since F is a known Amotion, being derived from the observations, it follows 
that JS is a known frmotion; also X{x, y, IF) -> 0 as IF-*- w. We have 
rm /•a# 

J(«,y, 1F) = J dU \ ^i(a!+TFoosa-Z7sina, y+TFeina+17oosa)da. 

Write TF = Booefi, U = Beiafi, 

so that J7« = S*-W* (4) 

and is independent of a. Then 

X(x,y,W) = J ^® + 5oo8(a+yff), y + J5sin(a+/J)}da (6) 

But, if we put y » a+fi in the integral with respect to a on the right of (6), 

fair Cin+P 

J^^(a)da = J^ <^[y)dy 

fa» f8»+^ rp 

= J ^ ^(y) dy + J ^(y) - J ^4>(7) ^7 

raw 

- J ^ ^(7)^7‘ 
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Henoe X(x,y,W)=*j dU j ^^{z+B ooa a, y+Bsi3ia)da (6) 

/•*» 

Let iP{z,y,B) = I ^ ^{z+Booaa, y+Bwa)da (7) 

BO that X{z,y,W) = j 0(z,y,B)dU. (8) 

JRdJB 

But (4) gives dU = (9) 

Henoe (8) becomes 

^(<B,y, ^) = 2 J -B) 

This integral equation oan be transformed into Abel’s form.* Consider the 
equation 

X{x,y, W)-X(x,y,B) = 2 (11) 

where B> W. 

Set hsB»-W, tsB»-B» 

and X(z, y, W) - X(x, y, B) s0(h). 


^ix,y,B)s^{t). 

Then (11) becomes d{h) = f (19) 

J 0 (A— r)» 

of which the solution is i5*(i) = — f (13) 

jrJo(i-A)* 

Integrating by parts, we have 


^(t) |[(?(A).(f_A)»J‘"‘+|jVA)A>dA (14) 

The integrated part vanishes for A = ^ and also for h = 0, since d(0) = 0, 
by (12). Accordingly, we have simply 

^dh 

dX 
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This is the solntion of (11). Making i2->-oo, -we see that (11) takes the form 
(10), sinoe X(x, y, S) -> 0. Thus the solution of (10) is 



^dW 

9{x,y,B) 3 (]y> _£«)*• 



(16) 

But from (7) 

<P(*.y,0) = 2m^{x,y), 


and from (16) 



Hence 


(16) 

or 


(17) 


Since the fonotion X is known, the frequency frmction ^(u, v) is obtained 
by means of (17); this equation constitutes the solution of the two-dimen- 
sional problem. 


8*74. Theihree-dimenaionalprobleim. 

We consider a region, subtending a small solid ang^ do, with galactic 
coordinates (&,p). We can set the niunber of radial velooities between V 
and F-HdF in the region to be 

f{V,G,g)dVd(o, 

where/is the frequency function of the radial velocities. The total number, 
N{0,g) db), of stars in the region is given by 

W(G'.p)= f" f{V,Q,g)d7, (1) 

J —00 


Let denote the frequency function of the linear velocities. By 

analogy with the two-dimensional problem, the frequency of radial velocities 
between V and V+dVia given by 


f(V,0,g)dV = N(0,g) j j j ^{u, v, w) dndvdw (2) 


where the integration extends throughout the volume between two parallel 
planes, whose equations in the {u, v, w) coordinates are 

V = hi+mv+nw, (3) 


V+dV >= lu+mv+nw, 

in which {I, m, n) are the direction-cosines of the region; actually, 
I = cos 0 Qoag, m = tasxO cos;, n = sin;. 


( 4 ) 
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Wiito (5) 


Let dff denote the elemeat of area of the plane (3). Then 



dMdvdw do'dV. 
We thus obtain from (2) 


Q, g) * V, ut) dtr. 


( 6 ) 

In Kg. 61 OU, OV and OW 
are the u, v, w axes, whioh 
-we take to be parallel to the 
usual galaotio system; OP 
gives the direction of the 
region and the length of OP 
is F; the plane (3), whioh 
is peipendioular to OP, is 
shown in the figure. Referred 
to any reotangular axes PB, 
PO in this plane, 


dcr = pdpdjB, 


(p,6) being the polar coordinates of a point Q in the plane. Let OQ => H 
and let the direotion-ooaines of OQ be {L,M,N). Then, in (6), 

u^LH, v^MH, w^NH, 


and hence F(F, Q, g) = f " ME, NH)pdpdjd (7) 

• 0 M 0 


As the integral on the right of (7) is independent of the ohoioe of PB and 


PC as axes, we have 

■F(F, G,g) = 2n^%{LH,MH,NH)pdp (8) 

Integrate both sides over the sui&oe of a sphere, centre 0, with unit radius. 
Then, du) being an element of the surface of the unit sphere, 

J^J'(F, 0,g)da>^ jo 

Set 0(H) = ftn^*^<^(LH,MH,NH)d<a. (10) 

Then ^(F, 0,g)dii> =» <^E)pdp. (11) 
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Now 7*+p* - N*. 

Henoe, for a given F, 

j*jF(V,0,g)d(o = 

from which (F) «• — ?) (12) 

But, from (10), 0(0) « ^(0, 0, 0), (18) 

and consequently (12) and (18) give 

^(0,0,0) F{V,G,g)d(i} (14) 


In Eig. 61 the origin of the velocity system of axes, OU, OV and OW, is 
entirely arbitrary and the formula (14) will hold for any system of parallel 
axes. Hence, hy a translation of the origin, we obtain from (14) 

1 1 d r*' 

^(«,«,tt>) - - ^ ^(^+mv+mo+ W, O,g)do>. 

“ (16) 

The formula (16) constitutes the solution of the problem, for the flmction 
F is obtainable from the observations and the right-hand side of (16) is 
thus determinable. 



CHAPTER IX 


STAB OLIJSTBBS 


9*11. The determination ofihe Con/vergent Point of a moving duster. 

A moTing duster is an assembly of stars in a limited volume of space 
within the galactic ^tem characterised by the parallelism and equality of 
their motions. Well-lmown examples ace the Taurus Cluster and the Pleiades. 
In the former the stars bdonging to the duster are scattered over several 
hundred square degrees of the cdestial sphere, whereas in the latter the 
duster stars ace much more concentrated iu the dry. 

Relative to the sun, each star has the same linear vdodty components 
(Z, 7,Z) with respect to the usual equatorial system of coordinates or, 
expressed somew^hat differently, each star has die same vdodty F in a 
particular direction {A,D), the corresponding point on the celestial sphere 
being cdled the convergent point, which we denote by C. The transverse 
linear vdodty of each star gives rise to a proper motion along the great 
drde joining the podtion of the star to (7. If the duster stars are suffidently 


well scattered in the sky, the point 0 can easily be determined. 

As in Airy’s method (section 3*31), we have for a star at (a, S) 

— Xsina+Fcosa = -;ta 00 sd, (1) 

—XooeadaS—Tmia(AaS+Zooai = -/if, (2) 

jP 

where ace the components of proper motion, p is the parallax and 
K = 4*74. Also, 

Xoosaoosd+7Binaoosd+Fsind = /E>, (3) 

where p is the radial velodty. Write 

/f,coBd = f, = (4) 

Multiply (1) by ij and (2) by g and subtract; we obtain 

X(^sma— ^cosasind)— r(7oosa4-£sinaBLnj) + Z£oos j = 0 (6) 

which we may write in the form 

aZ+6r+cE = 0. (6) 


Each star contributes an equation of the form (6), the coefficients of Z, T 
and Z being supposed known. A least-squares solution then determines the 
ratios X:T:Z. 
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Also, JT =a F oobA oobD, T = Fain A oosi), Z = Fsiai), 

BO that tanA = F/X, (7) 

“ (J*+r«)*’ ......(8) 


The foimiilae (7) and (8) thus determiDe the oonvergent point 0 from the 
proper motions alone. This method is due to Charlier. 

In the same way, if there is a sufELoient number of stars with ohserred 
radial velodties, the formula (3) may be used m a least-squares solution to 
give the values of X, T and Z in km. per second. It is to be noted that if any 
of the stars are of type B, the observed radial velocity contains the X term 
whose value, being presumed known from other investigations, must be 
removed from p before the formula (8) is applied.* 


9*12. The determination of the Oonvergent Point (BoJdm’a method).f 
This is essentially the same method as described in section 4*32; the 
procedure is, however, somewhat different. In IHg. 62, is a star of the 
cluster with its proper motion directed towards O, and Q(X',2)') is a pole 
of the great drde 80. If d is the position angle {P80) of the proper motion 
of df,wehavefromthetEian^e P8Q (in which P8Q ^ 6— 90° and Q8 = 90°) 


cos D' sin (A'— a) =3 —coed "I 
cobD' cob (A'— a) = — sindsindl-. 


( 1 ) 


Big. 52 



sini)' = cos 3 Bind, 

Since 6 is supposed known, these equa- 
tions determine A' and D'. 

From the trian^e POQ, in which 
QO => 90°, we have 

eos(A'— A) = — tanDtanD'. . 

Write X => cot2> cosAl 

y = cot'i) sin A/* ' 

Then (2) becomes 

* cos Al' + y sin A' -I- tan D' 


•( 2 ) 

.(3) 


•W 


Each star contributes an equation of 
the form (4) and by a least-squares 


solution we obtain the values of x and y, from which 
tanA == yjx, cotD = (**-l-y*)*. 


* Bee a remark by 0. 0. L. Gregory, Observatory, 69, 154, 1086. 

t The formulae are given hy BaamuBon, Lund Medd, Ser. n, No. 26, p. 6, 1921. 
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It may l>e lemoirked that the diffiecenoe between the prooednre in section 
9*11 and in aeotion 9*12 is merely in the airangement of the computations. 
By definition X : 7 : B in section 9*11 is the same as a; : : s in section 9*12, 
where ss 1 is the coefficient of toni)' in (4). Also, the coefficients in 9*11 (6) 
and 9*12 (4) are in the same ratio. For 

0 O 8 X':sinAl':tanjD' s cosD' oosA.':oo8Z)' smX':ain2)' 

=» cosi)'' oos(Al'— a+a):oo82)' ain(Al'— a+a):sm2)' 

’= sinacos^— cosa sin A Bind cos (X cosd— sinasinAsind: cosAsind 
by means of (1), 

=i 17 sin a - £ 008 a sin d : — 7 cos a — £ sin a sin d : f cos d. 


9 * 13 . DOrnnimaionof^parcMaaesoftheelmte^ 


GQie angulsx distance. A, of a star from the point of ooihvergency, O, is 
found from cosA = sindsmD+oosdoosD oos(j4-a). 

Also, the radial velocity, p, of a star such as 8 (Fig. 62) is the projection 
of the common velocity, 7, in the direction of S. Thus 


p = FcosA. 


( 1 ) 


Ifp is ficeed from such systematic effects as the X term, we obtain Ffrom ( 1 ). 
Other stars ought to fiunish the same value of F within, of course, the 
limits of observational error. A least-squares solution of ( 1 ) yields the cluster 
velocity relative to the sun. 

Int p denote the total a nnual proper motion of any star of the cluster. 


Then 


FsinA = 5^, 
P 


( 2 ) 


from which the parallax, p, can now be computed. 

The absolute magnitudes of the stars can then be found from the formula 


M = m+6 + 6Logp. 


9*14. The ^hcuracteristica of iJie 

Rasmuson has made a detailed study* of thirteen clusters; in several, 
however, the proper motions do not satisfy very well the necessary criterion 
of convergency, to which, for example, the proper motions of the Taurus 
cluster conform so accurately. 


as derived by the methods of the previous sections, it is found that the 
clusters are moving almost parallel to the galactic equator. 


♦ Lwftd Medd, Ser. n, No. 20, 1021. 
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The spatial distribution of the stars in any given oluster is found to be 
approamately ellipsoidal in form; as regards the Taurus oluster, the lengths 
of the axes of the ellipsoid are in the ratio 6*9 : 4*1 : 7*4; the corresponding 
results for the Ursa Major oluster are 4-6 : 5*9 : 2’7. As regards the Taurus 
oluster, the shortest axis is directed, approximately to the galaotio pole; and 
as regards the Ursa Major duster, the longest axis is directed approximate^ 
to the galaotio pole. B. E. Wilson* gives 8*6 : 6*7 : 6*0 as the ratio of the 
axes for the Taurus, oluster, -with the directions of the axes considerably 
difierent from those found by Basmuson. 

Important results oonoem the absolute magnitudes of stars of various 
spectral tyx>es. The derivation of individual paraUaxes of stars iu suoh 
dusters as the Taurus duster is of a high order of aoouraoy and, oonsequeutly, 
the deduced absolute magnitudes carry great weight. Basmuson’s oon- 
dusions regarding mean absolute magnitudesf are summarised in the 
following table. 

Table 43. Mean ahaolute magniinde, M^ 

(Standard patallaa; (Kl) 


Spectral type 

Mo 

B0-B6 


B8,9 

+ 0*92 

A 

+ 1*67 


The mean dispersion is, in each case, about two-thirds of a magnitude, 
the distribution of absolute magnitudes being assumed to follow the law 

^{M) =« 

9*21. Open cHuatera. 

An open duster is essentially of the same phydoal nature as a moving 
duster but, because of its much greater distance and more compact apparent 
form, it has hitherto been foimd impossible to treat the open duster by the 
methods of the previous sections. The proper motions of open dusters have 
been measured in only a small number of instances and radial vdodly 
measures of the brighter duster stars are also not very abundant. Photo- 
metric studies can be made, however, according to the usual methods, and 
it is on these that we have to depend for investigating the distances of the 
dusters. A knowledge of the dusters is important in investigations dealing 
with the rotation of the galaxy. 

* AJ. 42, 64, 1932. 

t In memoir the standard parallax for which absolnte magnltode is defined is 

<K206; to oonvert Easmuson's absolute magnitudee into the absolute magnitade system ncxnn- 
ally employed (standard parallax 0^1), add l°i*57. 
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9*22. T^dtskmeea of iMdmtersiltaab’s method). 

As the distauoes of the opea dusters axe so great, we oau asstune that all 
the staiB in a gi^en duster are at the same distance, r parsecs. We assume 
with Baab* that the frequency honotion of the absolute magnitudes of 
stars of a given spectral type is 

(If-W 

= * 0 * , ( 1 ) 

in which ilfo is the mean absolute magnitude and o' is the dispersion, both of 
which are snpposed known from the results of other investigations. 

The relation between the apparent and absolute magnitudes of a star is 


M = »»+6— 6Logf. 

Since r is constant for all the stars of a duster, the ficequenoy hmotion of the 
apparent magnitudes is 

Oe 



Consider aU the stars brighter than a given apparent magnitude 
The mean magnitude m is given by 



J -.00 


Let 

(T* = m+6— SLogr— Jlij,, 
owi = mi+6— 6Logr— JtfJ,. 

(2) 

Then 

m^—m — <r(a:i-a!). 


Hence 

r*i 

= (®i-a;)c 

Wll — J —00 

(T ^ f** -r 

1 0 ^ dx 

J —CO 



^ e"* 

= *1+71 3 — 

/•*!i _E 

e * dx 

J —00 


or 

mi— m , 

^0- = 

(3) 



The values of F(xi) are readily computed and are given in the following 
table.f 

* Lmid MM. Ser. n. No. 28, 1022. 
t Baab (ibid.), p. 87. 
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nxx) 




■ FK ) 

- 4*0 

+ 0 - 226 * 

- 1-6 

+ 0-424 

+ 0-8 

+ 1-168 

- 3'8 

0 - 236 * 

- 1-4 

0-464 

+ 1-0 

1-288 

- 3-6 

0-246 

- 1-2 

0-488 

+ 1-2 

1-410 

- 3-4 

0-267 

- 1-0 

0-626 

+ 1-4 

1-563 

- 3-2 

0-270 

- 0-8 

0-667 

+ 1-6 

1-717 

-30 

0-283 

- 0-6 

0-616 

+ 1*8 

1-882 

- 2*8 

0-208 

- 0-4 

0-660 

+ 2-0 

2-066 

- 2-6 

0-314 

- 0-2 

0-720 

+ 2-2 

2-236 

- 2-4 

0-332 

0-0 

0-708 

+ 2-4 

2-423 

- 2-2 

0 - 361 * 

+ 0-2 

0-876 

+ 2-6 

2-614 

-20 

0-373 

+ 0*4 

0-062 

+ 2-8 

2-808 

- 1*8 

0-307 

+ 0-6 

1-050 

+ 2-9 

2-006 

- 1*0 

+ 0-424 

+ 0-8 

+ 1-168 

+ 80 

+ 3-004 


* Be-oaloulated by A. Fletaher. 


In applying formula (8), Baab oonsiders only the A type stais, for which 
he takes the dispersion in absolute magnitudes to be and the mean 
absolute magnitude AIJ) to be 

For any assigned value of mi, the value of m is obtained from the obser- 
vations; ^us the value of F(xi) can be readily detennined and from Table 44 
the value of is obtained. The value of r is then oaloulated from (2). 


9*23. The influence of gcUacHc ahaorpHon on the meaawred distancea of the 
open eifustera. 

Most of the dpen clusters are situated in or near the Milky Way, and as 
their distances are large the effect of the general galaotio absorption on the 
apparent magnitudes of the cluster stars is oonsiderable. If k now denotes 
the coefficient of absorption per kiloparseo, the observed magnitude m is 
given in terms of the absolute magnitude M — see 8'61 (3), where k was 
expressed in terms of magnitude per parsec — ^by 

m = M-6-f6Logr-|-^- 

or m = iff— 6-|-6Logri, (1) 

loir 

where Logfi = Logr+— . (2) 

The apparent magnitudes are generaUy measured photographically, and 
in these formulae we replace k by Jbp, the absorption coefficient for photo- 
graphically effective wave-lengths. Its value, according to Trumpler, may 
be taken to be per 1000 parsecs. 

Baab’s investigation was undertaken before much was known of the 
galactic absorbing cloud and he implicitly assumed that galactio space is 

*9 


SBD 
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traturpaieut. B7r6femjigto(l)itwiU be seen that the diatanoesdeteinuiied 
by Baab ooirespond to the values of r^; the true distances, r, as is olear from 
foimula (2) are mudb smaller. Ibi example, if the true distance r is 1000 
parsecs, the value of using the above value of ib, is 1361 parseos. 


9*31. Trvmvj^'e research on open chute/ra; prdiminary determinaHon of 
the diatanoea. 

Altogether a total of a hundred clusters form the subject of a systematio 
investigation by Trumpler.* On an average, the photographic magnitudes 
, of 30 or 40 stars per cluster were obtained, together with the spectral types. 
The absolute magnitudes (visual and photographic) of the various spectral 
types and subdivisions as adopted by Trumpler are shown in Table 46. 
These values are mainly based on the resultsof Adams and Joy,t Lundmark, | 
liEahnquistl and Heas.|| 

Table 46. Mean abaointe magnitudea according to apecbrdl type {TrwmpUr) 


Spectral 

type 

Dwarf braaoh 

Qiazita 

VisuBl 

Photographio 

Visual 

Photographic 

0 

-4“-0 

-4«-3 



BO 

-3-1 

-8-4 



B1 

-2-6 

-2-8 



B2 

-1-8 

-21 



B8 

-1-2 

-1-4 



B6 

-0-8 

-1-0 



B8 

-0-2 

-0-8 



B9 

+ 0-8 

+ 0-3 



AO 

+ 0-9 

+ 0-0 



A2 

+ 1-7 

+ 1-7 



A8 

+ 2-0 

+ 2-1 



A6 

+ 2-3 

+ 2-5 




+ 20 

+ 3-2 

+ 0»'8 

+0'»-6 

F2 

+ 3-2 

+ 3-5 



F6 

+ 3-6 

+ 4-0 

+ 0-6 

+ 1-0 

F8 

+ 4-2 

+ 4-7 



QO 

+ 4-6 

+ 6-1 

+ 0-6 

+ 1-2 

G5 

+ 6-0 

+ 6-7 

+ 0'6 

+ 1-4 

KO 

+ 6-2 

+ 7-0 

+ 0-6 

+ 1-6 


The value of m-Af is readily obtained for each observed star in the 
(duster and from the mean value of this quantity the (iistanoe, r, of the 

cluster is calculated from 

n—M = 6Logf— 6. (1) 

* LUk Ob*. BM. No. 430, 1980. 

t Mi Wilton OontribuHone, Noi. 190, 244, 202 or Af. J. 63, 18, 1021; 66, 242, 1922; 69, 204, 
1028. 

t Pvti. AOr. SoctOy 34, 100, 1022. 

{ Lnnd MM, Ser. n. No. 82, 1924. || SeOitar Pttltekrijt, p. 286. 
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For example, in the oi)en olnster Md6 the thirty faintest stars ohserred, 
with photographic magoitades between 9>^’7 and 13>^*2 and of i^otral 
types rangiag from B4 and A2, yielded 

m-M^ lim.i2, 

BO that, by (1), r is foxmd to be 1676 parsecs. On the other hand, the ten 
brightest stars, with photographic magnitudes between and 9‘°'6 and 
of q>eotral types B8 and B6, gave 

m-M * 10»«-36. 

It follows that, if we accept the results for the faintest stars, the ten stars of 
tj^pes B8, B6 are abnormal]^ bright intritudoally by about three-quarters 
of a magnitude. Trumpler suggested that this discordance is due to selection 
and he applied an empirical correction to bring the distance as deduced 
from the bright stars into line with the distance derived from the faint stars. 

The preliminary values of the distance, r, for the clusters, calculated by 
(1), take no cognisance, of course, of galactic absorption. 


9*32. Prdiminary vdtuea of the Unear diametera of the ehutera. 

Let D denote the linear diameter of a cluster in parsecs, and d its angular 
diameter in minutes of arc, d being easily derived by measuring the extent 
of the cluster on a photographic plate. Then 

D ta rsiud 

or, with sufficient accuracy, 

D -■ nfsiul'. 

The preliminary values of i) are then obtained from this formula. 


9*33. OlaaaiflcaiionoftheduBtera. 

Trumpler noted that dusters of similar constitution had similar linear 
diameters. Consequently, the clusters were classified in four main groups 
according to the concentration of the stars towards the centre; each group 
was further subdivided into three sections, the criterion used bemg the 
range in luminosity of the clrister stars.* 

Trumpler introduced the assiunption that clusters of similar constitution 
have actually the same linear dimensions, and it was on the basis of this 
assumption that it was found possible to determine the absorbing effects 
of the galactic cloud. 

* Tor tho detaJlt of the dosaifloation, see Liok Ohs. SiiS. No. 420, p. 150, 1080. 
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9*34. The absorption of light. 

It ia aasnmed that the absoiptioii is nnifona thioii^ont that part of the 
galaotio system mth which the ohservatioiis deal. We have the group of 


eoroations 

^ m-Jlf=6Logr+^-6. (1) 

I r 

m-M «= 6Logfi— 6, (2) 


logfi-Logr+jjjj. 


Since the prelimmaiy Talues of the linear diameters hare been determined 
by way of equations of the form of (2), these values, whioh we denote by 
correspond to the unreduced distance r^, so that 

2>i = ridsinl'. 

The true linear diameters, in terms of the true distances r, are given by 

D = rdsinl'. 

Hence, using (3), LogI>i-LogD = (4) 

and, on tahdng means for the dusters of a subclass, 

<'> 

or, since it is assumed that all the dusters of the subdaas have the same 
linear diameter D, j- 


LogD]^— LogD : 


LogDi— Logi> 


LogDi = LogD+- 


Since the preliminary values, D^, are known, the residual for a duster, 
as defined by e, = LogDi-L^i, (7) 

can be calculated; hence, from (4), (6) and (7), 


which may be written 


where 


“6000 6000’ 
«i = o+6r. 


6000’ 


It is assumed fiirther that f is the same for aU sub-classes; consequently, 
(9) can be employed for all the dusters, a being regarded as a constant. 

Ato.,fa,m(8). L<«r^.Logr+ir. (10) 

Equations (9) and (10) are solved for r by successive approximations. The 
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first approzunation is obtained as follows: for near olnstersi 6r is regarde,d 
as a STu al l quantity in oompaiison with, a, so that a is given approximately by 

a = t;i, 

where is the mean veJue of for the near olusters. Also, from (0) and (10), 

Logr = Logfi+a-Vi, 

from which r is obtained for each duster. Equation (9) is then solved by 
least squares to determine a and 6. The process is repeated two or three 
times. In this way, Trumpler obtained ^e value of i, the value finally 
adopted being ^ „ Oin-67 per MoparBeo 

for photographio absorption. 


Gnaetio NorUiBoAa 



With this value of h, the distances and the linear diameters of the clusters 
can then be calculated. It is found that the diameters range from 2 to 20 
parsooB and the distances of the most remote olusters investigated are as 
great as 6000 parsecs. 

In Fig. 63, reproduced from Trumpler’s memoir,* the distribution of the 
open clusters, globular olusters and the MageUanio Clouds on a plane through 
tho galactic poles and galactic longitude 326° is shown; the open clusters 
lie within the shaded elongated area around the sun at 8', the globular 
clusters are represented by dots and the Magellanic Clouds by the two shaded 
circles. The direction along the galactic equator towards longitude 326° 
gives, according to Shapley, the direction of the centre, C, of the galactic 
system which is estimated to be about 16,000 parsecst from the sun. 

« lAoh Oba. BvO. No. 4S0, p. 186, 1080. 
f This figure is uow beheved to ho somewhat exaggerated. 
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9.*36. ' Odowr excess. 


' ]ja seotioD 8*61 we briefly aUuded to tbe feiot that the ooeffioieiit of absoip- 
tion is a fimotion of wsye-length. If, for erample, the absorption is caused 
by sosttering, the consequent loss of light is greater for short wave-lengths 
than for long wave-lengths. If and denote respectively the apparent 
photographio and Tiaual magnitudes of a star, the normal colour index, I, 
is defined, in the absence of absorption, by 

I •= (1) 

The observed colour index, when absorption is present is given by 

( 2 ) 

where mp and are the observed photographic and visual apparent magni- 
tudes. But, with scattering, mp is inoreased more than is ineieased, so 
that r iagreater than I; in other words, the star appears redder, or less blue, 
than a star of the same ^otraJ iype unaffected by absorption. The difierenoe 
between I' and I is called the colottr excess, E, so that 


E = r-L ( 8 ) 

Denoting, as in section 8*61, the values of k for photographio and visual 
light by kp and kg, we have 


-h 5 Log r + - 6 


1000 


and »<-ilt+6Logr-|-^-6. 

Bence, from (1), (2) and (8), 

“ ^*** “ **) 1000 ® looo ' 


(4) 


Thus the colour excess increases linearly with distance. 

Table 46 gives the results* obtained by Several observers for seven clusters. 
Theflratoolunmgivesthenumberoftheolusterinthe.^eu) General Catalogue', 
the second, the distance as found by Trumpler; and the third, the observed 
colour excess. 

Table 46. Odour excess of open dusters 


duster 

N.O.O. 



Number 
of stora 

Beaidual 

1647 

610 


83 


2682 

740 


81 


2090 

820 


26 


1960 

080 


40 


6706 

1840 


46 


7664 

1860 


48 

+ 0-06 

668 

2170 

+ 0-71 

41 

+ 0-02 


* Tmmpler, loe, cU, p. 165. 
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SojTmg the equation EsifirllOOO (6) 

by leaet-squares, Tnunpler finds that 

e ■= 0“*82 ± 0“-03 per kiloparaeo. (6) 


The last oolumn in Table 46 oontains the residuals obtained ficom (5) with 
the Talue of c given by (6). 

Hence, with the value of kp (for photographic light) already found in 
section 9*84, we have the resolts 

kp = +0»*67 per kUoparseo, 

kp = + 0“*86 „ 

Shapley’s earlier investigations dealing with globular clusters showed 
that the colour excess of duster stars in the higher galactio latitudes was 
negligible; later,* he found some, but comparatively trifiing, indications of 
the loss of light for globular clusters in the lower galactic latitudes. As the 
globular clusters appear to avoid the MUky Way, tine oondusion we reach is 
that the absorbing cloud is extended along the galactic plane and is of 
comparatively small thickness. Van de Kampt has made a detennination 
of the thickness from a study of the absorption for distant objects presum- 
ably outside the layer and in different galactio latitudes; his estimate of the 
mean thickness is 176 parsecs. A later investigation j; by Van de Kamp 
suggests a somewhat larger value for the thickness. 

9 * 41 . Globular clusters. 

Nearly a hundred globular clusters are known. They are, apparently, 
dense aggregations of stars, many times more numerous than the stars of 
the richest open clusters. Shapley’s researches give us reliable indications 
of their great distances. The most trustworthy method of estimating theh 
distances is based on the period-luminosity law pertaining to Cepheids and 
cluster variables. The periods of the latter are, in general, much shorter 
than the periods of the galactic Cepheids but, assuming the whole to form 
a continuous sequence, the absolute luminosity of a cluster variable can be 
deduced simply from the period-liuninoaity relationship the characteristics 
of which are determined from a study of the galactic Cepheids. The obser- 
vation of the apparent magnitude of a cluster variable in combination with 
the absolute magnitude so derived leads to the evaluation of the distance 
of the cluster. It is assumed that there is no light absorption; as the known 
clusters are situated in galactic latitudes well away from the llfil]^ Way, 
this assumption involves but an almost negligible error resulting from the 
thickness of the galactic cloud which we have been considering in the 

* Marvard ButtiUit, No. 864 , p. 0 , 1620 . f - 4 ^. 40, 146 , 1080 . t 43, 07 , 1082 . 
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previous seotioiiB. As the defioitiye existence of this dond was unTerified 
at the time of Shapley’s inyestigations, it was assumed that interstellar 
spaoe was transparent. Shapley’s apptoent magnitudes are thus too large 
by the amount of the equiyalent absorption through this layer ; consequently, 
his computed distances of the dusters are somewhat too large. We can 
obtain an estimate of the necessary correction roug^y as follows. Let m 
be the apparent magnitude on the assumption of the transparency of spaoe, 
and m+dm the magnitude as a>fieoted by the absorbing doud. Let r and 
r + dr be the computed distances corresponding to m and m + dm respeotiyely . 

Jf «= m+6— 6Logf, 

M = m+dm+6— 6Log(r+dr), 


whence — * f dm, 

r 6 

where gslog, 10 = 2*30. 

If -vpe assume that the sun is in the centre of the absorbmg layer and that 
h is half its thickness, the length of the path of light from a duster, in 
galactic latitude g, through the doud is hcoseo;. Taking dm to be the 
increase in photographic magnitude due to the absorption, we haye 


so that 


dm 


hAoosec^ 
1000 ’ 


— =s 0-000461!% cosecg. 


For A = 0“-67 and h = 100 parsecs. 


r 


0-03 cosec 


Hence the distances as computed by Shapley should be reduced by 
Scosec^j' %. Except for dusters in yery low galactic latitudes, this is an 
almost insignifioant amount and certainly much smaller than the imcer- 
tainties arising from the application of the period-luminosity law or of the 
other methods employed by Shapley. 

Another line of attack on the inyestigation of duster distances is based 
on the measurement of colour indices and their associated absolute magni- 
tudes. 

The distances found by Shapley* for the globular dusters range between 
6000 and 60,000 parsecs. For example, the distance of Ml3 (the great 
duster in Hercules — ^the brightest in the northern sky) is estimated to be 
10,300 parsecs. 


* SVw a deaaription of Staple’s TMearohe*, together 'with a fhll Uhliogiapby, eee Shapley's 
Star OhUtm (HoGraw-Ball), 1080. 
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9*42. The stellar demiiy-fvmiim for 

The distribution of stars in globular dusters is inferred from counts of 
the stellar images on photographic plates. Although seTeral of the dusters 
appear to be somewhat ellipsoidal in form, we consider only the case of 
spherical symmetry; the analytical results can then be applied to spherical 
dusters and to those whose elliptidty is small. When the departure from the 
spherical form is considerable, the general problem of stellar distribution in 
such dusters becomes, in practice, almost intractable. 

We tsike the origin of coordinates to be the centre of the duster and the 
positiTe direction of the Z>axis in the line of sight and towards the observer. 
Owing to the assumed symmetry the 
X and 7 axes can be chosen arbitrarily 
in the plane z = 0. The positions of 
the stellar inoages on the photographic 
plate will then be represented by the 
projections, parallel to the Z-axis, on 
the XY plane (Ib'g. 64). 

Consider a cylinder of small rect- 
angular cross-section with its axis 
parallel to OZ. Take the X-axis 
through B, the point of intersection 
of the axis of the cylinder with tho 
plane z => 0. Let r denote the distance 
from the centre of an element of 
volume dxdyde at A and let ^(r) be the density function. Then 

^{r)dsedydz 

is the number of stars in the volume element. On the photographic plate, 
these stars will appear to be within the area dxdy at B. 

Lot f{x) dxdy be tho number of stars observed in the element of the 
photograpliio plate corresponding to dxdy", f(x) iQ the plate density of the 
stars at a distance x {s OB) from the centre of the cluster as shown on the 
plato. This number is equal to the number of stars inside the complete 
cylinder tlirougli B terminated at the surface of the sphere. If the radius 
of tho sphere is denoted by B, the z coordinates of the ends of the cylinder are 
-1- and Accordingly, we have 

/(a^ dxdy= dxdy i ^(r) dm. 



where 


f* = **-f z*. 


( 1 ) 
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fVSZ? 

Beaoe f{x) 2 1 ^(r)dz. (2) 

But from (1), X being oonstant for the oylindar, 

rdr » zdz » (r*— a!*)*<fe. 

<») 


The result (8) is the integral equation, obtained by von Zeipel,* involving 
the plate density (whioh oan be obtained from counts) and the cluster 
density function 


9*43. Oiher ea^eaaums invoking 

(i) Let <r{x) denoie the number of images counted on the plate within a 
oirde of radius x. Then the number of images in the ring defined by the 
radii x and x+dx is 2mi^(x)dx. Accordingly, 



^(is) = 2jrJ a\f{x)dx 

(1) 



(2) 

Also 


(3) 


Formula (1) has been used by von 
Zeipel for obtaining the function f(ps) 
from counts of stars on photographic 
plates. 

(ii) Let F(x) dx denote the number 
of stars on the plate in the strip 
bounded by the straight lines at dis- 
tances X and x+dx from the F-aods. 
These stars are situated in the cluster 
between the planes parallel to YOZ 
at distances x and x+dx from 0 


(Fig. 66). Then 

F{x)dx s dxjj ^{p)dydz, 


Y 



the integration being taken over the drcle, centre B and radius BA. Let 
(fj, 6) be the polar coordinates of a point 0 on this circle. Then we obtain 


F(*)=i2ffJ^ ^{p)ridri, 

* Annaiu it VObtanatoin da Paris, Mimoiraa, jxr, V 29 , 1008 . 
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But p* = sB*+r}, 

BO that, X being oouBtaut, pdp =■ r^dry 

Hence F{x)’^2in[ p^(p)dp. (4) 

J a 

(iii) Let S(x) denote the number of stars on the }^te between the 
diameter a) » 0 and the straif^t line x = Xi. Then 

I!(x) =■ J*'jP(»)da; 

or, using (4), I(x) = 2nj‘^ |J^ p^(p) d/)| dx. (6) 

Thefimotions(r(ie), J'(a;) and /S'(a;) can all be found from star counts and each 
of them is connected with the density function ^ by an integral equation. 
It is therefore theoretically possible to deduce the Amotion ^ in several 
ways. These formulae were given by Plummer.* 


9*44. SoluHm of the integral equation in section 9‘42. 

We had, 9*42(3), f(x) - 2 (1) 

Von Zeipelf has shown that (1) can be reduced to an integral equation solved 
by Abel, t 

Put A - 

and let f(x)md{h), 

Then bom (1) (9(A) = (2) 

This is the usual form of Abel’s integral equation of which the solution is 

lff(9(A)dA 



Integrate the right-hand side by parts; we obtain 

m - 

Consider now the boundary oonditions. The plftte density yanishes at the 


• M.N. 71, 460, 1011. 
t Loo, eU, p. 20. 


t OrOU, 1, 1826. 
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psci]^)heiry of oluster oonesponding to » = jB, that is when A = 0; h.enoe 
6{h) = 0 for A ss 0. The integrated part of (4) thus .vanishes. Hence 


... 

iK0 = |j 

A)* ^ dA, 

..(6) 

from which 


•£ 1 dd{h) 

o(£-A)* dA 


or, in terms of the original functions and variables. 



^(f ) * - 

ir W dir. . 

IT Jr (»*-r*)* 

..(6) 

On integrating by parts we obtain 


(Hr)— i 





The integrated part vanishes iff'(z) => 0 aA x = S. Near the boundaary of 
the cluster the star density is small, decreasing to zero at the boundary; 
hence we can write /'(a;) = 0 at a; = iZ. We then have 


This is the form employed by von Zeipel in numerical applications to 
dusters. 


9*45. AUemative aohiHon of the integral egyation «n section 9-42. 

The following analysis is due to Plummer.* Prom (1) of the previous 
section we have, applying the boundary conditions. 


Hence 


/(*) = 2 ^ W “ **)* ^ 

= — 2 J (r* — aj*)* dr. 

d/(«) 1 m) 

d* Jx (r»-a:»: 


*)* dr 


dr. 


In this formula, x= OB and rs OA, where .d is a representative point in 
BD (Pig. 66). Also 

r* = **+«*, 

where Hd 5 2 . Hence 



Jo r Jo r 


* M.y. 71 , 461 , 1911 . 
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A formtila of this type holds for any point such as C in the plane XOT} 
all we have to do is to rotate the X a>3ds y 

till it passes throii£^ 0. let 00 = q 
and let jIT be a lepresentatiye point in 
the chord through 0 parallel to OZ; let 
OM = Then we have 


mg) 

q dq 


roj 

*J. 


m 

I 


da. 


Summing for all points on BE, drawn 
parallel to OT, we obtain 


1, 


0 




m 

i 


da 


(f) 


da. 



where d/Sf is an element of area of the quadrant BED and the double inte> 
gration is taken over the quadrant. 

Let {ri,d) be the polar coordinates of if in the plane BED. Then 

But |* = **+rf and ridTj « 

Hence ij'(q)dy^n\ ^dg 

Jo g Jm 

But, at the boundary of the cluster, ^(r ) >■ 0. Hence 


Now 

consequently, 
We then obtain 


?i(®) 


ffj( 


0 g 


3* = y*+a!*; 

g y ~ 


^(®) = 



m 

{q*-X*) 


idq. 


( 2 ) 


This gives the density function at a distance x from the origin; changing the 
variables in (2) we have 

ow— <« 


which is the formula 9'44 (6). The form as used by von Zeipel — 9*44 (7) — is 
obtained as before. 
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9 * 46 . EvdluaiUm of Ae density funciimfi'tm ekMTCounU (prat tneOtod). 

This metihod is due to yon Zeipd. The plate density /(«) is obtained by 
means of 9*43 (3), namely, 


/(*) 


1 d<r(x) 
2me dx ’ 


( 1 ) 


4 

where cr{x) is the number of stars within a oarole of radius x on the plate. 

The star densiiy ^[p) at a distance p from the centre of the duster is 
given by 9*44 (7), which is 

w 

/ 

It is to be noticed that ^ depends on / only Idvrongh /', so that it is not 
altered by nlin-wging f to /+ constant; hence, in calculating it is un- 
necessary to determioe and subtract the uniform density contributed by 
non-duster stars. 

The procedure as adopted by von Zdpd* is to calculate numerical values 
of /(a;) by means of (1) from the star counts o‘(a;). Then by interpolation 

formulae the numerical values of the fimctions /'(a?), -/'(*), ^ {-/'(*)| 

and (a;* ^ ^ sucoessivdy obtained for each value of x and p. 

Corresponding to a given value of p, we then have 




the radius of the duster being divided into n parts Ax, and p being defined 
asp. da;. 

The following tablet Zeipel’s results for the globular duster M3. 


Table 47. Density function ^(p) for EiS 


4f 

m 

ip 

m 

ip 

m 


68*5 


4-83 


010 


566 


4-18 


0-17 


48*0 


3-34 


0-14 


31-6 


1-84 




16-2 





6 

8-81 





7 

6-26 






* Kmg, Svmuiha TSk. Ahai. HoHdUi^gar, Bd. 51, KTo, 6, p. 9, 1918. 
t .diHialM i» VOUstvabAn 4e Paris, MSmems, zxr, P 81, 1908. 
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9*47, BvaiuaUon of the density funetion (second method). 

This method is due to Parrulesoo.* A olTuter is sapposed to be built up 
of n oonoentrio uoifoimly dense spheres of radii and densily and numbers ' 
of stars aoomrding to the following scheme (the radius of the cluster is taken 
as unity): 


Radii 

n 

n* 

n-1 
n ’ 

n—2 

“«r’ 

2 

•••* 

71 

1 

Density 

dn, 


dnr^t 

•••J 

d^. 

Number of stars 





Nv 


Consider one of these spheres, with radius B and denmiy ^)md\ fix>m 


942 (2) we have 


S(x)^U 


J, 




or /(a) = 2d(i?*-a!*)*. (1) 

Hence the number, N(rx,r^, of stars, due to this sjihere, between radii 
and fi on the plate is given by , 

■=» 27 rJ af{x)dx 


1 imd r ®*)*ei*. 


If is the total number of stars in the sphere, 

ijT 




3 


diP. 


.( 2 ) 


Hence N(r^,r^) - 

Consider now the number of stars counted in the outermost ring on the 
plate between radii (» ~ l)/n and »/n; the corresponding density is denoted 
by d„. Since the remaining (n - 1) spheres do not contribute to this number 
we have, from (3), putting JJ = 1, ri = (»-!)/» and r, » »/n, 



If is obtained from the star counts, is given by (4) and hence d^ is 
found by (2). 

The number of stem in the penultimate ring contains a number 
due to the outermost sphere of radius B-1, given by 

» 
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The lemainder of the stare in the ring oome from the last ring pertaining 
to the sphere of radius Bs{n—l)ln; their number is given by 

<«> 

Henoe, if O^i is the total number of stars in the penultimate ring, we obtain, 
from (6) and (6), 

( 7 ) 

This equation gives since is known; then, by (2), d^i is found. 

This procedure is followed for the remaining rings. The density function 
^ ootresponding to a ring m (that is, at a distance m from the centre) is 
found from » 

( 8 ) 

This constitutes the numerical solution of the problem. 


9*51. Aiudogy vfUh a spherical maaa of gas. 

Plummer * has suggested that, if a ^obular cluster has originated by local 
condensations in a primordial gaseous nebula, it might be expected that 
the star density at difierent distances from the centre will bear an approxi- 
mate similarity to the density in the nebula. 

Considar a spherical mass of gas in equilibrium under its own gravitation. 
Let p and p denote the pressure and density at a distance r from the centre. 
For a .perfect gas in convective equilibrium the relation between p and p is 

f> = ap’’. (1) 

where a is a constant and y is the ratio of the specific heats at constant 
pressure and at constant volume. 

If m(r) is the mass within a sphere of radius r, 

»n(f) = 4jr r pr*dr, 

J 0 

whence 


dm . . 

* = topr*. 


•( 2 ) 


Consider an element of volume with a base of area d8, lying on the surface 
of a sphere of radius r and between the spheres of radii r and r-i-dr. The 
hydrostatic equation gives 

pd8-(p+dp)d8 — ^^{pdBdr), 


* M2r. 71 , 402 , 1911 . 
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where 0 is the oonstont of gravitation; consequently, 


305 


ip Omp 

dr r* ’ 

( 3 ) 

whence, by (1) and (2), 

( 4 ) 

Let 7=1 + -, 

' n 

(6) 

a!»=p. 

( 3 ) 

1 

( 7 ) 

6*= . 

«(»+!) 

Then ( 4 ) becomes +6^* = 0. 

' dtt* 

( 70 ) 

(8) 


For isothermal equilibrium, 7 » 1 , and we obtain from ( 4 ) in this case 

d* 


where 


n-—. 

* a 


( 9 ) 


The equation (8) is Emden’s equation for polytropio gas spheres.* 

Two solutions of (8) are known — for the values n » 1 and » = 6. The first 
is Bitter’s solution, namely 

(n-1), (10) 

and the second is the Schuster-Emden solution, namely 

(n-6), * “ (8+6*c»r“)^* 

which may be written in the alternative form 

A 


where 


* (o*+f*)*’ 

and 

bo b 


Hence, from (6), we have the density p given by 

B 

where B - A*. 


.( 11 ) 

.( 12 ) 

.( 18 ) 


■ ID 


* Ckukugdn (Loipiig), 1907. 


ao 
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9'53. Plmmer’s lawofdms&y »n a glohuUtr ckuter. 

It .is assomsd, following the. analogy with a spheiioal uums of gas, that 
the stellar density, ^(r), at a distance r from the centre of a ^obnlar daster 
isgivenby , B ,,, 

“ (a*+r*)»’ 

This formula may be conveniently referred to as Plummer’s density law. 

It will be noticed that a cluster with this law of distribution is infinite in 
extent, .but that the total number, N, of stars is finite. N is found from 



whence B = . (3) 

Sut 

Prom 9*43(4) P(*) = 27r5 

so that, when JR tends to infinity, 

r,/-v 27rJ? Na* 

m “ - 2(a*+»ni* W 

A1 T^/ \ f^Til/ ^B /** dx 

„ 2jr5 X 

whence, by (3), 

.Again, by 9*42{3), /(*) = 25 J ^ ^ 

Write r*— X* =a |•(o*^-x•). 

from which and (3) we obtain 

<•> 

Also <r{x) = 2n j xf(x)dx 

Nx* 

and we find that aix) = -z — =. (7) 

' ' a*+x* 

The formulae (4), (6), (0) and (7) can be used to test the assumed law of 
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densitj by means of the observed distribution of the cluster stars on a 
photographic plate. 

Plummer* has employed the formula (6) in connection vrith the star 
counts, madet under the direction of E. C. Pickering, of several globular 
clusters. For the duster a> Centauri, for example, it is found that the formula 

represents the star counts very satisfactorily, the unit of distance, x, being 
taken to be 7'14 minutes of arc on the plate. 

Von Zeipd:]; has also shown that the star counts of the globular dusters 
M2, M3, M13 and M16 are in accordance with Plummer’s law. 

In a later investigation Plummer§' used further statistical matetial|| for 
ten dusters to test the validity of the assumed density function; in some of 
the dusters, the counts showed an excess of stars, dose to the centre, over 
the theoretical numbers; with this exception the density law represented 
the observed distribution with a dose approach to accuracy. 

It is to be remarked that the tests conoem only the most luminous stars. 
By increasing the length of an exposure on a duster, the number of images 
on the plate is increased, due to the iudusion of still fainter stars. But in 
practice there is a limit to the length of exposure for useful results to be 
obtained; beyond this limit, the central portions of the clusters become 
irresoluble into discrete images and, consequently, the density law cannot 
be examined. 

Plummer’s argument in favour of the stdlar density law being a con- 
sequence of the adiabatic equilibrium of the primordial gaseous nebula has 
been criticised by von Zeipel on the grounds that during the condensation 
of stars, their movements would be taking place m a resisting medium with 
the result that the cluster would become more concentrated towards the 
centre as compared with the corresponding distribution of density in the 
original nebula. 

To account for the density law in clusters, von Zeipel invoked the kinetic 
theory of gases, suggesting that the stars of a cluster behave like the mole- 
cules of a gas and interpreting y, given by 


as the ratio of the specific heats in the sense of the kinetic theory. Eddington,^ 
however, challenged von Zeipel’s arguments and concluded that “instead 
of interpreting y (or n) physically, we regard y as a mathematical constant 

* M.N. 71, 404, leil. t norvard AnwOs, 36, 213, 1897. 

{ Kung, Sventha Vet. Akad, ntmdUngar, Bd. 51, Ko. 5, p. 9, 1918. 

§ M.If. 76, 107, 191S. II nanord Annah, 76. 43, 1916. IT 76, 674, 1916. 
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in tbe equation of the star densify”, diroroed entiiely from any physical 
intetpretation based on the equilibrium of a qtherioal mass of gas. 


9*6. Bat/imatet of tAs mammm values of ihe proper motiona and radial 
velodtiee of stare in a globular duster. 

In a ^bular duster the individual stars axe neoessarily in motion under 
the gravitational influence of the duster stars as a whole. Taking spherical 
symmetry as the simplest oase, we see that the Add of force in the neigh- 
bourhood of a pariaonlar star consists, first, of the general attraction of a 
sphere in which the density is a fimction of the distance from the centre and, 
secondly, of the attraction of chance stars that are temporarily in the im- 
SDoediate nd^bourhood of the given star. Aa will be shown in the next 
chapter, the second effect may be regarded as negligible. 

Since the attraction is central, a star will move in a plane passing through 
Ihe centre. Let (r, 0) be the polar coordinates of a star referred to the centre 
of the duster and the star’s orbital plane. If if(r) denotes the mass within 
a ephere of radius r, the equations of motion for the star are 

r* 

where Q is the constant of gravitation, and 

I’rom (2), r*6 =« c, 

where c is a constant. 

Taking the units of length, time and mass to be respeotivdy the astro- 
nomical unit of distance, the year and the mass of the sun, we have 


( 1 ) 

( 2 ) 

( 3 ) 


We consider two extreme possible orbits, (i) a rectilinear orbit and (ii) a 
drculax orbit. It may be expected that the actual orbit will be intermediate 
in character. 

For a rectilinear orbit, c = 0 and, from (1), 


whence, on writing fsv, 


. .df .^M(r) 
ref3- = -47r* — 
dr r* 




dr. 


If r^ is the maximum distance of the star from the centre, we obtain. 


since u ^ o when r b, r. 




( 4 ) 
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We dearly have 



where 

7* = 8ji«J“^<ir. 

(6) 

j&gain, for a oiroular orbit of radius r, we have from (1) 



r 

(6) 


The proper motion for any given value of r 'will be a muTiTifinTn when the 
reotOineeur orbit and 'the plane of the oiroular orbit are petpendioolar to the 
line of sight. 

Let />, in seconds of aro, be the angular distance corre^ndingtor, sothat 



( 7 ) 


wherep is the parallax in seconds of aro. With the units adopted, the annual 
proper motion ft (in seconds of aro) is given by 


li=»7p. 


( 8 ) 


Then, from (6) and (6) and using (7) and (8), the proper motion cannot 

(») 


or 




.( 10 ) 


for rectilinear or oiroular motion respectively. 

.Assume that the average mass of a star is m and that -ATOo) is the number of 
stars 'within a sphere of angular radi'us p. Then 


M(pIp) =« mNij>). 

Yon Zeipel,* to whom the preceding arguments and 'the calculations 
below are due, has estimated from his counts of the duster MS that the 
maximum value of N{p)lp is 4*2 for p = 160* and that 



^^dp « 10 . 


Hence, from (6) and (10), the Tna-TiniiiTn values of /( in the two oases ('we 


'write then and /«,) are given by 

/«! = ?r(^)* (lOm)* = 28(n»p*)*, (11) 

= 27ip*(4*2w)* = 13(n^*)*. (12) 


The brightest stars of a cluster (to which the earlier counts refer) are 
undoubtedly giant stars and as a reasonable estimate of mass of an average 


* AniruUea de VOh»§natoire de ParU, MimoinSf xxy« 7 4, lOOft. 


I 
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star we oam take the value of m to be 10. For a near duster we oan take p to 
be O'OOOl. It is then found from (11) and (12) that 

/»i = 0?00009, ^ = 0^00004. (18) 


As we oan see from the modem long-exposure photographs of dusters, the 
estiniates of the number of duster stars with whidi we have been dealing 
are onlya small proportion of the true number of stars; aooordingly, the 
numerioal values in (13) should be several times greater. Even if the factor 
were 10, the values of and are still too small to be determined suooess- 
foUy by present methods. 

In the same way, the Tuaximmu radial vdodties wUl ooour when the 
rectilinear motion is in the line of sight and when the plane of the oiroulax 
orbit oontains the line of sight. The observable radial velodties in the two 
oases mu^ then be not greater than and V, respeotivdy, where 
Vi = 28{mp)^, Tj = 13(fn^)t. 

These vdodties are expressed in astronomioal units per annum; the values 
of and in km./seo. are aooordicigly 

28K(mp)* and lZK{mp)^ 

respectively, where x: = 4*74. Hence, with the previous values of m and p, 
1^ E= 4*2km./seo., = l*Okm./seo. (14) 

If we allow for the under-estimate of the number of duster stars, these values 
might be expected to be increased several-fold. Badial-velodty measiue- 
ments would then appear to hold out a certain amount of promise for 
determining the distribution of velodties of the brightest stars. But in 
view of existing telescopic equipment and technical methods of determining 
radial vdodties, such an fovestigation could hardly be attempted at 
present with a reasonable prospect of success. 

9 ' 71 . The vmdl theorem aaapi^ied to a eiarcimter. 

We consider a stellar system in which the motions of the individual stars 
are governed by their mutual attractions and oollimons are ignored.* 

Let (r, y, z) be the coordinates of a star referred to the centroid of the 
duster as origin. The r-equationpf motion of a given star, of mass due 
to the attraction of a star of mass with coordinates {xp z^) is 

I 

= ( 1 ) 

where 0 is the gravitational constant and 

= {<ej-Xt}*+(yf-yi)*+{Zf-Zi)K 

* H. Foinoar^ HyptMaea Ooamogoniguaa, 90, 1018; A. S. BddJogtcm, MJSf, 76, 624, 1916. 
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Vtom. last formula 'we have 



!From (1) and (2) and Bumming for all the stars, N in number, we hare for 
the x-equation of motion of 

TViia equation is the same as 

«’“>■ 

Write u^t) (.) 

jftA ^ki 

Here £2 is the totfd gravitational potential energy of the duster. Let 
(Xf, Tf, Zf) be the components of the gravitational force on The equations 
of motion are then 

= (4) 

with two HiTtiilftr equations in y and z. 

The function Q does not involve t explicitly, being a function of the 
coordinates only. Hence 

dQ ^{dQ . dQ. ,dQ.\ 

= -X^^iix^t+yat+nA) 

1 

= (®) 

The internal kinetic energy, T, of the cluster stars is given by 

T = i|m*(iJ+yS+*!). (6) 

Hence, firom (6) and (6), T+Q ^h, (7) 

where h is the constant of integration and is equal to the whole energy of 
the cluster with reference to its centre of mass. 

Also, firom the identity 

^(a;*) = 2ac»+2ira:, 

we have 
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Let 0 denote the moment of inertia of the olnster about its oeutre of 

mass. Then h 

0 - 

where asj+yj+s}. 

Summing (8) for all the stars, we obtain 

^-4T+2F, (9) 

N 

where (10) 

The expression for F given in this last formula is called the viriai, a function 
which has important apphcations in the Unetio theory' of gases. 

Now, from (4) and (10), 

and sinoe 13 is a homogeneous fimotion of the coordinates of order — 1, we 
have in the problem under consideration 

F = 12. 

Thus (9) becomes =■ iT+2Q, (11) 

which can be written in the alternative forms by meaiis of (7) 

(i«0 

^-2!r+2A, (12) 

^^4h-2Q. (18) 

If the cluster is in a steady state, C’is independent of the time and in this 
case we have Q = 2h, T = -i£i = -A. (14) 


9‘72. TheretUofdiaaa/lutumofaehuter. 

Eddington has employed the results of the previous section to investigate 
the rate of dissolutipu of a moving cluster.* As we have seen, the observed 
characteristics of a moving duster are the substantial equality and paral- 
lelism of the motions of the individual constituent stars. As the duster moves 
through galactio space it will encounter non-cluster stars which will produce 
changes in the magnitude and direction of the motions of the duster stars 
through their gravitational attractions. We shall discuss this problem in 
greater detail in Chapter x; meanwhile it will be sufficient to consider some 
numerical results. For example, Jeansf has calculated that if the duster is 
• MJr. 76, S27, 1016. t 74, 111, 1013. 
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moving with the speed of 40 km./Beo. relative to the non-diister stars, a 
reasonable value of the qiaoe-density of these stars beiog assained, the 
average defleotion of the cluster stars will be 1' in about one million years. 
Althou^ this soattering appears small, yet it is evident that over long 
astronomical intervals of time the duster would cease to maintain its com- 
pact form and would eventually be dissipated. The fact that dusters exist 
despite these dismtegrating mfluences suggests that there is some counter- 
balaudug force, such as the mutual attraction of the duster, preventing its 
comparatively rapid dissolution. In the absence of such a force Eddington* 
has shown that the fnii.-giTwnTn age of the Taurus duster (to which the pre- 
ceding numerical details apply approzimatdy) could not have exceeded 
67 million years. 

It will be shown in section 10*16 that the probable defleotion of a duster 
star due to the perturbations of non-duster stars u proportional to the 
square root of the time during which the process continues; hence the 
kinetic energy, with reference to the centroid of the duster, acquired 
through encounters is proportional to the time. Thus the rate of increase of 
internal kinetio energy is given by v], where Vf is the linear component 

of vdodiy transverse to the direotion of motion of the duster. We write 
this expression just given as in which M is the total mass of the 

duster. From the previous section the rate of increase of potential energy 
win be twice (^Jlf a*), or Ma*, if we assume that the steady state of the duster 
is maintained. But, by 9*71 (3), the potential energy can be expressed as 
— OM*l2e, in which e is related to the linear dimensions of the duster and 
to the law of distribution of the duster stars. Hence 


dt\ 2e J 


-Mat*, 


from which 


t. 


.( 1 ) 


Co QM’ 

In this formula Cq is the value of c at the beginning of an interval i. If tar 
when Cg = we find that 

( 2 ) 

2ca»‘ ' ' 


Thus r is the interval during which the linear dimensions of the duster have 
been doubled. 

We take a to be the linear transverse velodty corresponding to a defiec- 
tion of 1'. Now, for the Taurus duster, the velodty of 40 km./seo. is equi- 
valent approximately to 800/16 parsecs per million years; accordingly, 

a a '^sin 1' = 0*0123 parsecs per million years. 

* BtaLur MovmeKH, 264 , 1214 . 
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iwe take the mass of the sun as unit and a million years as the unit of 
time, the unit of distance required to make the value of G' in (2) unity is 
0*166 parsec — the dimensionB of G are [!/]• [I*]”* value is 47r* 

when Zr = 1 astronomical unit, 2* = 1 year and Jf = mass of sun. In terms 
of the new units, a = 0*073. The diameter of the Taurus cluster is estimated 
to be 10 parsecs and Eddington takes c as 3 parsecs, so that its value in 
terms of the ixew unit is 18. Hence, from (2), 

T a 6Jlf million years. (3) 

Foriy highly luminous stars ate known to belong to the duster, on the 
average about 40 times brighter intrinsioally than the Bun,* that is to say 
about four magnitudes brighter on the absolute scale. Ab the sun’s absolute 
magnitude is +4i>^*0 (bolometric), the absolute magnitude of the Taurus 
stars will, on the average, be close to 0; from Eddington’s mass-luminosity 
rdationship (Fig. 6, p. 21) their average mass will be about four times the 
mass of the sun. Thus M is approzimatdy 160, so that, from (3), r is of the 
order of one thousand million years. Additional members of the cluster 
will tend to increase this estimate still further. The mutual gravitational 
attraction of the duster stars thus prolongs greatly the life of a duster in 
qdte of the disrupting influences of the general Add of galactic stars. 


* See 8UBar Movements, 60, 1014. 



CHAPTER X 


. THE DYHAMIOS OF STELLAR SYSTEMS 


lO'll. liOro&adtory. 

We ooDsideiT in this chapter an isolated stellar system. We have in view 
the dynamical and density characteristics of the Galaxy which we consider 
to be unafEected by the very remote extragalaotic nebulae, themselves 
galaxies of the same order of magnitude as our stellar system. 

The motion of a given star is determined by the gravitational attraction 
of all the other stars and matter in the system. This force may be regarded 
as arisiDg in two ways: (a) from the “smoothed” attraction of the system 
as a whole and ( 6 ) :^m ihe accidental effects of stars temporarily in the 
neighbourhood of the given star. As regards (b) it is at once oLeta that the 
motion of a star may be radically changed by the dose approach of another 
star and it is therefore necessary to investigate the ffequenoy and magnitude 
of such effects. The term encounter is used to describe the close approach of 
one star to another, resulting in a change in direction of the vdodty of each 
star. It will be shown that such encounters are so infrequent that we can 
ignore ( 6 ) in investigating the dynamics of a stellar system. 


10 * 12 . The dynamics of atdlarencounUra. 

We consider two stars 8i and 82, of masses and M2, moving indepen- 
dently and TtiftlriTig a dose approach. Let be the centre of mass, which we 
regard as being at rest. The orbit of each star will be a branch of a hyperbola 
with Ej as focus. Pig. 67 shows the hyperbolic orbits of the two stars, the 
asymptotes with reference to 81 being OK and OL. We shall investigate the 
deflection in the velodty of 8i due to the gravitational attraction of 82- 
At great distances from F^, 8^ is moving parallel to KO before the encounter 
and parallel to OL after the encounter. The deflection is n—KOL, which 
will be denoted by It is dear that ^ is also the deflection suffered by 82 
during the encounter. 

Let = fi and Fi82 = »•». Then from the definition of JPj, 

MjT^ = M2T2, 


and hence ( 1 ) 

The equations of motion of 8^ about are 

(« 

( 8 ) 

in which 0 is the gravitational obnetant and h is the ^'constant of areaa”. 
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Udng (1) and (8), (2) becomes 

^ »! f|’ 

<'> 

TC1iTnin«.tiTig t between (8) and (4), we obtain the differential equation of 
the orbitj from which the polar equation of the orbit is found in the usual 
way to be i 

1 + 6008 ^ 1 * 

where 2 is the semi-latus rectum and e is the eccentricity. 



1 %. 67 


Also, we have the following relation between h, and I, namely, 

( 6 ) 

Beferxed to the principal axes OX, OY the equation of the hyperbola is 

o! 6i - 

Then OA » OF^ » a^e and AF^se^ = ai(e— 1) (7) 

Also, h} = a}(e*— 1) and 2 = —. (8) 

From (6) and (8), h* = (9) 
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The equations of the aaymptotes OK, OL axe 


Hence the perpendiotilax distance F^D is 


“0. 

&i.Oie 


Fj^D — 6j, 


If 7^ is the velocity of jSi at a great distance from Fjj, the constant h is 
gi'TOQ by A o. 6 i7i. (10) 


Also, from (0) and (10), 


Oi-^- 


The deflection is given by oot^m— , 

Z Oj 


whence, by (11), 


tan^--^ 
““2 61 7?' 


.( 11 ) 

.( 12 ) 

.(18) 


In the same way, if we consider the orbit of 81 relative to 8 ^, the radial 
equation of motion of 81 about F (I!ig. 68) is 





t 


where /« = ©(Jfi+Jf,) (14) 

and r is the distance between Jfj and 21 ^. 
The relative orbit of is similax to the 
orbits in Ib'g. 67, with the same an^ 
between its asymptotes. If 7 denotes the 
velocity of 8 ^ relative to /S, at a great dis- 
tance from jSf, (or F), we have from (13) 


f ^ 

2 


(16) 


in which 6 is the perpendicular distance 
of F (or 8 ^ from an asymptote. Thus b 
is the distance at which the stars would 
pass each other if their motions were 
unaffected by gravitation. 


10’13. MviUipU encounters. 

Consider now the encounter of the stax with a moving duster consisting 
of equally massive stars, the common motion, relative to 8 ^, being 7 in a 
direction parallel to KO (Fig. 68). Let v denote the number of duster stars 
per unit volume. AH staro which encounter 8 ^, so that the perpendicular 
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distauoes from 8^ to the aaymptotes of the idative orbits ate less than a 
given length 6, lie 'within a oyhnder whose aTia is parallel to KO and whose 
ooross-seotion is 7ib\ Hence the number of stars malring suoh enoonnters 
with^Sfjili'nnittimeis irvl^y, ( 1 ) 

and the defleotion produced in 'the path of 8^ by each of these stars is, on 
the average, greater 'than ^ defined by 10*12 (16). Hence the number of 
encounters, per unit time, producing deflections greater than ^ is 


nvn* 

~W 




•m 


from which the a'verage interval between two encounters is 

— stan*^. 
irv/i* 2 


.( 8 ) 


10*14. Very dose encomUera. 


Following Jeans,* we deflne a very close encounter as one in which 'the 
deflection produced exceeds 90°. By 10-13 (3), the average interval between 
two such encounters is at least yz 


TtV/l' 


** 


-( 1 ) 


In evaluating this expression, Jeans expresses V, v and ft in O.a.s. units. 
We shall use here 'the as'tronomical 'unit of distance, the sun’s mass the 
year as 'the units of length, mass and time. In these 'units, we have 


0 = 4)r>, 


Also, putting Ml = = 1 in 10*12(14), we ob'tain n = Stt®, or approxi- 
mately, ^ ^ 80. 

We take F = 20 km./seo. as an average velocity of one star relative to 
another. Now 

1 km./seo. astronomical 'unit per annum. 


In our units, we shall have F = 20/4-74, or simply, 

F=.4. 

Jeans takes 'the densi'ty of stars near 'the sun 'to be approximately 1 per 
10 cubic parsecs; in our units, this is 


v = i.l0-“. 

Inserting these values in (1), the average interval between two very dose 
nioountoni. S.10“yMK. ( 2 ) 


* At^ronomy and Cosmogony, 810 , 1028 . 
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If e denotes the distanoe AFia 68 (the distanoe of closest approach), 


vehave 


-‘(S-D* 


.(3) 


For an encounter which produces a deflection of 90°, we have a =i 6 and 
e = AaQd by 10*12(16) 


6 = 4 * 

F« 


With the values of y and V already used, we obtain from (3) and (4), 
c 2 astronomical units, approximately. 

For encounters within this distanoe, the direction of a star’s motion will 
be altered by more than 90°. 


10*15. TJtefregwneyofedOiaions. 

If two stars, HiTniU-p to the sun, have a grazing encounter, the value of c is 
given by jbhe sun’s diameter, so that in astronomical units c = 2.7. 10‘‘/16. 10^ 
approximately, or roughly 

® = TiTF* (1) 

From the relations 

c = a(e— 1) and 6* = o*(e*— 1) 
we obtain, by eliminating e, 

6* = c*+2ca. 


Now, by analogy with 10*12 (11), a = yjV*; hence 





With c given by (1) and with » 80 and F = 4, we obtain, approximately, 

6‘ = A* 

From 10*13 (1), the average interval between two encounters is 

1 

7rv6*F’ 

so that, for grazing encounters, this interval is about 

6. 10“ years. 

For actual ooUisions, the interval will be greater; consequently, grazing 
encounters and collisions are such rare events that they can be ignored in 
discussing the dynamics of the steUar system. Even for globular clusters, 
with a star density one thousand times that under consideration, the in- 
teirval for grazing encounters is of the order of 10“ years and, again, such 
encounters may be ignored. 
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10*16 


10*16. The ewmuUitim effect of feebhesuscvmters. 


Enoountera between stars at oompaiatiYely great distanoes produce 
HTTiall deflections, but as such encounters must be Teiy many times more 
frequent t,ViA,Ti tbe encounters just considered, their oumulatiTe effect may 
not be negligible. Jeans’s oaloulations* in this case are based on the following 
arguments. 

Item 10*13 (2), the number of encounters per annum producing deflec- 


tions greater than ifr is 



Hence the number of encounters per annum producing deflections between 
^ eaul^+d^iB r 

sm*-^ 

2 


If ^ is BmaU, this number is substantially 

STtVffld'^ 


( 1 ) 


The encounters take place in haphazard diiectionB and the corresponding 
tmiftn deflections are to be compounded according to the theory of errors. 
Thus the total probable deflection W, compoimded of small deflections 
1 ^ 1 ) ■*■> between two limits a and and occurring during a time t, is 


giren by 


S”“i^i+i^+***. 



so that, by (1), 


V* Ja ir 


Bttv/i* 

~W 



( 3 ) 


Formula (2) is deiiTed on the assumption that the deflections ... 

are independent. If the TtiininiTiTn value is eztremd.y small, the corre- 
qtonding minimum distance, c, of two stars during euu encoimter must be 
very large; if it is several times, say, the average distance between two 
adjacent stars m a normal distribution, the corresponding volume of space 
will, at a given instant, contain a certain number of stars each producing 
a minute deflection; but, in the aggregate, these random encounters may be 
expected to neutralise each other so far as their combined effect is con- 
cerned. Jeans accordingly chooses the lower limit a to correspond approxi- 


* AMnnomy tmd Oomogcny, Sll, 1928. 
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mately to the distaiioe between nei^bouiing stafs in a normal distribution, 
that is, to v*. In this case so that, by 10*12 (16), 

2u 2/a^ 

With;* = 80, v =■ !•. 10““, 7 = 4, we find that 

a = 2.10“» = 4' (4) 

and lP*=»^.10-“«log^. 

7 ®a 


If these fiseble enoounters eventually produce a deflection T = 7r/2 in T 
years, we have ,, ,^ 1 * 

■ <“> 

The formula (8) was derived on the supposition that cc and fi are small; 
however, T exceeds the value given by putting fi == 7r/2 in (6). This 
miniTnum value of T is 7. 10^* years. 


10*17. The fimd^mmikii pnna^ of stdksr dyrumice. 

The preceding calculations indicate, owing to the immense intervals of 
time involved, that with the galactic system as at present constituted the 
efiects of encounters are negligible; m general a star pursues its path which 
is not substantially affected by other stars temporarily in its neighbourhood. 

Also, as we have seen in section 9*72, the mutual gravitation of the stars 
in such a cluster as the Taurus cluster ensures a long life for a formation of 
this kind and substantially cotmteracts the effectiveness of the ordinary 
galactio stars, through which the cluster must pass, to cause disruption. 

A possible dismtegrating influence to which we have not yet referred is 
that of galactio rotation and we briefly mention the results of a recent 
investigation'* by B. J. Bok on the stability of moving clusters. It is assumed 
that the motions of the individual cluster stars are governed by (a) the 
attraction of the cluster as a whole, (6) the attraction of the galactic system 
as a whole and (c) the chance encounters of non-cluster stars. The principal 
influence tending to cause disruption of an extensive cluster is undoubtedly 
galactio rotation but, even so, Bok finds the effective life of a duster to be, 
at least, of the order of 10* years. The numerical results in Table 48 for the 
Taurus cluster are tahen from his paper;t it is assumed that the cluster is 
ellipsoidal in form with the present values of the semi-axes a, b and c 
respectively 6, 6 and 4 parsecs, and that the present stellar density, v, of 

* Harvard OircuUur, No. 384, 1984. 
t Ibid. p. 80. 

BSD 91 
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the dhiater is 0>25 O per onbio paiseo (the e-axis is pecpendioular to the 
gailAotio equator). The table gives the values of these quantities at various 
tunes t in the fiituie. 


Table 48 


t 

(unit =10* 
years) 

a 

(paraeoa) 

h 

(paroeoa) 

0 

(paneoB) 

V 

(® per 

Gubio parsec) 

0-6 

6*3 

6*2 


0*22 

1-0 

6*6 

6*4 


0*20 

1-5 


6*6 


0*18 

20 

7*6 

6*0 

4*4 

0*16 

2*4 

8*7 

7*1 

4-6 

0*13 

2*5 

0*0 

7-2 

4*5 

0*11 

2*6 

21*8 

11*2 

4*6 

' 0*03 


Aooording to Bok, it may be anticipated that after 3.10* years the duster 
will be oompletely dispersed. The whole life of the duster must of course be 
greater than thetnumber just quoted and it may well be 10^* years. 

So fax as the motion of an individual galaotio star is oonoemed, we oon- 
dude that its motion is, in general, determined only by the gravitational 
fidd of force of the galaotio system as a whole (it is this feature that differ- 
entiates stellar dynamios from the dynamical theory of gases) and we take 
this statement ae the fundamental piindple of stellar dynamics. 

Bor analytioal purposes we replace the aotual attraction of the system by 
a "smoothed” attraction of the system as a whole, in which we imagine 
the aotual disoontinuous gravitational field due to the stars, regarded as 
mass-points, to be replaced by a oontinuous gravitational field produced by 
a smoothed distribution ef density. 


10*21. T^^7u2amentoleg‘ua^»o»o/ stellar df^Tuimtcs. 

Consider a stellar ^tem of N stars, referred to a rectangular system 

of axes. Let the number of stars with coordinates between {x, y, z) and 

(x+dx,y+dy,z+dz) and with velodty components between (u,v,w) and 

(u+du, v+d/OtW+d/u)) be denoted by dN. If we assume the existence of 

a function j,. . 

f{tl 0 !,y,z; u,v,w) 

expressing the space-vdooity distribution of the stars, we have 


dN = /(t; X, y, z\ u, v, to) dxdydzdudwdw (1) 

or, denoting the space-velocity element by dQ, so that 

dQ s: dxdydzd/advdw, (2) 

we have “/(*; «,u,fu)dfl. (3) 
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Denote by 7 the gravitational potential at (x, y,z); Via a function of x, 
y and z. The oomponenta (Z, 7, Z) of the gravitational fooroe per unit ntann 
raghwibr SF . ar . ar 


Z = — T = _ 5!="'^ 


9y’ 


da‘ 


.( 4 ) 


BO that Z, 7 and Z are AinotioDB of the coordinates (a;, y, z). 
The equations of motion of an individual star are 


du 

dl 


■y. dV 

a 


y dU> 

’ * 


Z. 


.( 6 ) 




Vi’=v+-^dt, Wi 


After an interval dt, the {x,y,z) coordinates of a star become 

’''**®'* *1 =■ x+udt, yi = y+v(ft, (6) 

and the (u, v, to) components of velocity become (u^, Oi, Wj), where 

dw 

,T1! B-a «/<-L 

dt 

or, by (6), % = «+Z<ft, v^^v+Yd^, Wi = w + Zdt (7) 

The dN stars now occupy a space-velodty element dQi given by 
dQi s dxidyidzidoidvidwj^. 

d{x,y,z,u,v,tv) 

and from (6) and (7) the value of the Jacobian is 

1, 0, 0, dt, 0, 

0 , 1 , 0 , 0 , 

0 , 0 , , 1 , 0 , 


Now 


'-dQ 


dt, 


.( 8 ) 

.(9) 


0Z,, az,, az,, , 
a**’ ay*’ a»*’ 
07 ,, 07 ., 07 ,, „ 

■ 0 ^*’ 

« 

■0^'*’ 


0, di 
0 , 0 

1 , 0 
0 , 1 


which reduces, to the first order in df, to unity. Hence by (0) 

dQi - dQ. (10) 

After time dt, the number dN of stars in the space-velocity element dQi 
is given by 

dN =f(t+dt-, x+udt,y+vdt,z+v3dt-, u+Xdt,v+ Tdt,v)+Zdt)dQi. 

( 11 ) 


ax~a 
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Bbqmpdiogto the firat order incftaad equating (11) to (i) we have, tnakiTig 
use of (10), 



or, by (4), 


.(18) 


3A 0 /, 0 /^ dfWdf'dVdjWdf - 
' 0i'^^3as'^*’0y ^3*"^ 3» 0 tt^ 3y 80 .^ 3* 0 tt>™ 

These formulae were given by Jeans.* They are the equivalent of Boltz- 
mann’s equationt in the kinetio theory of gases, with moleoular collisions 
omitted. 

Let the operator DjlH denote difierentiation with regard to the time, 
following a star throuj^out its motion; the operator thus represents the 
rate of change of a characteristio pertaining to a particular group of stars. 
In this sense, DjDt is equivalent to 

D _ 3 da; 3 dy d dz 3 da d dv 3 dw d . .. 

3tt ^ 

Hence when the motions are governed by the gravitational potential, V, 
we can write (13) in the form j)/ 




.(16) 


This is the statement of liouville’s theorem, j: 

We can write the theorem in a shghtly different notation. Since dN is 


invariable with the time, 

|m-o. 

(16) 

and hence, by (3) and (15), 

s«*e)-o, 

(17) 

BO that, as m (10), 

dQi = dQ. 


10*22. J eons’ t theorem. 




•( 1 ) 


Since X, T, Z axe functions of x, y, z, the equation 

is a partial differential equation, of the first order, in the variables t, x, y, z, 
tt, V and to. The solution is found by Letgrange’s method.§ Form the sub- 
sidiary equations _ dx dv dz da dv dw 

( 2 ) 


dt — — = — — ~ 

a V w ~ X 


Z 


which are seen to be the equations of motion. 


* MJf.76, 70, lOlS. f Jeami’i Dyitamiedl Theory of Oaaee (4th ed.), 208, 1926. 

t Jeans’s Dynamiedl Theory of Cheee (4th ed.), 78, 1026. 

{ See, for examiOe, Eanyth’e Differmitiei BqmHoiu (Oth ed.), 406, 1029. 
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^ A(<; »= Oj, 7, = a,, ... = a, aro edx jndq)enideiit in- 

tegrals of (2), wheie Oi, ag, ... Oj are oonstants, the general solution of (1) is 

f ^ ...... (3) 

whore S' is any function of I^, 7„ ... 

Nott, by (1), DfjDt = 0, so that / is constant along the path of a star; 
hence / is a function of those quantities which remain constant the 
orbit or path of the star. 

Although (3) ifl the most general solution of the equation ( 1), the ficequenoy 
function f is limited by the consideration that Poisson’s equation must be 
satisfied at all points of the system when the potential V is due, as we ate 
supposing, to the system itself. Poisson’s equation is 

V*F — — 4jrp, (4) 

where p is the noass per unit volume in the neighbourhood of the point 

We suppose that the stars are divided into groups according to mass, so 
that we may take all the stars within one group to have the same mass Jf. 
By 10-21 (1), the number of stars, of a given group, per unit volume and 
with velocity components betvreen {u,v,w) and (v+dv, v-f-d!v,w+dw) is 

f(t’> SB, y, z; u, V, to) daidvdw. (6) 

Hence the total number, v, of such stars per unit volume is obtained by 
su mming (6) for all possible values of u, v and to, with the limitation that a 
star with a given value of (u, v, to) shall not escape from the system. Thus 


and p is then given by 


V ea jjj/dudvdw 
p => ZM jjjfdudvdto. 


( 6 ) 


where the summation refers to the various groups of stars and the assump- 
tion is made that the same form for /applies to each group. 

Poisson’s equation is then 


V«F = -4jri7if 


!!!■ 


fdudvdw. 


( 7 ) 


In the sequel, we shall generally write (7) simply as 


V»F = -4ffJlf 


JJJ- 


fdudvdw. 


in which the summation is implied. 


( 8 ) 



326 The Dynamics of SteUar Systems 10*22 

We refer to the resaltB embodied in the foimulae (3) and (8) as Jeans’s 
theorem.* 


10*23. dynamical equations for a stdlar system in a steady state. 
Bewriting 10*22 (6), we have for the number, v, of stars per nnit volnme 


V 



;x,y,z',u, V, w) dudvdw. 


( 1 ) 


so that, in the general oase, v is a fimotion of t, x, y and z. If the spaoe- 
velooity fimotion/is snoh that df/dt = 0, then by (1) 


— 

dt 


0; 


oonseqnently , the distribution of the stars in the neighbourhood of euay point 
is independent of the time. The system is then said to be in a steady state. 
In the sequel we shall consider the possible steady states of a system, so 
that the fonotion/ has the analytioal property 

I- »• <=> 

The subsidiary equations (which are now five in number) are 

« to “ Z” r““z’ 

and the general form of / is given by 

f = J^, ... (4) 

where I^ix, y, z\ u, v, w) - Oi, ..., Jj = o, 

are first integrals of the equations of motion not involving the time ex- 
plicitly. Thus / is a function of such quantities as do not involve the time 
explicitly and remain constant along the orbit of a star. 

One such integral is the energy equation, which we write in the form 


2F = Oj. (6) 

This follows simply from (3); for wo have — writing 87/3* for X, eto. — 

, 87, , 37, , 37, 

udu = -^dx, vdo=‘-^dy, wdw = -^dz, 


whence, on adding, 
giving the result (6). 


id(«*+t;*+w*) = d7, 


* 76, 70, leiO. See also Jeons'e Astroiiomy and Ootmogoay, 364, lOSO, and Chadler, 

Land JUedd, Ber.n, 10, 1018, in wUeh lihe theaocylade'velopedto take aoeonntof enoonnten and 
colllirieng; the fondamental equation la viltteQ in the fonn 

g-5/+v/'. 

where V/ and Vf' denote the efEeotB of enoonnten mid ooDiBlonB zeepeotlTely. 
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Otibor possible integrals of (3) axe conditioned by the general properties 
— spherical, uniaxial, etc. — of the system under mvestigatian. 

As before; if the potential is dne to the system itself, Poisson’s equation 
has to be satisfied at all points of the system. 

10*24. Thedl^Moiddllatjoofvdoeitiea. 

In the neighbourhood of the sun, the charaoteristio feature of stellar 
motions is the fact that the peculiar velocities have an axis of greatest 
mobility, and this characteristic is represented most conveniently on the 
basis of Schwarzschild’s ellipsoidal law of velocity distribution. If we 
consider the ellipsoidal law to be associated in general and at aU points with 
the steady state of a stellar extern, the function / must be expressible in 
the form 

/= F(z,y,z; a«**f 6i;*+cu)*+2/tHi>+2pu«t+2hw) (1) 

in which a, b, c , ... h are in general fimotions of x, y and z. In this general 
form the lengths and directions of the principal axes of the velocity ellipsoid 
vary from point to point of the system. 

For example, if the system is heterogeneous, the only integral of the 
equations of motion that can be found is (6) of section 10*23 and the 
space-velocity fimetion/ takes the special form 

M(6>-2V), 


where c* = «* -t- v* w*. (2) 

In this case the velocity-distribution is spherical but the space-distribution 
can be of any form, depending on the analytioal expression for V in tenns of 
X, y and z. 

If we assume that F 0 at infinity, 

c*— 2F «= a negative quantity; 

and if a star remains a member of the system its velocity must not exceed 
■fW ; this latter is the vdocity of escape. The density, v, is given by 

fV5r 

V = 47r J /(c* — 2F) c*<2c. 

Hence v is a function of F, namely v{V), and the equi-density surfaces are 
the equi-potential surfaces F — constant. Poisson’s equation is then 


V*F = -47rJfv(F). 
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10 * 31 . Thefregumey function for system wiAsphericaisymm 
In case F is a fimotion of the distanoe, r, from the centre of the 
system. Eenoe 

y_*0F y. yW 

^~r dr’ “r dr’ rdr’ 

BO that the group of snbsidiaiy equatioBS is 

dx dy dz du dv dto 
xW * y^ ~ zdV 
rdr r dr rdr 

IVom these, we have the pair 

wdy » vdz, 
ydw = zdv, 

whence, on adding and integrating, a, being a constant, 


I^syw-zv = a^. (1) 

This is the expression of the constancy of the angular momentmn, per tinit 
mass, about the ar-axis. Similarly, 

Jjsstt-aw = 03, (2) 

I^sxv—yu <=> tti. (3)' 

The frequency funotion f is then 

in whioh Oi is the energy integral. 


Sinoe F is a fimotion of r, it follows formally from Poisson’s equation— or 
simply from considerations of synometry — ^that v is a function of r. Hence 
by 10*22 (6), the function / must also be a funotion of r. Now the total 
angnlnr momentum, I, defined by 

is a symmetrical function of r for, from (1), (2) and (3), we have 
P = (**+j/*+i8‘)(«*+v*+w*) — (*tt+yw+*w)* 

= cV*-rV*, 

where c is the velocity as in (2) of section 10-24. 

The fimotion/iB then given by 

fii^n+n+ri) 

or by /(c*— 2F,c*r*— r*r*). 


( 4 ) 
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10*32. The fundamental eguoHon in polar coordinates. 

Let (r, 6, be the polar coordinates of a star 'with reference to the oen'tre 
of the system (Fig. 69), ^ being the azimuthal angle. The dements of a 

linear displacement ate 

{Sr, rS6, r^6S^) 

along 8A, SB and 80 respeotiyelj. 

Let B, Q, 0 denote the corresponding 
components of linear vdocity’. Then 

5 =• f, 6 0 = r^Oft. ...(1) 

The equation of continuity to be satis- 
fied by the frequency fanotion/is 

or, in polar coordinates, 

^(r,e,<f>-,B,e,0)^Q, 

wheooe 

" ® 

Now, the components (a, /3, y) of the acceleration along 8 A, SB, 80 respeo- 

^ faind ooflO.^*, 

, ©* 0 * 
whence, by (1), a = B — - — y , 

T T 

X B0 , cotO _ _ 

y = 0 + + . 00 . 

r r 

Also, expressing the grayitational potential in polar coordinates, we haye 

1 0F 


dV „ 137 

®“gy» y 


r dd’ 


reixidd^ ‘ 



Hence 


(3) 


^ o»l,« 

r r r d0* 

(4) 


^ ^ oo^ 1 37 

^ f ^ r rBin^0^‘ 

(6) 

Insert the eipressions for ^ and obtained from (3), (4) and (6), 

dr\rd0^rBm0d^^{dr^r^^ +®^ 70 P 


0d r ^ r I dO 

{remddff r r / 0(P 

(6) 


This IB the ftmdameiital equation for the spaoe-velooity distribution fimo- 
tion/in polar coordinates, the system being in a steady state. 


If.O 


0 . 


10*33. Aj^plieation of Hhe fundamental equation in polar coordinates to 
spherical symmuiry. 

Par spheiioal symmetty , the funotioDS / and F mtut be independent of 
6 and of ainoe the axes OP and OF (d^o and ^=0) in Pig. 69 can be 
ohoeen arbitrarily. Thus ^ 

w~d<j> 

, dV dv 

and — s — : 

dd df> 

Then, (6) of the previous section becomes 

- *■ 

This eqmtion must be true for all orientations of the d-aods; hence 

« 


and 


de 


0 . 


.( 2 ) 


(2) can be 'written 


Jf §L 

0(©*) 0(<P*)‘ 


(3) 
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Let C* (4) 


Then Q is the tranBrerae lineax -velooity. 

'Etom (3) axid (4) it is evident that so far as 0 and 0 axe oonoemed/ia a 
fnnotion of Q. 


Also 




K 

30 • 


Henoe (1) becomes 


\0r ^ r 1022 r dQ^ 


0 . 


( 8 ) 


Thisisthefundamentaleqoationmpolar coordinates for spherical symmetry. 

The solution of (6) is obtained by forming the subsidiary equations 
according to Lagrange’s method; these are 

dr dB dQ 

JJ"|770?“ _:B0’ 

dr'^ r r 

The first and third of these give 

r* () ■ 

SO that a first integral is rQ » a„ (7) 

where ia a constont. This equation expresses the fact that the total 
angular momentum about the centre is constant. Also 


J2djB+0d0 dr 


whence 2r = Oj; (8) 

this is the energy equation, which could of course have been written down 
at once. Thus the general integral of (6) is 

f=f[B^+Q*-2V,rQ) 

or f = f{c'-2V,rQ), (9) 


where c s (JJ*+ ©•)* is the linear velocity. 

Also r*(2* = rV-^) = *-V-^*) 

and so (9) is equivalent to (4) of lO'Sl. 

This analysis is due to Shiveshwarkar.'*' 

The star-density, v, is given by 

V = j j j f(c*—2V,rQ)dBd6d^. 

If the velocity of escape is large, we may take the limits of integration in 
this formula to be — oo and +oo for each of B, & and 0. 

• Jf jr. 96, 751, 1086. 
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Write e^QooeP, <P=Qainyff, (10) 

80 that dB6^ = QdQdfi. (11) 

Theiangeof^isfifom0to2ffan.dof CfromOtooo. Alao,/iflanevenfimotion 
of R. Aooordio^y, 

v = 4fff f Qf(e*—2V,rQ)dRdQ. (12) 

J 0 J 0 

Smoe, in polar coardinates, for spherioal symmetry 



PoisBon’s eqoation is 


10*34. Pr^erenfioZ motion »n a stellar ^Aer»^ 

Star-Btreaming in aooordanoe 'with Sohwarzsohild’B ellipsoidal law will 
only ooonr if the frequency funotion/is a fiinotion of a quadratic expression 
of the vtiooity-components. In thiH case, the general eaq>reBsion for / must 


oeoiTineiorai /= jP{iJ*+©2+(p«_2F+ibr«(©«+(P*)} (1) 

and the number, dv, of stars per unit volume of space 'with velooity-oom- 
ponents between (jB, 6, <P) and {R+dB,B+d&,0+d0) is given by 

dv » FdRded0. (2) 

Let ©i = (l+*r*)*d, (8) 

<Pi = (l+lT*)*(P. (4) 

Then (2) becomes 

dv = ^(22*+ 0i+ 0i- 27) dEde^d^i. (6) 

The frmction P in (6) is now qiherical 'with regard to the velocity com- 
ponents R, 6i and 0^. Define by 

= ( 6 ) 

Then by (3) and (4) of section 2*21, 

<’) 


Let S, and 0^ denote the mean values of R, '0i and 0^, taken in each 

case 'without regard to sign. Then by (6) and (7) of section 2*21, 

f"(^P(c}-2F)*!i 

S J 0 

“ 1*0) 

2 (^J’(c}-2F)dCi 


( 8 ) 
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By Efymmetiy, 5 = = (P^. 

Hence, by (3) and (4), - 

Jf:S:5 = (l + ifcr*)t:l:l. (9) 


M, 9 and 0 axe proportional to the semi-axea of the velooily ellipacdd 
(see section 6-11). If A; is poEdtive, the greatest axis of the ellipsoid is in the 
radial direction and consequently we shall have star-streaming at any point 
of the system with the axis of greatest mobility passing through the centre 
of the system. If h is negative, the previous solution will only apply to 


distances r less than 



and there wiU be star-streaming in all directions 


perpendicular to the radius vector. 

It is to be noted, as pointed out by Shiveshwarkar,* that this investigation 
involves a genereJised velocity fiinotion of which Schwarzschild’s ezponen- ' 
tial law is a particular example. 

Writing/ (or JT) as an esqponential, we have 

The star-density, v, is given by (6) to be 


whence 




( 10 ) 


Poisson’s equation is then 

d«F . 2dF . 47r»Jf^e*i’*’^ „ 

d^'^rdr'^ 1>*(1 + At*) " ' ^ 

The formulae (9) and (10) were found by Eddington by a method which wiU 
be described in the next section. 


10-35. Eddirigton' 8 vimestigoiion of Ote dynamics of a globiiUar stdUsr system. 

An we have just seen, Eddington’s formulae for the density Emotion of 
stars in a cluster, with spherical symmetry, in which Sohwarzschild’s law is 
obeyed is a particular case of the general solution derived from Jeans’s 
theorem. Eddington’s procediuet is as follows. 

Consider the orbit of a star under the central attraction of the whole 
system; the orbit will then lie in a plane passing through the centre, 0, of 
the system. Let r denote the distance of the star from C, B its radial velocity 
and T its transverse linear velocity. As before, the gravitational potential 
will be denoted by F. We assume spherical symmetry so that F is a function 
* hoc. oU. 

t M.N. 76, see, 1016. See elao MJf. 74, 6, 1018. 
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of r alone. We use a zero snfSbc to denote these quantities when the star is 
at its greatest distance from 0 (that is, when it is at apoentron). Then 
is the apoentrio distance, is the tcansrerse linear motion at apoentron, 
and the oorrespondiDg radial velocity, is zero; also Fg is the gravitational 

potential oorresponding to rg. 

The orbit being in a plane, the equations of motion are 

w 

rT sa a constant. (2) 

In (2), the constant is rgTg, so that 

I rT =. fgTg. (3) 

For a circular orbit of radius rg, the transverse linear velocity, yg, is given 
from (1) by 


3rn 


-w 


The aotual velocity, Tg, at apoentron is less than yg. 

Let P denote the orbital period; P is, of course, a function of rg and Pg. 

We can regard fg and Pg as the 
elements of the orbit, ignoring the 
third element associated with the 
plane of the orbit, namely, the 
orientation of the line of apsides. 


Let iy(fg, Pg)<2rg(Z2g ...(6) 

denote the number of stars with 
apoentrio distances between rg 
and rg+dfg, and with apoentrio 
velocities between Pg and Pg + dPg. 

In Fig. dOtseveral orbits are 
shown with the same apoentrio 
distance fg and the same apoentrio 
transverse velocity Pg. Consider 
a spherical shell defined by radii 
r and r +dr with 0 as centre. The 
star whose orbit is J. is within the 
shell at F and 0\ at P it is with- 
in the shell for a time d/rjB, A.Tn^ 
simiLarly at 0. Thus in each revolution the star is within the shell for the 



Xig.60 
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fraotion SdrjPB of the orbital period. Consequently, the stare defined in (6) 
oontribute permanently a density dv given by 

since 4mr*dr is the yolnme of the shell. Hence 


dv = 2^jj/(^o» ^o) ^ • 


.( 6 ) 


It is to be noticed that in deriving (6) the radial velocity .S is to be tahen 
withont regard to sign. 

The densiiy, v, at a distance r from the centre for all the stare in the system 
is obtained by summing (6) for all lvalues of fg and Tg, the radM velocity B 
being supposed to be expressed in terms of rg and Tg. Thus 




.( 7 ) 


We now ohazige the variables in (6) from fg, Tq to B, T. We have the 


energy equation = iT?-Fg, 

remembering that i2g is zero. 

Using (3) we obtain 

iJ* = 2(F-Fg)-T8(^,-l). 
From (0) the following relations are easily found: 

J2— =E 

"arg dfo 

dT „ dT 
*’0rg“^*’ ^aTg”’’®' 

_ _ 7*J !® 7* 

arg ®r*’ ® 


.( 8 ) 


..( 9 ) 

.( 10 ) 


From (3), similarly, 


Hence rB 


d{B,T) 

dM) 




»'o 




by means of (4). 
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Heaoe (10) beoomfis 

and we obtain from (6) 

dv = (11) 

This lasfc equation gives the number of stars, per unit volume, with linear 
velocities between (JJ, T) and (iZ+dJJ, T+dT). But if Sohwarzsohild’s 
ellipsoidal law oharaoterises the peculiar motions in the cluster, dv is given by 

dv = OTe-Vs^-h^dBdT, (12) 

in which the factor T is inserted owing to' the fact that the transverse velocity 
T is a two-dimensional component (this is analogous to 10*38(11)). In 
the formula (12), (7, and may be functions of r; in other words, the 
lengths of the axes of the vdocity ellipsoid may be assumed to vary radially 


from one part of the system to another. 

We can write (12) in the form 

iy ^ .e->^dBdT, (13) 

in which (7, h and k may be functions of r . Using (8) and (3), we obtain 

dv » .e-^WdBdT (14) 


Heaoe, firom (11) and (14), 

/(ro, To) = ^Oer»y . - T*) e^-F. . e-(W4*v,w (is) 

Since /(fg, T^) is independent of r, the light-hand side of (16) must not 
involve r. Sinoe F and 0 are functions of r, this condition is satisfied if 

2nCe-*»^^ = B, (16) 

where B is independent of r, and 


h and k axe constants. 

Hence, firom (13) and (16), 

= (17) 


The density, v, at a distance r firom the centre of the system is ttiAn given 
by integrating (17) for all values of B and T between 0 and oo. Thus 


B 




(18) 


which is of the same analytical form as (10) of section 10-34. Poisson’s 
equation is found as before to be of the same form as (11) of section 10-34. 
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Choosiiig the units andthezero of potential so as to leduoethe latter equation 
to its simplest algebraioal form, 'we write it as 


• 

d«F , 2dF . . 

dr*^r dr‘‘'l+f»"®‘ 

(10) 

Let « a 1/r. Then 

(19) becomes 



dtfi ^«*(l-htt*) 

• 

(20) 

and, setting 

F - -logs, 

1 


(20) becomes 

^ (dzy 1 

*du* \du/ '"tt*(l+»*)‘ 

(21) 

Also, in these units. 

6*’', 1 
l+f»“**(l+f»)’ 

(22) 


These equations have been studied by Eddington in the paper lefetred to. 


10*41. ThefumdamentalegucMcm in oylindricai coordinates. 

Let (w, d, e) be the oylindrioal oooidinates of a star S as shown in Eig. 61. 

The oomponents of yelooity parallel to OX, 
XY and X8 ore denoted respeotiyely by 
n, S and Z, a notation introduced by 
Jeans; we have 

n <=m, S = wd, Z ™ i (1) 

The continuity equation DfjlH = 0 be- 
comes, for steady motion, 





0 ( 2 ) 


Kg. 61 


/ being expressed as a function of w, 6, z; 
n, O and Z. 

From (1) and (2), we have 


n^f.S df 


.( 8 ) 


BBU 
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If (a, Pt y) ^ oomponents of tMoetoration paraJM to OX, XT and X8 

xeq)eotiTely, we have gpr 

as*— , 






IW 

wW' 


7Sl=: 




whence 


ii 

4 


37 ^ 
dw^ w’ 

iw_ne 

wdd vf * 


( 4 ) 

( 6 ) 


<»> 

Formnla (3) then beoomes 

+/i5Z_2»^i£4.?Z.if _ 0. 

dvf rudd dz \3t!7 m J dll \w dd m ) dS dz dZ 

......(7) 

For TiTiiftyial symmetry, the functions / and 7 ate independent of d; in this 
case we have 

zr^+z v+ff V = 0 (8) 

■^0T!T^ dz \dva^vj)dll w 9®^ 0* 0Z 


In these formulae 9 is not to be confused with the 9 of sections 10*32- 
10*34. 


10*42. Systems with uniaxitd symmetry. 

We tahe the aifiH of symmetry to be the s-azis and we use cylindrical 
coordinates. From 10*41(8), we can in theory find four independent 
integrals, ... Ii. 

As befoore, we have the enei^ integral (in rectangular coordinates) 


27 = Oi (1) 

or, in cylindrical coordinates, defined as in the previous section, 

/i = /7»+«*+Z»-27 = ai. (2) 


Also, the constancy of A.ngnlii,T momentum about the axis of symmetry 
gives a second integral of the equations of motion, namely, 

* I^sv>9 = a,. 

tViaha are the only integrals that cem be found in general. 


( 8 ) 
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The frequency fonotion/iB then a function of and If and ve write it as 


/=M.-^i) (4) 

or, by means of (2) and (8), 

faf{e'-2V,m9), (5) 

where e* => IP+9*+Z*. (6) 


Owing to uniaxial symmetry, F is a function of tu and z onlyi 
If the velocities are distributed according to a generalised ellipsoided law, 
f must be a fimotiou of a quadratic expression of the velooity components, 
and the most general way of writing this, consistently with the form of/ in 

<*)*^ <*>•'* j-m. m 

wh^re f (8) 


in which and kf are independent of 77, 6 and Z. In partionlar, Schwarz* 
sohild’s ellipsoidal law in this notation is 


/ = rie-«. 

We can write i as follows: 

g * IP+X»(e-9o)‘+Z>-2Vi, 


where 


A* = l+hjor*. 


6»o 


kyW 

i+jfcjuj*’ 


..(9) 

(10) 

( 11 ) 

,( 12 ) 


yx' 


V+i 




.(13) 


2 1-1- Ag tor*’ 

In these equations, A, 9q and are functions of m and z. 

The formula (10) shows that Og is a rotational linear component. The 
residual velocity components (the rotational component being removed) 
are 77, 6' and Z, where ©g. (14) 


These components are distributed ellipsoidally and consequently there is 
star-streaming. 

The star-density, v, is given by 


r f" f" f{i)dndedZ. ( 16 ) 

J — 00 J — ooj —00 

On writing 0i = A(6-©g), (16) 

cf = 77*-|-6>;-|-^*. (17) 

(16) becomes •'“if f f f(c\—W^dnd6^dZ. (18) 

A J ^00 J -00 J -00 


The form of the function/in (18) implies a spherical velocity distribution 
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with legaid to the velooity-oomponents 77, and Z. Henoe by (8) and (4) 

of section 2-21, we obtain 

V“xJJcJ/(c!-2Fi)dCi. (19) 

Let n, and 2 denote the mean valneB of 77, and Z, taken without 
regard to sign. 

Then, by (6) and (7) of section 2-21, and as in section 10-34, 


IJ “ = 2 


j"(^(el-2Vi)de^ 

2jJci/(cS-2Fi)(fci 


( 20 ) 


let & denote the mean value of & taken without regaid to 
sign. Then, from (16) and (20), we have 

n:& :2 =‘X-.l:X. ( 21 ) 

With positive, A is greater than unity, by (11). Since JI, & and 2 are 
proportional to the lengths of the axes of the velocity ellipsoid in the corre- 
sponding directions, the velocil^ ellipsoid in this case is an oblate spheroid 
with its greatest axes in the radial and in the s-dicections. 


10*51. SteOar systems in general. 

It is assumed throughout the present treatment — except for a generalisa- 
tion, due to Shiveshwarkar, which we interpolate in section 10-63 — ^that the 
stellar velocities are distributed according to Schwarzschild’s Anipa,^i’rlii.l 
law. Aocordin^y, we suppose that at any point of the stellar system a 
velocity eUipsoid is defined with its principal axes oriented in niMi gnAd 
directions. Consider one of the principal axes. At a neighbouring point it 
wUl be oriented in a slightly different direction and, tracing it from point to 
point, we see that the direction of this axis will be given at any point by the 
tangent to a three-dimensional curve which can be regarded as the inter- 
section of two members of a family of surfaces with each of which is asso- 
ciated a parameter, the surfaces being envelopes of principal plA.ni>a of the 
velocity ellipsoids. As the principal axes form an orthogonal set, the direc- 
tion of a principal axis at a given point of the system is given by the normal 
to a surface which is one of a triply-orthogond family. These sur&ces are 
called by Eddington,* to whom the following analysis is due, the principal 
velocity-surfaces. 

Let A, ji and v be the three parameters associated with the three famiUfta 
of principal velooity-sarfaces, so that at any point of the system the co- 
ordinates are qtecified by A, /i and v which are, in effect, the curvUinear 

coordinates of the point. , 

• MJf. 76, 87 , 1816 . 
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The elemeata of lengtih in the prindpal diieotiona are 

P(2A, Qd/i, Bdv, 

where P, Q and P are, in general, fnnotions of A, /*, v. 

The oomponents of yelodty in the principal direotionB are 

PA, Q/(, Pi). 

The kinetic energy of a particle of unit maas is given by 

T - 4(P»A*+ (1) 

Ah in previous sections, we suppose that the motion of an individual star 
is controlled by a gravitational potential, 7, which will be in general a 
function of A, /i, v. 

Using Lagrange’s dynamical equations, a sample of which we write in 


the form 


we obtain, from (1), 


dt\dXi 


9P W 

'dX “ 8A’ 




Hence 


dp« iBP* .apv ^ap* 


P«A= -i^*-aA‘*'*^"aA "al 

SimilarlVi 

These are the equations of motion in curvilinear coordinates. 


10*52. The equati<m of amtimuity. 

At a given point of the stellar system, the axes of the velodty dlipsoid 
are oriented in particular directions, and taking these directions to define a 
system of rectangular axes, we can write the number of stars in an element 
of volume surrounding the point as adtedyda, where we now denote the star- 
density by <r — and not by v, as previously — ^to avoid confusion with the 
generalised coordinate v. Accordingly, the number, dN, of stars with velodty 
oomponents between (u,v,w) and {u+dvi,v+dv,u)+dw) in the element of 
volume is given by 

dN = <rdxdydzAer^'^'^-*^''^-^dudvdw. 


( 1 ) 
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H«noe, Bnmmitig for all possible valuos of u, v and to, 

adasdydz =■ crdxdydzA f f f 


J — 00 J —00 J —00 

ficom whioh A — ir~*l*abc. (2) 

Heaoe (1) becomes 

dN ’=ir*dxdyda<rabeer'^’^~^^^^~*^dMdodw. (3) 


The lengths of the semi-axes of the velocity ellipsoid at the given point 
are 1/a, ijb, 1/c and these ate fonctions of A, ji and v. 

In onrvilLDear cowdinates, (3) becomes 
dN’=ir* Pd\ . Qdjt . Bdv . PdX , Qd/i . Bdf, 


and, on ‘writing e* - (robe, (4) 

^ = ( 6 ) 

■we obtain dN « 7 r*(^P*Q*B!^dXdjtdvdkdjidv. (6) 

The eqnation of continnity is 

§m=- 0 . ( 7 ) 


Now, by lionville’s theorem, in the form given by 10-21 (17), 

^(dQ) s-£(PdA . Qdfi . Bdv . PdX . Qdjt . Bdfi) = 0 (8) 

JJt JJt 

Hence, from (0), (7) and (8), = 0 

or ^ = ^(a«i«A*-H6»W+cW*). (9) 

Now, 'the operator DjDt for oorvilineor coordinates is given by 


D« ~ 8 A ^ 3/t ^ av ^ aA ^ 3/4 9 j> ■ 

Hence, from (9), we obtain — k being a function of A, n and v alone — 

-HA/4«A(6*<2.)+;i3|.(6.Q.)+^2i>|.(J«(2«) 
-hAj)*1(6»JJ*)-H/4V*A(c>J2*) + i>»|j(c«J2*) 

\ aA aA"*"*^^ aA a/* a>; ■‘■^aA/ 

1.,3-B* .,,35*^.371 

+ ...(10) 



10*62 The Dyrumica of SteUar Systems 343 

where, in the last three lines, th^ e^qtresaions for A, fL and v, as g^vea by the 
equations of motion (2), (3) and (4) of section 10-61, have been substituted. 

The formula (10) holds for all jwints of the system and for all values of 
A, /i and i>. Hence, for example, the coefficient of A on the left-hand side of 
(10) is equal to the coefficient on the right-hand side. According, 


— 

3A 



Again, equating the coefficients of A*, we have 


from which 




Equating the coefficients of A/i*, we find that 


from which 
or, using (11), 


30* 


0 = ^(6«««)+a«:^-26* 


0A 


0A’ 




.( 11 ) 


Hence 


0 /o*-6*\ 

d\\ 0* / 


o: 


(12) 


Proceeding in this way, we obtain the complete results as follows: 



^ ~ 3A’ ^ d/t~ 0/t’ ^ dv dv' 


(13) 

,(14) 

.(16) 

.(16) 


It is to be remembered that P, Q and R are fdnctions of A, ji, v and may 
be supposed known in accordance with the adopted system of curvilinear 
coordinates. Hence the nine equations in (13), (14) and (16) are sufficient to 
determine a, b and c in terms of the parameters A, /t, v; these functional 
values of a, 6 and c are independent of the potential, F, and the density ir . 

The three equations in (16) determine k if the potential V is known and 
consequently the density, or, can be found; this last function must also satisfy 
Poisson’s equation if the potential is due to the system itself. 
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10 * 63 . ShmahvxirJcm^s genemUaatim.* 

Ooiuddei the frequeiu^ fanotioii/({i^), where 

^ca—aW—bH^—chfi+K ( 1 ) 

and a, 6, c and E may be fimotioiis of the ooordinates (x, y, s) in a reotangnlar 
system. Then the nnmber, dN, of stars with the Tolmne-element dadydz 
and with velocity components between («, v, w) and {u+du,v+dv,w+ dw) 

is given by dN ^ /(^) dxdydzdud^dw. 

The fimotion/iB of the generaJised ellipsoidal type. 

The star-density, <r, is given by 


> JJJ/W 


.( 2 ) 


This equation connects or and £ in a way niTwi1ii.T to that in which <t and #r 
are related in 10*62(4). Also, by Jeans’s theorem, ijr must be a first 
integral— or a fimction of the first integrals — of the equations of motion. 


Consider now the equations in curvilinear ooordinates. 
denote the generalised momenta so that 

Let Pi> P»> P* 

dT dT dT- 

0A’ 0/i’ 01)’ 


where T is given by (1) of section 10*61. We thus have 


j»i = P*A, Pt = Q% Pi = B?v 

(8) 

and T becomes T = * 

(4) 

The Hamiltonian fimction, H, is given by 


H= T-V = 


and the equations of motion are 


j 0H . 0H . 0H 

, (S) 

0H 0H . 0H 

0A’ d/i' dv' 

(6) 

Since ^ = constant is an integral of the equations of motion, this equation 
must be satisfied by (6) and (6). E::q>resBing ^ in terms of the generalised 
ooordinates A, /», v and the generalised momenta p^, p,, we write the 


integral as 


- constant. 
* M.N. 96, 760, lose. 


•( 7 ) 
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Difierentiate this last equatLon with lespeot to the time, and there resalts 

2^A+ 2 A 

PuV*,9t^X 


0 . 


Henoe, by (6) and (6), 


0A ' 8pi djpi’ 9A ™ 


or 


d(f,H) 8(i^.g) 8(ifr,g) 
8(A,3>i) ^v,Pi) 


0. 


.( 8 ) 


By (1), ^ is defined in terms of the generalised ooordinates by 

in which a, b, o and £ are fdnotions of the coordinates A, /t, v. Ibrom (S), ^ 
is expressed in terms of the coordinates and generalised momenta by 

w 

Henoe, from (8), we obtain 


(a 

^'?8Alf 


>\ ,8/c 

)»)''’^®0A\JJ 

»\ d£ 

r«j 8A’ 

a* 

piPi 

, 0 /] 



;«j ^0A’ 

1 

ptPi 


This equation holds for all values of pj, p, andp,. Equating coefficients of 
the various p’s and combinations of the p’s we arrive at the equations (13), 
(14), (16) and (16) of the previous section, E replacing k in (16). If the 
potential V is known, £ is determinable from the equations (16). Thus the 
function ^ is found. Poisson’s equation remains to be satisfied and we must 
have 

V*F = — 47rJlf 




f(^) PQRdXditdv. 


.(10) 


10*54. Eddimghm’e theorem. 

This theorem* states that the principal velocity-surfaces are oonfocal 
quadrics. The proof in the general case is long and we shall confine ourselves 
to the case of axial symmetry .t 

In this case, two of the families of velooity-suifaces are surfaces of 
revolution and the third family consists of planes passing through the a™ 
of revolution. Taking the v parameter to be the azimuthal ang^ we see that 
P, Q, R, a, b and o are independent of v. 

t 

• MJr. 76, M, 1916. 

t iMii.p.42. 
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(14) and (15) of aeotion 10*62 we have 

8 /a*- 6*\ - ,0 /a*-6>\ ^ 

0a( Q* j = 0 Juid p« )“®* 

■B^oe ■ ■ is independeat of A and must consequently be a fonotion of 

/* alone; thtis a*—b* , . . 

-^=A0»)- 

Similarly, from (1), - /,(A). 

We then have a«-6» = Q%{n) » P*/,(A). (2) 

Talce the axis of s to be the of revolution and oonsider oylindrioal 
ooordinates (m^z^6)^ 0 heiog the azimuthal angle. The element of length 
corresponding to the A parameter is Pd!A, which is equivalent in cylindrical 
coordinates to Thus 

<») 

<*> 

/<o parameters defined by 



so that Aq is a function of A alone and /^q is a fonotion of fi alone. Now by (6) 

“d (»> 

^-vaw| P) 

Hence, from (3) and (6), 

(») 

and from (4) and (7) 

'»> 

We then obtain from (2) 

©'•©■■©■•(a’ »•> 

Since, by definition, the surfaces ter sa constant, z = constant are ortho- 
gonal, as are also the surfaces A^ = constant, /Iq == constant, the formula 
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(10) is the Bnffioient condition that the transformation from the coordinates 
(vt,z) to the generalised coordinates (A«,/to) should be conformal. Hence 
ire obtain, from (10), , • \ /m 

' ' w+»* = ^(Ao+iM (11) 

where * = -fV— 1 or -*sPT. 

IW(8) 

= J"(A^+</to).r(A«-i/to) (12) 

Hence (2) and. (12) give 

as-h* B jP'(Ao+ v*o) . J''(Ao-»;to)* (13) 

Since, by (6), is a frmction of A alone and /(q is a function of n alone, we 
can use Ao and /t, as the parameters of the corresponding surfaces, for the 
families of suifrtces Ag = constant and /to » constant are the same as the 
families of surfaces A » constant and /t » constant respeotiTely. We can 
accordingly drop the suffixes in (13), which we now write 

a«-6* B J''(A+<;t) . J’'(A-</«), (14) 

from which 

^(o«-6*) = *J?’"(A+»;t) . J''(A-t/0-»F(A+»;t) . F"{X-i/t). 

^ ■ ( 16 ) 

But, from (13) of section 10*52, 

a(o«) m_ fl. 
aA d/i 

hence the left-hand side of (16) vaniahes and we obtain 

J'"(A-f»At) F'(X-i/i) 

F'(A+i/i) F'(A-i/i)’ ^ ' 


As X+i/i and X—i/i are different vaiiables, each side of ( 16) must be equal to 
a constant, sayps. Thus 

J'*(A -I- ifl) = p*F'(X -i- ifl) 


or, writing X+i/i^ Z, 
the solution of which is 


d!^F(Z) .dF{Z) 
dZ» dZ ’ 


F{Z) = A cosh {pZ +e) + B, 


where A, B and e are constants of integration and may, in general, be com- 
plex. The real and imaginary parts of e only change the A and /i origins, and 
the real and imaginaxy parts of B only change the vj and z origms; we can 
accordingly take B b e = 0. Hence 


rn+iz B u4coshp(A-(-v»). 
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Takiiig ^ to be ceal and equating leal and imaguisxy parte, 'we obtain 

w = A ooabpA ooep/t, 
z=i A EonbpA ednp/t. 


The ourvea in the (w, 2 ) plane for A = constant and y 
respectively ^ 

cosh'pA sinh'jpA 


and 


w* 


ooe*pi/i sin'^yu 


A*. 


oonstant are 


These are confocaJ conics and the corresponding principal velocity-surfaces 
are formed by the roTolution of these conics about the 2-axis. If .4 is wholly 
imaginaiy, we obtain a mwiiIji.t' result. If 4 is complex, we obtain systems 
of confooais unsymmetrioal with respect to the w and 2 axes. 

Thus the theorem is established, m the case of axial symmetry, that the 
principal velocity-surfaces are oonfocal quadrics — ^the third family of 
quadrics in this case degenerating into the system of planes passing through 
the axis of revolution. 


10*55. The poaaibiUty of star-streaming. 

Taking the most general case, we have from Eddington’s theorem that 
one family of principal velocity surfaces is a system of confooal ellipsoids. 
Assume that these ellipsoids correspond to the parameter A. Then along a 
curve, at every point of which the tangent is a normal to the confooal 
ellipsoid through that point, A varies but y and p are oonstant. Now from 
(13), (14) and (16) of section 10*62, 

aA 9 aI I ’ dh\ I 

so that as we pass along the curve 

a* = oonstant = A, 
b‘ = A-t-£Q‘. 


A, B and C being constants. 

Since the components, along the principal axes of the velocity ellipsoid, 
of the mean peculiar motion are inversely proportional to a, 6 and c, we must 
have B and O positive, otherwise b and c would vanish at some point of the 
system. Oonsequently, 6 and e are each larger t-hn-n a, so that the greatest 
axis of the velodly ellipsoid is in the A direction, that is normal to the 
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principal velooity-Baifaoe. The ratios of the mean speeds along or parallel 
to the principal axes of the Telooity ellipsoid are given by 

: (^ + : (A + 

Unless the principal velocity surface departs very markedly fix>m a sphere, 
the direction of the normal to the surface will be more or leas in the direction 
of the centre of the system; in other words, the direction of the greatest 
mobility of the peculiar motions will be roughly radial. 

If the equations (16) of section 10-62 can be satisfied, star-streaming in 
the radial direction is thus possible. We shall consider this point in detail 
in a later section. 

10*56. IrOegrtOion of iJte equations for a, band c. 

We consider particular cases of Eddington’s theorem. 

(i) Spherical coordinates. 

If one of the systems of prindpEd velodty-surfaees is a family of spheres, 
the orthogonal surfaces, in polar coordinates, are 

r = constant, 6 => constant and 0 » constant, 
where r, 6, ^ correspond to A, /« and v respectively. Also, 

dr, rdd, r^dd^ 

are the orthogonal components of a small displacement from one point to a 
neighbouring point. Hence 

P 1, Q = f , P = rsind. 


The formulae (13), (14) and (16) of section 10-62 then become 


da* 

db* ^ 
dd 

D 

o 

....(1-1), (1-2), (1-3) 

a<9\f*sin*0; ’ 

o 

R 

1 

8 _ 

ar\ r* ) " 

....(2-1), (2-2), (2-3) 

a 0 

r* / ’ 

a/c*-o«\ 

afV«sin«<?^ 

^(a*-6») = 0. .. 

....(3-1), (3-2), (3-8) 

Using (1-2) with (3-3), and (1-3) with (2-2), we have 



ao» da* 

ao« . 

W 


dr dd 


BO that 

a* a oonstant. 

(6) 


Erom (1-3) and (3-1) we have ® 

9 

dA f* } 


or, using (4), 


0 . 


( 6 ) 
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Siiiiilarly, (1-2) may be vrittea 


^/a*-6*\ 
de\ r* ) 


0 . 


(7) 


The fcnmtilae (6), (7) and (2*8) show that ^ — is ooostant; henoe we oaa 

write 


6* = o*(l-(-3)*r*), (8) 


whero we put the oanstaot equal to the positiye quantity a*p\ sinoe 6 must 
not yanish at any point of the stellar system. 

WiMi* (2») » 

and adding it to (8-2), we have 

0/6*-c*\ 

3r\r«sm»0j“ ’ 

which, together with (2-1) and (3-1), shows that 

= oonstantso*(7, say. 


Hence c* => 6*+a*(7r*ain*d 

or, using (8), c* = o*(l +p*r*-l- Or*ain*d). (9) 

(ii) ProUOe spheroidal coordinates. 

When one of the principal velocity-surfaces is a prolate q)heroid, with the 
je-aads as axis of revolution, its equation can be put in the form 

a!*-l-y* z* _ , 

Binh*f'^oo8h*f ^ ‘ 

Choose the unit of length so that p =: 1; then the coordinates of any point 
on the surface can be expressed as 


X = sinhfsin^ cosy, 
y » sinhfsin^ riny. 


z = ooshgcos^. 

We consider y to be the generalised coordinates A, /t, v respectively. 
Then 




from which and the similar equation for Q* we obtain 

P* SB Q* a cosh*^— oos*^. 
Similarly, it is easily found that 

jj«asinh«f Bin*i7. 


.( 10 ) 


( 11 ) 
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Sinoe P* * 

Q*, we derive from (14) and (16) of section 10*62 



-^1 

[ p« )-a^( p* 


Also, 

a 

1 a /6»-c*\ a „ 

0y\ Q* I P* ;■ 


0yl P* ) 


Hence, 


— pj— = constant, 


and we write this last result, using (10), as 




• = BP* = B(oosh*£— oos*^). 

(12) 

in which JB is a constant. 



Also, 


-gj-O “d Ji~0- 

(13) 

Hence from (12) and (13) 

a* = A+J5ooe*^, 

(14) 



6* = A + Boo8h*£, 

(18) 


in whioh A is positive (sinoe a*^A for ^ =7r/2) and independent of ^ and 
also, since a and b must not vanish, £ is by (16) a positive constant. A is also 
independent of y — and is therefore a positive constant — as may readily he 
sho-wn as foUows. We have, from 10'62 (14), 



But, by (10), P is independent of y. Hence, since dc^fdy = 0, by 10*62(13), 
-we obtain 

so that, by (14), ^ = 0* 

0y 

Accordingly, A is a positive constant. 

Again, from (14) and (16) of section 10*62, 

a /c»-6*\ « , a /c*-a*\ ^ 

a^(-ffr-) = 0 and 

The latter equation can be written 

agl aflij«j' 

Writing 6* in the form — ^from (16) — 

6» = A + J5+BBinh»g, 


we have, using (11), 
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^ ,.e, 

|(— (in 

d a 

Also, sinoe » 0. 

dy ’ 

and amoe a*, b* and jB* axe all indepeadent of y, we have 

0 /c«-o«-6*+A + 5\ „ 

ayV -B* 

Henoe (16), (17) and (18) give 

e*-a*-b»+A + B^OIP, 

where O is a constant. This last equation can be written 

c* = A + BooB*5 + B8inh*f+(7Binh*f Bin*i 7 (19) 

The restdts of the other oases have been given by Eddington* as follows. 

(iii) Bectangvlar coordinatea (x, y, 2 ). 

In this case the principal veloolty-saifaoes degenerate into orthogonal 
planes. Then P = $ = JJ = 1 

and a, 6, c are all constant. 

(iv) CyUndrieal coordinates (w, 2 , 6). 

The principal velority-sarfaces are cylinders with the s-aaas as axis, 
planes normal to the 2 -azi 8 and planes passing through the 2-axis. Then 

P = «=l, P = w 

and a* a constant, 

b* a constant, 

C* a 0*(l-l-fttDr*), 


(v) Oblate spheroidal coordinates (^, rj, y). 

Here one of the principal velocity-surfaces is the oblate spheroid given by 
X a ooshf 008 ^ cosy, y = oosh| ooBrj siny, z = sinhg sin^. 


Then 

P* a a oosh*£— oos‘^. 


jB* ss 0OSh*£ 008*17, 

and 

O* a A + PoOS* 17 , 


6*a^+Boosh«g, 


6* “ A+.PooBh*^+5oos*^-|-C/oosh*^ oos*^. 


• MJf. 76, 4S, iei«. 
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(vi) EUipaoiddl coordinates v). 

In this general case the piinoipid velooity-suifMeB are oonfooal qnadrios. 
If the squares of the senii-aizes of the oonfooaJs through (A, /t, v) are 

A«,A*-/?*,A«-r*; /«*,/**-/?*, v«. 

then- 

and a* = d + B/i* + 5v* + 

6* = 4 + 5v* + fiA«+ C7v“A*, 
c* - 4 + BA* -f B;t* + OA*/t*. 

10-57. Evaliuationofihedeneitj/. 

The equations (16) of section 10-52 enable us to derive Eddington’s 
function k when the gravitational potential, V, is known. Erom these 
equations, we obtain 


_8F,. , io9F , b^F, lf3r,. 0AC, . 9<c. 1 ,, 

-(1) 

Since the right-hand side of this equation is a perfect difierential, it follows 

that 

0 / ,3F\ 1 0*ic 0 /„0F\ ... 

0;tr 3Aj“20A0;t 0Ar 9/*)' 

Similarly 



From (2), 

0F0O* 0F06* 0»F ^ 

0A0;t *^0A0/t”® 


or, Binoe 

0o» 06* 

0A “ 0/t " ’ 


a*(a*-6*) 

dXdfi 


0, 

whence ' 


-(3) 

Similarly, 


-(4) 


o 

II 

c 

I 

-(6) 


When the potential is given, it must satisfy these equations in which 
a, b and c ate all expressed in terms of A, /t and v. 


BBS 


*3 
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la the oaee of axial symmetEy, aU the TaxiableB oonoemed will be in- 
depemdent of v (the aadmuthal angle), and we obtain from (8) 

FjXj + CHM) 

o*~6* ’ 

where F and 0 ace arbitraiy fonotioDS. 

1 8/c 


.( 6 ) 


Now,' from (1), 


.dV 
® 3A 


3o» ^ 

at, ainoe => 0, 

Now, &om (6), we oan write 

a»F(X) + b*0(n)] 


Hence 


Sunilarly 


A/* 

20A“0AV 

20/t ™ 0/t\ 


a*-6» j' 

a*J’(A) + 6*(?(/t)l 
o*-6* )’ 




■m 


Hence 

where C is a oonatant. 

From (4) of section 10-62, the density c is given by 

abca = 6*. 

If the motiozis of the stars in the system are derived from the attraction 
of the system, Poisson’s equation must also be satisfied; hence 

(9) 

I o*— 6* } abc ' ' 


.( 8 ) 


With f^heroidal coordinates, it has been found impossible to separate 
the variables in the above equation — so as to determine the functions ■F(A) 
and It therefore appears that a solution of (9) does not exist. 

For spherical symmetry, 0{ft,) = 0 if we associate A with r. From (6), (8) 
and (9) of section 10-66 — setting C = 0 in the last equation because of 
spherical symmetry — we have 

Ot* = constant; 6* = c* = o*(l +p®r*). 

Then (9) becomes 

iirralfflU ^P' 

r*3rL 9*‘l »■* /J~' 


:e'i^ . 


.( 10 ) 


a(l+pV*)‘ 

from which F{r) can theoretically be obtained; thus k con be found and then 
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the density ia obtained by means of (8). It is to be remarked that formnla (10) 
above is essentialLy (11) of seotion 10*34. 

In Shiyeshwarkar’s generalised formulae k is replaced by K which, in 
the case of spheroidal coordinates, is given by an equation aitniliM* to (7). 
The density is then given by (2) of section 10*63 and, if the Efystem is 
moving under its own gravitational potential, Poisson’s equation has to 
be satisfied. 

There is one possibility that we have not yet considered. So tax we have 
made the general assumption that the motions of the stars in a given cystem 
are derived ficom the gravitational attraction of the system itself. It may 
be that the stellar motions are controlled by a potential compared with 
which the potential of the system itsdf is negligible. The simplest case is 
where the motions are due principally or entirely to a dense aggregation of 
matter at the centre of the system ; in this case we may assume that 7 is due 
to this centred condensation and thus Poisson’s equation does not require 
to be satisfied. 

In the case of uniaxial symmetry the solution is complete if the potential 
V of the controlling system is given by (6), so that 

F{\) + GW 
~ o>-6» ’ 

in which F and 0 are now supposed to be known functions; k is then given 
by (7) and the density <r by (8). 


10*58. Eddington dealt, in his paper, with further problems which we do 
not consider here in detail. The principal conclusions,* however, may be 
briefly stated, when the velocities are distributed according to Schwarz* 
schild’s ellipsoidal law. 

(i) For systems moving solely under their own gravitational attraction, 
the only exact three-dimensional solution, for steswly motion, is in the case 
of spherical symmetry. 

(ii) For systems moving under forces other than their own gravitation, it 
is possible to obtain an oblate distribution of stars (as in the galactio system) 
either by taking prolate velocity-surfaces, or by assuming that the whole 
system is in rotation, or by a combination of these two causes. 

We examine the question of rotation in Chapter xn. 

* Vot a wrlev of the problems with whioh we have been deding see Eddington, A.if. 815, 1981 
(JnbUee Number); abo O. It. dark, M.N. 97, 182, 1987; 0. Heokmann and H. Strasl, ChSmgM 
VerOff, Nos. 41 (1984), 48 (1986). 
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10*61. TTi6*'hydmdynamicaieqvaHone’’ for a Cellar system. 

In reotangqlar ooordlnateB the fimdaiuental equation, firom section 
10-21, is gy gy g^ 3/07 3/^379/^37 0/ . ,,, 

0t'^^3aj'^*'3y ^3*"^ 3* 0tt^ 3y 3t)'^ 3* 3*o 

Multiply (1) by ududvdw and integrate over the complete range of the 
yaxiables. 


The first term gives ^ J J J fududvdw. 

Since the star-densi'iy, v, is given by 


.( 2 ) 


~ j j j 


.(S) 


the expression (2) is (vO), where u denotes the mean value of the vdocity 
component u. 

The second term gives 


^ J J J fu*dudvdw, 


g _ 

which, by (3), is equivalent to where it* is the mean value of u*. 

Similarly, the third and fourth terms give 


The fifth term gives 

37 

3x 


g g 

■^(vuv) and 


37 

-dudvdw s jB, say. 


m- a. 

Integrating by parts, we have 

E = j j [«/] dvduf— J J J fdudvdw, (4) 

where [it/] denotes the value of it/ after the limits of integration for it have 
been inserted. In the analytioally simple case of Schwarzsohild’s ellipsoidal 
law, it is evident that 

Idm [it/(u, V, w)] = 0 (6) 

U -^00 

and in the general case this condition must also be postulated from physical 
considerations. Hence, from (4), 


E = — j j j fdudvdw = —V 


07 

80 that the fifth term yidds — . 

ox 
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Again, -we have, by arguments similar to that resulting in (6), 


j j ju^dudvdw =■ 


0 . 


367 

( 6 ) 


We finally obtain 

+ + (7) 

There ero two other equations of a m-nni1ii.T nature. 

Formula (7) is the hydrodynamioal equation for stars, all of the n^Tna mass, 
in unit volume at the point {x,y,z) of the system, and moving nnHar the 


gravitational field of the whole system. 

Multiply (1) by dudvdiv and integrate; we obtain in the M-Tna -way 

“= 0. (8) 

which is the hydrodynamioal equation of continuity for stars of equal majM 
For steady motion, the equations are 
0 0 0 

-{vu*)+:^{vm)+:^{vUW) = ( 9 ) 

^(vSj;)+A(v;^)+l(vi;S) - (lo) 

3 — 3 — 3 dV 

-{ywv) + :^(vvw) + -^(vv^) = V-^ ( 11 ) 

0 0 0 

“d ^ (»'«) + ^ (vv) + (vw) = 0. (12) 


t 

10*62. The hydrodyitamiocdequaHom in cylindrical coordinates. 

For steady motion the ftmdamental equation in cylindrical coordinates 
is, firam (7) of section 10*41, 


dm^radO^ dz^ 



0. 


( 1 ) 

Multiply by ndlJd&dZ, which we shall write as Ilda, and integrate over 
the complete range of the velocity-components. 

With a notation aiTriila.T to that of the previous section. 




and 
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Ako, jjjne^^da^jjuif}e»dedZ-jjj€f»fda 

by ntiliamg the condition lejneBented by (5) of the previons seotion. 

JJ J “ J = 0* 

ainoe we must suppose that / Tanishes for infinite values of the oom- 
ponent 0 . 

Prooeeding in way with the remaining terms of (1), we finally obtain 

^(>'S^+l|i’'SS)+A(vsz)+^e^- v|r (2) 

Similarly, 

^(-5e)+s|(»5^+4<-’^+5(-B5) (2) 

= 'S (*) 

Multiply (1) hj dlldSdZ and integrate; then 

® 


10'63. The egucdiom for uniaiekd aymmebry. 

In this ease, F is a function of m and z alone, so that 


dV 

W 


0 . 


(1) 


Also, finrn section 10-42, the distribution function, /, is given by 

/s/(J7*+©»+Z*— 2 F,iit<9) (2) 

and the density, v, by “ J j 


Thus positive and negative values of JI and Z are equally probable; hence 


ns = nz = 9Z = 0 . ( 3 ) 

Let p = vlP, (4) 

q => vd*. (6) 

Owing to the symmetry of 77 and Z in (2), p is also given by 

P = v&. ( 0 ) 



10-63 The Dyncmics of SteUar Systems 


The equatioBB (2), (3) and (4) of aeotion 10-62 become 


a—"*" _ a_» 


369 


( 7 ) 


^ = !Z = 0 

de dd • 

^ w 

0 *“’' 8 »' 


( 8 ) 

( 9 ) 


The equation (8) aimply expresses the faot that q is independent of 6, 
By ftiiTniTiiLtiTig y between (7) and (9), we obtain 



These equations were given by Jeans in an investigation* on the motions 
of the stars in a “Elapteyn Universe”. Erom a study of direct parallax 
determinationB and statistical relationships such as axe treated in Ghapber 
VKE, Kapteyn and van Bhijnf had obtained numerical values of the star- 
density at difierent points of the galaxy. Later, Kapteyn| showed that the 
stellar distribution could be represented tolerably well by means of sfdie- 
roidal sheUs in each of which the density was constant; the equi-density 
surfaces were taken to be concentric, similar and similarly situated spheroids, 
the ratio of the axes being 6- 1 : 6- 1 : 1, with the shorter axis (the s-axis in our 
notation) perpendicular to the galactic equator. In the subsequent dynamical 
investigation Kapteyn assumed (i) that the system was in a steady state 
n.T 1 <^ (ii) that the distribution of vdooities in the s-direotion obeyed the 
Maxwellian law. In the paper referred to, Jeans showed that Kapteyn’s 
second assumption was unnecessary, and on the basis of the equations of 
this section, together with .Kapte 3 m’s schematic representation of the 
galactic system, he was able to deduce some of the principal features of 
stellar motions. 


Jf jY 83 122 1922. 

t Ap. J. 62, 2$! 1920 {Mt WiUm Oonir. No. 188, 1920). 
j; Ap. J. 56, 802, 1922 {Mt WOacn Oonir. No. 280, 1982). 



CHAPTER XI 


QALACTIO ROTATION 

11*11. ThaprituipeUtAaraeteriBtieaoflihegaku^ 

In the preoediog ohapter we considered oeartain general prindples in the 
dynamics of a stellar system; in the present chapter onr inTestigations 
will be devotedmorepartioDlarly to one aspect of systematic motion in the 
galaotio system as revealed by observation. 

In a broad and general sense the galaotio system is spheroidal , as was first 
noted by Sir William HersohidL. It was later suggested by Sir John Hersohel 
that this oharacteristio might be the result of rotation about an h-tih per- 
pendiouJar to the plane of the Milhy Way, and he farther suggested that the 
centre of the system was in the direction of the rich star fields in or near 
Sagittarius. But it was not until nearly a century afterwards that the vast 
extent of the galaotio system was revealed by the investigations of Shapley . 
Through the disooveoty of Cepheid variables in the nearer ^obular clusters, 
Shapley' was enabled to deduce the distances of these objects and, on the 
assumption that the system of dusters bore a relation of symmetry 'nith 
respect to the galaotio system itself, he arrived at the first reliable conception 
of the dimensions of the Qalaxy and of the direction and din t.n.Tinfl of -the 
centre. In his earlier work Shapley* placed the centre in the galaotio equator 
and in 'the direction of galaotio longitude 326° (modified laterf to 327°) 
in round figures, the distance of the sun firom the centre was estimated to be 
16,000 parsecs. This value of the longitude, namely 826° (or alternatively, 
327°), of the galaotio centre is now regarded as having great weight and we 
regard this result as expressmg a definitive charaoteristio of l^e galaotio 
system. As 'we shall see later, 'there are dynamioid methods of estimating 
independently the direction and distance of the centre from the sun. 

11*12. The rekiHm of the Une of verticea to the direction of (Jte centre. 

A second feature of the galaotio system concerns the s 3 mtematio character 
of the peculiar motions of the stars in general in the neighbourhood of 
the sun, which we desmbe as star-streaming. As 'we have seen in previous 
chapters, this feature may be expressed mathenoatioaJly in terms of the two- 
streams theory, or more conveniently for analytical purposes, in 'terms of 
the ellipsoidal theory. Studies of the motions of faint stars show that this 
systematio feature extends up to distances of several hundred parsecs firom 
the sun and, as it is hardly likely to be a purely local phenomenon, -we are led 

* Ap. J. M, 1S4. 1018 {Mt Wilatm OoiUr. No. 1S8, 1018). f Star Ohutan. 22, 1080. 
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to regard Ertiar-streajzuBg as a genfiiral dynajzu 
system as a whole. 

N 0 w the analysis of stellar motions places the line of vertioes in the galaotio 
equator with one vertex ingalaotio longitude 843®. This result is Eddington^s, 
obtained from the analysis of the proper motions of the Boss stars, and in 
oonsequenoe of the homogeneity and aoouraoy of these proper motions 
must, even now, be regarded as the best determination. Other investigations 
point to a value for the longitude of the vertex, and it is now agreed 

that the longitude of the vertex and the longitude of the centre of the system 
are not quite identical but differ by about 16® to 20®. It was suggested by 
Turner* in 1912 that the explanation of star-streaming might be found in 
the character of trhe orbits of stars described about a distant centre. If 
many of these orbits are highly elongated, analogous to ellipses with 
eccentricities near unity, then near the sun there will be a large number of 
such orbits in about b^lf of which we shall observe the approach of stars on 
their way towards or from the centre and, in the remainder, the recession of 
stars on their way towards or from the centre. The general effect will be 
characterised by a preferential motion in a direction indicated by the position 
of the centre of the system. As we have already noted, the observed direction 
of the vertex differs by about 20® from the direction of the galactic centre 
and we regard relation of the vertex to the centre as a feature of the 
galaxy that calls for explanation and interpretation. 


11*13. TAe wymTncfric dri/l. 

Another important feature that has been studied only in recent years 
conoe;nQs what is called the c^syrrmetric drift and, in particular, the pheno- 
menon of the high^locity stars. On the ellipsoidal theory the peculiar 
linftA.T motions of the stars as a whole are distributed with equal numbers, 
in opposite directionB, between any two assigned values of the speeds; in 
particular, if we consider peculiar speeds exceeding, say, 80 km./sec., we 
should expect from the theory that the nxunber of such large speeds would 
be the same in opposite directions of the sky. It was however noted first by 
B. Bossf and independently by Adams and JoyJ that a symmetry of this 
nature was definitely lacking and that the directions of motion of the stars 
of high velocity, as they are now called, avoided the greater part of one 
hemisphere of the sky. The work of Boss, Raymond and Wilson §, Stromberg || 
and Oort^ has left no doubt as to the reality of this phenomenon. 


♦ M.N. 72, 887, 474, 1912. 

t Dudley'ObMrvcaory, Arwual Report, 1918; also, Popular Agronomy, 36, 686, 1918. 

I Ap. J. 49, 179' 1919 WOaan OofiMr. No. 168, 1919). § AJ. 35, M, 19M. 

II Ap, J. 69, 228, 1924 (Mt WUstm OofUr. No. 276, 1924); Ap, J. 61, 868, 1926 (Mt WOson 

OonSr, No. 298, 1926). 1 Chraningen PM. No. 40, 1926. 
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Fig. 32, takea from a paper by OaEt,* shows the numbers of spaoe- 
Telooities exceeding 80 km./seo. jotted against the galaotla longitudes 
towards which they are directed; the curve is obtained by smoothing the 
actual data in a simple way. The particular feature of the diagram, to which 
attention is to be called, is the i^on of aToidanoe of the veloaity vectors 
between galactic longitudes 10° and 100°, the centre of which is given by 
Oort as 67°. Broadly epeahing, we infer from this diagram and other like 
considerations that the directions of motion of by far the greatest pro- 
portion of high-yelooity stars avoid the hemiq>hete whose centre is (67°, 0°) 
in galactic coordinates. This direction, it is to be noted, is approximately 
00° from the direction of the galactic centre. 



The results of Stromberg’s investigations may be best described by Tnaftnn 
of Fig. 38. The axes OX and OY refer to the components of the velocity 
vectors in the galactic plane and the scale in km. per second is indicated. 
Consider first the stars which give the normal solar velocity of 10*6 km./8eo. 
The group-velocity, on the galactic plane, with respect to the sun is given 
by the vector joining O to the centre of the curve A, which represents the 
section of the velocity ellipsoid by the galaotio plane; we may express the 
rdation otherwise by saying that the solar motion with respect to these 
stars is the vector joining the centre of the curve A to the origin 0, 

The curve B refers to the short-period variables and the solar motion with 
icespect to these stars is represented by the vector joining the centre of the 
curve B to the origin 0. The curves 0 and D are interpreted in a HiTnilii.T 
way; these curves refer respectively to the high-velocity stars and the 
^obular dusters. Stromberg’s investigations induded several other groups 
of stars and the complete observational data indicated, as is shown in 
Fig. 33, that the vdodty vectors of the several groups B, G and D with 
re^ct to the sun lay nearly in the same direction, OP, and that the vdodi^ 
dispersions, as indicated by the lengths of the axes of the curves, in the 

* ({f Ae Aitrcn. ImMMm </ A« A'tAerlofufa, 4, 270, 1928. 
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several groups inareaised'on the whole with the group-vielooity. .Also, it was 

foTind that the gaJaotio longitade of the veotor PO was 61 ° — again, approxi- 
mately 90 ° away from the direction of the galaotio centre. 



Proper motion investigationB by several astronomers, notably Charlier,’" 
Fotheringhamt and Schilt, had suggested a systematic motion which was 
interpreted as due to rotation of the galaotio S3rBtem about a distant centre. 
Charlier’s values of this rotational effect in the two papers referred to were 
— 0-0036 and — 0^0024 per annum, while Fotheringham’s and Soldlt’s 
values (the latter derived firom a study of galaotio Cepheids) were — 0-0016 
and - 0-0076 respectively, the negative sign indicating that the supposed 
rotation is opposite to the direction in which galaotio longitude is measured. 
These are all extremely small quantitieB and, as we shall see later, the detec- 
tion and study of gsJaotio rotation follow much more satisfactorily from 
radial velocity measures. However, assuming that the proper motion effect 
gives - 0-004 per annum as the average of the observed results, it follows 

* Ltuid Medd, Ser. n, No. 0, p. 78, 1018; Idemoira of {ha Univaraity of OdUforoia, 7, 82, 1920. 
t Jr.N. 86, 414, 1026. t ^P- J- 44, 161, 1026. 
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that the local rotationcJ period of the stars xiear the son is, for oiroulax 
orbits, about 320 miUiou years. The znotioiis of the stars, iu the sense in 
which we regard galactic rotation, are analogous in many respects to those 
of the family of asteroids and comets around the sun. 

Str5mberg*s work on the asymmetry of stellar motions led Lindblad* to 
seek a dynamical explanation. He supposed that the galactio system was 
composed of several subsystems, not actually separated spatially from one 
another, but difiering according to the characteristics of their motions, 
lindblad’s picture of the subdivisions of the galactic system is represented 
in Kg. 64, where the ^-axis is the of rotation. The most flattened system 

is supposed to consist of the Milky Way clouds and the least flattened the 


Intern of globular clusters. 
It is further supposed that 
at any given point of the 
galaxy the rotationis greatest 
for the most flattened systems 
and smaflest for the least 
flattened systems and that 
the dispersion of the internal 
velocities of a system in- 
ooreases from the most flat- 
tened to the least flattened 



systems. Taking the high-velocity stars to form one of these subsystems 
we see that, as the rotational velocity of such stars in the neighbourhood 
of the sun is less than the rotational velocity of the stars in the most 
flattened system, the high-velocity stars will appear to lag behind the 
stars of the latter system or, expressed otherwise, the group motion of 
the high-velooity stars with reference to the stars of the most flattened 
system near the sun will appear to be in the direction opposite to that of 
the general rotation. Thus we infer from Kg. 68 that the rotational direction 
is given by the vector PO, that is, towards galactio longitude 61®, which, 
as we have noted previously, is approximately at right angles to the direction 


of the galactio centre. 

In Oort^B theory, t the stars are all considered to form one single system in 
rotation. TTih investigation of the high-velooity stars, 260 in number, puts 
the lower limit at which the phenomenon becomes apparent at 66 km./seo. 
approximately. Ijet Oq denote the linear velocity, due to rotation, for the 
centroid of the stars in the neighbourhood of the sun— it will be riiown later 


* Upsida Medd. Ko. 3, 1925; Arkivfdr Matmatik, 19, A, No. 21, 1925. 
t BJLJSf. Nofl. 120, 182, 188, 1927; 159, 1928. 

} Cfroningen PvbL No. 40, 1926. 
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that ^0 is about 300 km./seo. Individual stara may have velocitiea greater 
or less <9o, but there must be a limit for, otherwise, stars with velooitieB 

exceeding this limit would escape from the system. Let denote the velocity 
of escape. Then, relative to the centroid of stars near the sun, the maximum 
velocity in the direction of the rotation must npt exceed 1^— 6*o. Now we 
have seen (Eig. 62) that there is a large area of the sky, with its centre 
(67°, 0) in galactic coordinates, towards which no velocities exceeding 
66 km./sec. are direoted. With 300 km./seo. as the value of the velocity 
of escape is thus 366 km. /sec. in the direction of rotation and this value must 
be the result of the particular physical characteristics of the galactic system 
as a whole. Stars moving with velocitieB exceeding 66 km./seo. in the 
direction opposite to that of rotation and relative to the centroid of the 
stars near the sun have velocities, relative to the centre of the system, less 
than 236 km./seo. and are, according^, to be regarded as slowly-moving 
stars, lagging behind the genered. field of stars near the sun. These are the 
so-called high-velocity stars, the observed distribution of which is to be 
expected on Oort’s theory. 

Oort’s hypothesis is illustrated''' in Eig. 66, which gives a representation 
of velocity vectors projected on the galaotio equator. O corresponds to the 
centre of ^ galaxy and, relative to 0, the rotational velocity of the centroid 
of the stars near the sun is represented by the vector CA, equivalent to 
300 km./seo. drawn in the direction of longitude 66°. The solar motion of 
10*6 km./seo. is represented similarly by the vector AS. The fiill-line drole 
with A as centre has a radius of 66 km./Beo. and the large dotted circle with 
C as centre has a radius of 366 km./seo. 

The dots represent the projections of the velocity vectors, measured 
from 8, of all stars with parallaxes exceeding 0?060 and brighter than 9^6 
and with velocities, rdative to the sun, exceeding 20 km./seo. The dots 
outside the fiiU-line drole around A refer to part of the high-velodty stars 
tabulated by Oort, the small open circles to the remaining stars. 

The explains very dearly the reason why the velodty vectors 

of the high-velocity stars are mainly in one hemisphere of the sky only. 
With or without the solar motion removed from the individual velocities 
it will be seen that the area to the right of a straight line through A, or 
through 8, perpendicular to CA and between the cirdes centred at 0 and A 
is almost infiniteniTnal compared with the area to the left of such a line. The 
velodty vectors of tlie high-velocity stars should accordingly bo mostly 
distributed between longitudes 146° and 326°, and this we see from Eig. 66 
is actually what the observational material shows. 

Eor all stars belonging to the galaotio system the representative points 
• B.A.N. No. 169, p. 278, 1928. 
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ahoiMUe^tMa the dotted oiiole^th centre C. OorbmfintionstwopoBBibly 
ezoeptioiDiBl stars which znaiiy not fiilfil thia oondition, namely the wide 
binary* Gi2018-9 and EZ Cephei, a variable of the EE Lyrae type, but in 



Fig. 65 


each instance there is a large Tmoertointy as to the spaoe-yelooity relative to 
the son. Considering the former star, the radial velocity is + 306km./seo.and 
the ftTinna.1 proper motion is 3*68; the speotrosoopio and the trigonometricf 

* The B J). derignatioTi in - 16° 4041, 4042. 
t SoUfiifaiger’B Catalogue of PardUaaxa, 1985 (No. 4505). 
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porallaxeB axe 0*018 and 0*040 lec^otiTely. The vdooity relative to the 
Bun, baaed on the Bpeotroaoopio parallax, is 1016 km./aeo., while that baaed 
on the trigonometrio paxaUax is 633 km./Beo. The diieotion of motion (on 
the galaotio plane) is indicated at the left-hand side of Fig. 66. 'With the 
smaller spaoe-velooity the corresponding representative vectorial point 
fEills just within the large dotted oirole, in which case the star belongs to the 
galactic system and from the point of view suggested by Oort’s diagram is 
not exceptional. With the larger speKse-velocity it must be concluded that 
the star is only a temporary member of the galaotio system and that, in the 
absence of favourable dose encounters with galactic stars, it wiU eventually 
escape from the system. If Shapley’s estimate* of the distance (1170 
parsecs) of BZ Cephei is correct, the velocity of this star, relative to the 
centre, O, of the system and based on proper motion data alone (the radial 
velocity is practically zero, — 3 km./seb.), is found to be 1020 km./Beo. — 
nearly three times the vdocity of escape. 

1 1*15. The ac^ motion toiih respect to the globukir ctuatera. 

Although there are about a hundred globular clusters known, radial 
velocities of only 26t have been determined; this paucity of information 
is due, of course, to the faintness of these objects in general, very long 
exposures being required to obtain measurable spectra. The procedure in 
fintiing the Bolax motiou with respect to the system of clusters is the same as 
in section 3*41. It is convenient to make the solution in gakbctic coordinates, j: 

If (Z, 7, Z) denote the linear components of the solar motion with respect 
to the duster system, the equation of condition is 

ZoosG‘oos5r+7sinGooBflf-t-Zsinjr = — jB, (1) 

where {0,g) are the galaotio coordinates of a duster and is its radial 
velocity. 

The centroid of the stars in the nei^bourhood of the sun is clearly a more 
convenient point of reference than the sun itself. Taking the solar motion 
with regard to the local stars to be 19'6km./Beo.toward8theapex(18>‘, -1-30°) 
in equatorial coordinates it is found that the linear components (Zj, Zj) 
of the solar motion in galaotio coordinates axe 

Zi = -|-17, Yj_ = +7, Zi = +7. (2) 

A least-squares solution of (1) gives Z, 7 and Z. The linear components 
of motion of the centroid of the local stars are then (Z — Zj, 7 — 7^, Z— Zj). 

* Harvard BvJleHn, No. 778, 1922. 

t In 1986. 

j The galaotio ooordlnatea of the IndiTidoal elaaten are given In Shapley'i Star OUuttrr, 224, 
1980. 
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Far oonyenienoe and simpMty we shall use the teem “solar motion ” in the 
present oooneotion to mean the motion of the centroid with respect to the 
system of j^obnlar clusters. From the yalues of X—Xi, Y—Yi and Z—Z^ 
we derive in the nsoal way the veloaily Tg and the galactic longitude and 
latitude, Gq and of the “solar motion’’. 

The first determination of the “solar motion’’ was made by Lundmark.* 
Two years later, Strombergf usLog the radial velocitieB of 18 clusters 
obtained the results (unconected for the local solar motion as in (2)) 

7o = 320±6Okm./Bec.; e‘, = 71‘*; 

A farther determination was made by Shiveshwarkar^ using the radial 
velocities of 21 clusters and the equation of condition (1) with and without 
a X term; the value of the X term wets found to be negligible. The values of 
X, T and Z in km. per second, as found by Shiveshwarkar, are given. 


together with their probable errors: 

Z = +123±26; r = +285 ±46; Z = +63±32, 
which give, in conjunction with (2), 

7, = 302; Go = 09°; = 10“. (3) 

An almost simultaneous determination by Fdmondson,§ from the radial 
velocities of 26 dusters, results in the values 

Fg = 274 ±40; (?g = 67“±6“; yg = +l“±8“ (4) 


It is to be noticed that in all these solutions, the apex of the ‘ ‘ solar motion ’ ’ 
is very dose to the galactic equator and almost at right auglaa to the direc- 
tion of the centre of the galaxy (longitude 326°). 

If II', B' and Z' denote the components of the “solar motion” in cylin- 
drical gedaotio coordinates, B' being measured in the sense of innrunuiiTig 
longitude, it is found || that 

IT' = +81 ±32; 6' = -286 ±41; Z' = +66±32 (6) 

The values of U' and Z' are not much larger t-han their probable errors 
and, in the absence of more adequate observational material, it is difficult 
to say how much weight should be attached to the definitive values of 77' 
and Z'. On the other hand, there can he little doubt about the reality and 
order of magnitude of the transverse component, B'. Accordin^y, we arrive 
at the general conclusion that the centroid of the stars in the neighbourhood 
of the sun is moving, relative to the system of ^obular clusters, approxi- 
mately in the galactic plane and nearly at right angles to the direction of the 
galactic centre, with a velocity of rather less than 300 km./sec. 

* PM. Aitr. Boo. Paeifie, 36, 818, 1628. 

t Ap. J. 61 , 868, 1926 {Mt WOaon Oontr. No. 202, 1926). 

t MJf. 95, 666, 1086. § AJ. 46, 1, 1686. || SluTOShwarkar, loe. eit. 
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This lesnlt is in aocordonoe with Oort’s hypothesis of galaotio rotation. 
It is to be noted that the rotation is in a retrograde direction, that is, oppo- 
site to the direction in which galactic longitude is measured. Thus, the 
conclusions of the proper motion investigations by r!bii.r1i«r a,tiH others are, 
to this extent, in qualitative agreement with the direction of rotation as 
deduced from the radial velocities of the globular clusters. 

Although the globular clusters have an approsmately spherical dis- 
tribution, symmetrical with the galaotio equator, the previous value of the 
“solar motion’’ cannot be identified (without further ooncdderation) with 
the velocity of the centroid of the stars near the sun relative to the centre 9 / 
ihe galactic system, even if we assume that the centre is coincident with the 
centroid of the dusters; for it is reasonable to suppose that the dusters 
partake in the general galaotio rotation. Consequently, it is neoessary to 
interpret strictly the value of the velodty just found as the rotational tiriftar 
vdodty at the son relative to the rotating eystem of dusters. Attempts* 
have been made to take into account a rotation of the dusters, but it is 
hardly Ukdy that such attempts can lead to definitive results until mudi 
more observational data are available. In this sense, the values of 7 q found 
by the various investigators mentioned in this section are miTiiTninn values. 
The spherical distribution of the dusters suggests, however, that the liniw.T 
rotational effect, so frr as they are concerned, is small compared with the 
rotationaleffeot near the sun, and in the absence of more definite information 
we shall regard the velodty of 300 km./seo. as the droular vdodty at the 
sun relative to the centre of the galaotio system. 

11 *21. Oort’s formula for Ishe effect of galactic rotation on radial vtiocities. 

We consider here the simple case of the 
differential effect of galaotio rotation on 
a star X, situated in the galaotio plane at 
a distance r from the sun, 8 — or rather 
the oentroid of the stars dose to the sun 
— which we also suppose to lie in the 
galaotio plane (Fig. 66). 

Let 0 be the centre of the galaxy, 
at a distance JR from 8. We denote by 
Oo the galaotio longitude of the centre, 

0, measured in the direction of the 
arrow. It is assumed that the oentroid 
of the stars near the sun moves in a 
circular orbit around O in the retrograde direction. Let V and 1^ be the 

* H. Mineor, MJT. 96, SI, 19SS. Bee also oomments by F. K. Bdm<mdsoii, 1I.N. 96, 686, 1930. 

88D 



Fig. 00 


34 



370 OakicUc Botation 11*21 

oiroolar litiftiM* velocitLes at 8 and at X respeotlvely: these axe meascired in 
the xetcograde dixeotioii — the diiedtion in whioh the rotation is obseiyed 
to ooour. 

Let G be the galaotio longitade of X. We 'trrite 

L^Q-Go, (1) 

BO that, in the figure, Ir is the angle CSX. 

Let K be the gravitational attraotiTe force per unit mass at ;Sf; it is 
assomed that £’ is a fimotion of B. 


Then tto have (2) 

and, siinilarly, ^ =< X{Bi). (3) 

"1 


Due to galaotio rotation, the radial velocity, p, of X relative to jfif is 
given by p =■ 7^008 jl — F sin L, 

where ^ is the ang^e between the radius vector SX and the direction of V^. 

Now ^ = 90° — L— 5, 

where 0 is the smgle Hence 

^ = T^smXrcoB^+FiCosXfBind — FsinL. (4) 

We now assume that r is small compared with i2, and we'shall neglect 
powers of r/JS beyond the first. 

Writing' iZ^ = J2 + ^ JZ, we have from the relation 

= iZ*— 2JZrooBXf+r* 

and neglecting (r/JZ)*, AB = — roosL. (6) 

Now, by (3), is a fimotion of fZ^, so that 
V,=m)=f{B+AB) 

-m+AsM. 


But, sinoe V ’^fiB), we obtain, using (6), 


Also, 


Bind sinL 

““ B, • 


and, to the approximation indicated, we have 


.( 6 ) 


Bind B -^sinXr. 
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It follows that we oan 'write oosd b 1. Usuig these leeults, together with (6), 
in (4) we have 

p =»^7— r^oosIij|Binii+^BmZroosIfj — FsinL, 
whence p=‘rAaa2L, (7) 

In terms of galaorio longitudes, the formula (7) ui 

p a rilsiu 2(6^—670). .^>...(9) 

It is to be noted that the radial 'v^ooity, p, due to diSerential rotation is 
proportional to r, the distance of the star at X from the sun. 

The appropriate formula for a star in galaotio latitude g and at a disttmoe 
rfiromthesunis p = f^Bin2(G-(?o)oos*^. (10) 

This formula is readily deri'vable from the more general investigation iu 
section 11*32. 

We remark that, since rA has the dimensiona of a velocity, A is expressed 
in “km. per second per parsec 


11*22. The formula far proper motion in galactic longitude. 

Let T denote the transverse linear velocity of X relative 'to 8. The 
circular motion at X gives a component T^sin^ along XH (which is per- 
pendicular to 8X) and the circular motion at 8 gives a component F cos L 
parallel to XH. Hence T = F^ sin - F cos L. . 

From the formulae of the previous section we obtain 


T 



sin L sind) — F cos L 


or 


F . <1 j. dF B Y 
— r -= sm* Zr — r T 5 cos* Xf 
Ji axC 


T 


(1F_1^1 
'\2Ji 2di2/ 


oos2Zf— r 



Using (8) of the previous section, we have 

T = rA COB 2L + tB, 


where 


B 



( 1 ) 

( 2 ) 


The form'ula (1) shows that, due to differential galaotio rotation, a star at 
X 'will have a systematio proper motion in galaotio longitude, given by 

Po - ri COB 2((3' - G,) + B, (8) 

which is independent of the distance of the star concerned. 
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It will be sbown later (seotion 1 1*33) that thia fonnulB holds also for a star 
in galaotio latltade g, it beiiig understood that lefers to the increase of 
galaotio Ibogitnde due to proper motion. In praotioe the component 
measored along the parallel of latitude, is more oonveoient. Since 

jjia * /tcfOosg, 

the appropriate general formula is 

;4a:^oos2(<?— 0o)cosp + jBoosg'. (4) 

IVom (2) the diTnensions of B are the dimenaionB of F/J2; if F is expressed 
in km./sec. and B in parsecs and if the proper motion is expressed in the 
usual way in seconds of arc p^ annum, the formnla (4) becomes 

ic/(s = ilooB2 (&— G‘o)cos9+£cos9, (6) 

where k = 4*74. 

The oorreqtonding formula for (which will be proYed in seotion 11*34) is 

Kftg =o — ain2((?- G'o) Bin2gr. (6) 

It is to be noticed from Fig. 66 that the directions of T and of Hq are in 
the sense of increasing longitudes. From (3), the mean proper motion of 
stars distributed uniformly round the galaotio drole, due to the differential 
effects of galaotio rotation, is B\ thus the mean proper motion wUl be in the 
direct sense if jB is positive and in the retrograde sense if Bis negative. Thus 
the sign of B will determine the sense in which galaotio rotation takes place. 


11*23. 0(»t*a eontbmta A ond B. 

The expressions for A and B have been expressed in terms of F and J2, 
which refer to the motion of 8 and its distspoe from the galaotio centre. 

Since, by 11*21 (2), (1) 

we can express A and B m terms of K. From (1), 

Hence, A can be written 

. IF/, RdK\ 

^“ 45 ^ KdJ^’ 

Now F/jR is the aTig<i1aT rotation at 8, and if we denote it by at we have 

(») 

The oorree^nding formula for B is 

B = A — o. 
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We ooiuddeir two simple oases. 

(i) Oenfrai tnaaa. 

If the gravitational field at any point such as in the galaotio plane is 
due to a mass oonoentrated at the ^daotio centre, it foUows that being 
the value of £* in this case) q 

where 0 is a constant. Then, being the ooixesimnding cironlar Vdooity* 
in the neighbourhood of the son, 

TT. 0 

pv _ _ 


and from (2) it is easily found that the corresponding value of ^ is given by 


= ( 5 ) 

Siinilarly, 

(ii) Uniform dUpaoidal diatrilnaion of rnaas. 


If the gravitational field is due to an ellipsoidal system with constant 
star-density, or a series of such systems eadh with constant star-density, 
as Lindblad has suggested, the function K is then of the form (we write K 
in this case as Zj), E^ = DR, 

where D is a positive constant. It follows that 


^ = 0 (7) 

and 5, = -| = -Dt, (8) 


where is the corresponding circular velocity. 

These formulae show that, in this case, there is no differential effect in 
the radial velocities and that the system would appear to rotate like a solid 
body. 


11 * 24 . Numerical estimates. 

Assuming that the gravitational field is due to a central mass, we have, 
from 11*23(6), 37 

Taking 7 to be 300 km./Beo. and 22 to be 16,000 parsecs, we find that when 
r - 1000 parsecs, p « 16 sin 2(G- G^). 

The Oort effect for radial velocities is thus considerable and, for the distant 
stars, easy to detect. With Og = 326°, the radial velocities due to galaotio 
* Vi here is not to be oonfuaed with the of Beotioa 11*21. 
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rotation are greatest nnmetioally for galaotio longitudes 10°, 100°, 190° and 
280° and ate zero for kmgitudBs 66°, 146°, 2^6° and 326°. 

1 V 

With the same assumption, B =b bo that the proper motion due 

to galaotio rotation is given by 

*/*<? “ ^{8 008 2(0- Oo) - 1}. 

which is a maximum numetibally when G- Oq = 90° or 270°, and then 

V 

= -;g. 

whence, with the previous values of F and B, 

/to = -0^0042. 

■Also, .B = — O'OOll, which is somewhat smaller numerioaJly the 
estimates of Gharlier and others, given in seotion 11*14. 

■Again, ot = 0'0042 per annum, leading to a period of revolution of about 
300 million years for stars in the neighbourhood of the sun. 


1 1*31 . !Phe expiations, for galactic rotation, with second-order terms. 

Oort’s equations are sufficiently aoonrate for objects less a thousand 
parseoB from the sun for, in this case, the fraction rjB is of the order 1/16 
(ass uming that the galaotio centre is 16,000 parsecs distant from the sun); 
consequently, the indusion of powers of rjB higher the first will 
produce anunimportant increase 
of precision. But when the theory 
is applied to open dusters whose 
distances are several thousands 
of parsecs, the simple formulae 
are not (juite sufi5.dently aoou* 
rate. Poimulae with terms of 
order higher than the first have 
been given by Miss P. Hayford* 
for objects situated on the galac- 
tic equator and by Bottlinger. f 

Take the system of galaotio 
axes (Kg. 67) with the sun, or 
rather the centroid of stars near 

the sun, at the origin 8, the .Z-axis in the direction of the centre O 
(longitude G’g) and the F-axis in the galaotio plane and in longitude 

* IMt Ob». BvU, 16, 68, 1982. f VirSff, JBBriiit-BabMerg, 10 (8), 4, 1988. 



FiBinC 



11-81 


GhJacUc Rotation 


376 


6^0+ 00°. We assume that the mesia of the systematio motions is oiiaiilar 

about an axis throuj^ 0 parallel to 8Z (in the figure, this is OW). Since 

the motion is retrograde, the oiroular motion at iS is idong the positive 

direotion of the Y -axis; we denote it by F. Consider a star S, with galaotio 

coordinates (Q, g), at a hei^t z above the galaotio plane and at a distance r 

from. 8; also, T is the projection of £ on the galaotio plane. With the usoal^ 

notation we write r n n 

Ju = tf— (#o» 

where L is the angle 08T. 

Let Vi denote the oiroular velooity of £ about the CW. This is equi- 


valent to 


sin e, parallel to 8X 


ahd T^oose, parallel to jS 7, 

where e is the an^e 80T, 

Belative to 8, the components of motion of £ in the galaotjo plane are 
sin e and ooB 6 — F. We write 


F' = T^aine, (1) 

F' = T^oose— F. (2) 


To tahe account of a possible systematio motion perpendicular to the 
galaotio plane, we denote the oorrespondiug motion of £ relative to 8 by 
F*. The motion of ^relative to iS is then oharaoterised by the oomponents 
(F', F'. F-). 

If (£> V> Cl ^ linear oomponents corresponding to the proper motion 
components /igooag, /ig and to the radial velooity respectively, we have 


g = -F'smL-i-F'oosL, (3) 

7 => — (F'oo8L-|-F'8ia2/)Binj-|-F*oosp, (4) 

f = (F'ooBL-l-F'smL)oosj'+F*'8inp. (6) 

Let 80 =B,8T = and CT = B^. 

The rotational velooity is assumed to be a function of li, and z. Then if 

R^ ~ B-\- AB, (6) 

we write Vi=f(R^,z)=f{B+AB,z). (7) 

We regard r, A B and z as small quantities in oompatison with B and we 
neglect powers of r/R, AB/B and zjB higher than the second. 

IVom (7), 


( 8 ) 

the ezpressionB for the various differential coefficients being evaluated at 8. 
^ F-/(i2,0). (9) 
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We set 


....(10) 



....(11) 


1/0A 



^“2W’ 

....(12) 



....(13) 



....(14) 


l/ay\ 




....(16) 


/3f\ 

....(16) 

A and B are Oort’s ooeffioients. IVom (12) and (13) 



U/a2 

....(17) 

The formula (8) becomes 


1^1 = 

F + 0 A 22 + 2(72 + 4J5(^ 5)* + 4 (2(7 - 4Z)) A J? . 2 + 21'z*. 

...(18) 

The ezpressioii for AR^ to the second order of r/JJ, is obtained from the 

formulae 

22, = (22*- 22222^ cos L+ 2^)*, 

....(19) 


2^ = foosg. 

....(20) 

The result is ^ = -^oosL oosg+^^^j*sin*i ooB»g. 

....(21) 

Similarly, 

22 f l/f\* 

;^= l+;gOOsZcosg+-(^j (3cos*i-l)ooB*y. 

....(22) 


We reqtuxe the ezpaiudoiiB for F' and V". 

(i) Easpannon for V. 

We haTe V = T^dne. 

Also iZ,8me = i^BmL = r8iziLoo8gr. (23) 

Hence F' = oosj. 

We thus require the expansionfl of Fj and RjB^ up to the first order only. 
IVom (18) and (22) we obtain 

F' = ^F— aroosZTOOsy+F-^oosi cos 0^+2(721^ sin L cosy 
or, using (10) and writing 2 as r sin^, 

F' = (F+2LdroosIr oosj^+2(7rsin9)^BinZr oos^ (24) 



(ii) Expaneionfor V" 


But, from (23), 
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V =7iOOBe— r 

F* = 7i-F-27iain*|. 

2 

T R 

Bine = oos^. 


so that sine is a quantity of the first order of magnitude; aooordingly, to 
the approximation adopted, 

T/ • *® ^ * 

7ism*- = — Bm*e. 

Hence (26) becomes 


7' = 7i- 7 ^ cos®j^. 


After some reduction Tre obtain 

7* = — oroosi/ ooe^+20'rein^— ^f*Bin*I/ oos®flr 

r* 

+ iEr* cos* L cos* g-{0- 2D) ^ cos L sin 2g + 2Fr* sin* g. 


11*32. The formula for the radial veHocUy. 

Writing p for ^ (the radial velocity) in (6) of the previous section we obtain 
p = rA sin2jEr oos*{^ 

{ Ar® . . ) 

(7r sin 2g — OOB® y + i^r® COB® y + -Fr* sia g sin 2ji I 


+Bin2L 


+Bin3Xr 


IDr* . . I 
|--^Bm2y cosj/^ 




cos®? + iSr® cos® 9} 


+ 7''siny. (1) 

The first term in this formula gives the radial velocity effect, to the first 
order in r/iZ, for a star in latitude g, on the simple hypothesis of circular 
motion about the galactic axis, this motion being independent of the distance 
of the star from the galactic plane. If we include the possibility that the 
circular motion is a function of galactic latitude, the approximate Oort 
formula, to the first order in r/iZ, is, from (1), 

p rA sin 2L oos® ^ + r 0 sin L sin 2gr. (2) 

The complete formula (1) should be used in testing the hypothesis of 
galactic rotation by means of the radial velocities of very distant objects. 
For purposes of numerical analysis, (1) may be written in the form 
p = rAsin2L 00B®j+rC'sinXi sin 2flr+7'' sing 

+r®(aainL+/?sin2L+yBin3L) 


( 3 ) 
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11-33. TM forimla for llie proper mati<m in gaiaciic longitude. 

Vtom (3) of seotion 1 1-31, f is the linear Telocity oonesponding to /iq cob g. 
With r measoied in pacseos, we have 

^ = KpgOOBg, 


where k » 4-74. iJso /t 0 = HQOxmg, 

where /tg is the anmiaT displacement along the parallel of latitude due to 
proper motion. UaiDg the e:^pressionB for 7' and V we find, after some 
zeduotian, that 


K/tgSK/i^Beog = Aoob2L+B 

+2GooaLimig~-2{0—D)^^g 

+ r cos L COB ^ + 27 sin y tan p - 008 g| 

+rooB2lf|^smy| 

+ r0OB3Zr||^0OBflf+70OBp|. (1) 


The terms in the first line are those already obtained when first-order 
terms in the galaotio plane were alone oonsidered. It is to be noticed that the 
non-periodic part of (1) — ^that is, the part independent of L — is 


B-^{C-D)^g, (2) 

which is of the form B—Pr or 5-1- Pr 

for stars in north galaotio latitudes or south galaotio latitudes respectively. 


11*34. The formula for fikepropex^rnc^ion in gcSImi^ 

In the same way, we obtain 

KHg = — Bm.£|2C'Bin*g- ^ auig ooB*p-i-.gf sin geos* g-f2Pf sin* g| 

- sin 25 ||d sin 2^ + ^ sin p sin 2 { 7 | 

( 3rd 1 

-^sinp oos*(^-1-7rampcoB*pl 


ym 

+—ooag. 


.( 1 ) 


Except for the last term, this is a purely periodic expression in L. 
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If 'WB keep only the first order tenns aad assome that the droolar veLooity 
at any point is independent of the distance z from the galactic jAame, the 
simple formula for fig is 

K/ift — — ij4Bln22i sinSp, (2) 

as stated in section 11-22. 

11-41. DekrnumUiion of ChH'a con8t(mt A fr<m rcidM vdoci^^ 

We shall soppose that the rotational effect on the radial -rdlooities is 
given, CMOording to the simple theory, by the term 

r4sin2((?— (1) 

Ab this teorm is proportional to r, the stars selected should be the most 
distant available and consequently 0 and B type stars and stars -with the 
c-characteristio are mainly used in investigations of this kind. Moreover, as 
r is a variable, the stars selected for any particular solution should lie within 
narrow magnitude limits and in one or two sub-divisions of a spectral dass; 
in this event, the range of variation off may be expected to be comparatively 
slight and we can accordingly replace the coefficient f.d in (1) by fA, where 
f is the mean distance of the stars concerned. It is the quantity fA that will 
be determined from the radial velodtieB; with f supposed known from other 
sources, such as the statistical determination of parallaxes, the value of A 
is finally determined. 

Let po denote the observed radial velocity of a star relative to the sun. 
Then p, will include (i) the paraUactio effect of the solar motion, (ii) the K 
term and (iii) the effect of galactic rotation as represented by (1). The equa- 
tion of condition for a star is then written* 

IX+mY +nZ + K +f A wx2{0 — Og) ooB* g = po, (2) 

in which (—X, — Y,—Z) are the components of the solar motion with 
respect to the centroid of the stars in the immediate neighbourhood of the 
sun and are the direction-cosines of the star with regard to the 


galactic system of axes. In the usual notation, 

I = cos 0 ooag, m = sin cosp, n = exag. (3) 

Write u = fA cos 2(?q, v = fABin 2Gq, (4) 

p = sin 20 oos*p, O' s — cos 20 cos'g. (6) 

Then (2) becomes 

IX+mY+nZ+X+pu+gv = po’ (®) 


The quantities I, m, n; p and g are readily found for each star — or for the 

* Wo omit the peooliai^— or non-aystenuitio — ^part of the radial velooiiy, which it to be 
regarded as an aoddentfd error when the normal eq^tione are formed. 
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mean of a group of stus iu a small area of the shy. The equation (6) is solved 
by least-squares to detenuine X, 7, Z, K, tt and «. 

If the number of stars is small and the solar motion is known with toler- 
able aoouraoy for the type of stars oonoecned, the parallaotio component of 
radial velocity can be first removed from the observed radial velocity and 
then the equation of condition becomes 

E+pu+qv = pi, (7) 

where is the radial velocity referred to the centroid of stars near the son. 

In his earliest paper* on the subject, Oort first showed from some of the 
star groups utilised that the value of G^, determined from the general 
solution of (7), was in accordance with Shapley’s earlier value of 326°; 
assuming this value the equation of condition in this case is 

E+fAmn2{G- 326°) = Pi. (8) 

In a subsequent investigation, t G^ was determined from the solution of 
equations of the form of (7) and its value was found to be 324°. It is to be 
remarked that if u and v are derived &om (6) or (7) two values of Gq difieting 
by 180° satisfy the formulae (4); the close agreement of one of these values 
with the value of the longitude of the galaotio centre is to be expected on 
the theory of galaotio rotation. 

As an illustration, some of the details of Oort’s solutionsi are shown in 
Table 49. 

Table 49. JOeUrmination of A 


Spootrum 

Magnitude 

m 

Number 
of stara 

fA 

V 

A 

B0-B2 

S“'6-4“-9 


28 

+ 8 

0?0042 

+ 0-010 

t» 

6-0-fi-8 

6-4 

17 

18 

20 

21 

99 

6-9-e-9 

8-1 

7 

16 

17 

21 

B3— B5 

3-6-4-9 

4-6 


4 

66 

21 

99 

60-6-8 

6-4 


1 

48 

4 

99 

6-9-6-9 

6-8 


16 

30 

39 

c-stara 

<6-0 

3-8 

44 

9 

80 

23 

99 

6-0-6-8 

6-4 

26 

14 

19 

23 

99 

>6-9 

6-8 

23 

36 

09 

28 


The fifth column gives the value of fA as determined from the solutions 
of (7); the penultimate column contains the mean parallaxes of the several 
groups of stars, obtained by statistioal or other methods. The last oolunm 
contains the various values of A\ the weif^ted mean, as given by Oort, of 
these and other deterhunations is 

A = 0'019 km./sec. per parsec. 

• No. 1». 1827. t SAJSr. No. 182, 1927. J Ibid, p. 81. 
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The value of A published reoently by Plaskett aud Peoroe* is 
0*0166 ± 0-0009 kni./seo. per paiseo, 
and, by J. M. Mohr,t 0*0177. 

11*42. Determinaiim of Oorfa amakmta from proper nuOioru. 

The formula to be employed with, the proper motions is 1 1-22 (6), namely, 

A. s 

yMg =• — 0OB2(Q‘-(?fl)0OBfl' + — OOBflf. (1) 

K K 

If we assume that A has been determined from the radial velooitieB, the 
procedure in applying (1) is as follows. Pirst, the effects of the solar motion 
are removed from the proper motions; second, the effects of etrars in the 
processional constants are also removed (the derivation of these errors wiU 
be discussed later iu section 11-48); third, the value of may be assumed 
to be 326°. 

Oort’s first results^ are shown in the following table: 


Table 60. Values of Bjx 


Btam 

Speotnun 

Number 
of stars 

BIk 

Oroup I 

B0-B2 

105 

-0^0076 

n 

B3>-B6 

336 

42 

ni 

0 , 0, N and S C^hei stars 

330 

42 


The second column shows the spectral sub-divisions etc. of the stars in- 


cluded in the several groups. 

The weighted result is 

Bfx = — 0*0060 per annum (2) 

or B = —0-024 km./seo. per parsec. (3) 

Proceeding in a sunilar way, except that A and Gg were not assumed, 
Oort obtained the result, from the stars of Boss’s P.O.O., 

J5/ic = -0?0023, (4) 

which is just about half of the value in (2). 


In a recent memoir§ Plaskett and Pearce determined the values of A, B 
and G'o, using (1), from the proper motions of 717 stars of types 0 to B7. 
The values of A and Og are in good agreement with the values of these con- 


* PuN. D..4.0. {Vietoria), S, 294, 1980. 
t No. 182, p. 80, 1927. 


t Jr.N. 92, S92, 1982. 

§ P%M. D.A.O. (Victoria), 5, 299, 1980. 
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stantB determined from the radial velooities. These latter values being now 
assumed, a further solution gave 

BIk = -0^0025, (6) 


which is oloae to Oort’s value in (4) found from the Boas stats. 

The proper motionB of the stars of types B0-B5, B&~A0 and A2-A6 in 
Boss’s catalogue have edso been treated by Dyson,* by the method of 
harmonic {malysis, but the presence of a third harmonic (in BL, according 
to our notation) with a large amplitude is disconcerting and not easily 
accounted for. Otherwise, the derived values o£ A, B and Oq are in fair 
agreement with the rtsnlts previously mentioned. 

It is evident that farther progress in determining the value of B with 
more satisfactory exactitude will not be possible until the proper motions 
of distant stars are available in larger numbers and less liable to systematio 
mid aooidentid errors than at present. Meanwhile the best we can do under 
the droumstanoes is to take B, in round figures, to be given as follows: 


B/k = -07003, (6) 

B = — 0-016 km./Beo. per parsec. (7) 


11*43. Preceaaiondl md equinox corrections. 

If we consider stars in low galactic latitudes, the efieots of difierential 
galactic rotation on the proper motions is wholly (or substantially so) in 
galactic longitude and by 11-22 (6) we can write 

flg^O 

BO far as galactic rotation is concerned; in other words, we assume that the 
systematic motions in galactic 
latitude are negligible. This as- 
sumption is the basis of the 
method of deriving the preces- 
sional and equinox corrections. 

Let Ap denote the correction 
to the value of the luni- 

solar precession (in the ecliptic) 
as used in determining the proper 
motions of the stars; in Oort’s in- 
vestigation, now to be described, 

Ap is the correction to the ftTiTmnl 
precession as used by Boss in 
the P.G.O. 

In Kg. 68 let K and L be the poles of the ecliptic anH of the galactic 
equator; let ( s ON) be the galactic longitude of ascending node N of 

* MJH. 90 , 288 . 1020 . 
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the ediptio on the galaotio equator euid the inolination. Let (0,g) and 
(2, 6) be the coordinates of a star B -with reference to the usual galaotio and 
eoliptio ^tems. lYom 68 it is easily seen that the true value of the oom- 

ponent of proper motion of 8 measured along the eoliptio '^pNQ is greater 
thn-Ti the oatalogue value by the amount Ap. The true «.TiTinA,1 dlsplaoement 
of 8 along the small oiiole 8T (parallel to the eoliptio) is thus greater than 
the oatalogue value by Apooab. Hence the component, A/ig, in galaotio 
latitude is given by 

Afig = Apooab (1) 

where q is the angle L8K. But from the triangle KL8, 

oos6 Brng* ■> sinS]^ ^KL8. 

TSow KL8 90“ +Q-G^. 

Hence Aftg « idp ainei oos {0 — Gj). (2) 

As in section 3-32, let A\ and Ae denote respectively the ftTitiiia.1 ooneoidon 
to the planetary precession and to Newcomb’s adopted motion of the equi- 
nox, both measured along the oelestial equator in the direotion of increasing 
right ascension. If e, and are respectively the inolination and the galaotio 
longitude of the ascending node of the oelestial equator on the galebotio 
equator, the errors A\ and Ae give rise to a component of proper motion in 
galaotio latitude given by 

A/ig = - (AA -I- de) sin COB ((? — O,). (8) 

If the effects of the solar motion are removed from the proper motions 
of the stars, the total systematic component, A/tg, in galaotio latitude due 
to Ap, AX and Ae is given by 

A/ig =• dp sin oos ((? - (?i) - (dA + dc) sin e, oos {0 - (?,) (4) 

This is the equation of condition used by Oort* for determining Ap and 
(AX+Ae). With the coordinates of the galaotio pole as found by Newoomb, 
the values of Oi, ej, Gj, 0^ are as follows: 

61 = 61?2, «,= 68?2, 

(?i = 18396, 0, - 18090. 

Using the proper motion data of the stars considered in Table 60 (section 
11'42) and al^ of the stars in Boss’s P.0.0. , Oort obtained the results 


dp » -1-090113, (6) 

dA-l-dfl -4-090117. (6) 


* B.A.N. No. ISa, p. 84. 1887. 



384 QdUuMc Sotation 11 *43 

!Prom giavitatioiial oonaidfiratioiis* the value of J Aia taJken to be — 0-0020 
per atmum; the value of Ae is then given by 

Je = +070137. (7) 


With the value* of 4p in (6), the value of the ii.Timifl.1 luni-solar preoeaaion 
ifl, for epoch 1000-0, isA'aavi 


Plaakett and Pearce have made a aimilar investigatLon (loe. ctf.).! 

The oortectionB, J/t, and'd/tj, to the components of the proper motion 
in light ascension and declination, when the proper motions have been 
calculated accordiiig to Newcomb’s values of the fimdamental processional 
quantities, are readily found. In section 3-35 we have given Boss’s results ; 
we repeat these and add the results of Oort and of Plaehett and Pearce. 


Boss: Afl„ Es +0*-00021— 00-00016 sin a tand] 

= —070023 cos a j 

Oort: d/t, = + 0*-00009 — 0O-00030 sin a tan d] 

Afit == — 070046 cosa j 

Plaskett and Pearce: 

d/t, = + 00-00006 — 00-00026 sina tan d] 
Afif = — 070038 cos a J 


( 8 ) 

( 9 ) 


( 10 ) 


These results are all consistent as regards the sigos of the several coeffi- 
cients and, considering the smallness of the quantities involved, in remark- 
ably good agreement. It is to be remembered, however, that Boss’s solution 
was made long before the study of galactic rotation had been begun; con- 
sequently, bis results contain the effects of a systematic motion not allowed 
for in his equations of condition. For this reason and also because Oort’s 
results for the Boss stars are m almost exact agreement with the results 
derived from the three groups of distant stars in Table 49, it is evident that 
the formulae (8) must be superseded by (9). The results of Plaskett 
Pearce in (10) may be regarded as strongly confirmatory of Oort’s numerical 
values. This conclusion is fortified by the accordant results of a lengthy 
investigation by Pariisky, Ogrodnikoff and Fessenkofi,t based on different 
material from that used by Oort. 


* B,A,N. Ko. 1S2, p. 86, 1827. SeealaoanotebjPladntt and Fearoe {PM, DA..O. {Victoria), 
S, ITo. 4, 297, 1936) in wliioh they quote the opinion of Fotheiingham to the effeot that value 
of AA ie u n tm atwoft hy. 

t See also Van de Eamp and Vywotoky, Leander lieConniek PM. 7, 11, 1937. 

% “Study of the eSeot of known paiallazea and galaotio lotatioa upon the determination of the 
oonstant of the limi-solar preoeesion of Newoomb", PM. of (Ae Sternberg State Aetr. Inetitute, 6 
(1), 104, 1936 (with summaiy in Bngliah, p. 187). See also a paper by P. van de Eamp and 
A. N. Vyssotsky, Proe. Nat. Acad, ofSeieiuee, 31, 419, 1986. 
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11*44. matter. 

Within recent years defimte evidence, both observational and. theoietioal, 
has been gathered to demonstrate that interstdUai space (within the con- 
fines of the galaxy) is not empty but is filled with a very hi^y rarefied gas 
of substantially uniform density — at any rate up to distances of the order of 
a thousand parsecs from the sun. I^m this point of view the familiar 
diffuse nebulae, both luminous and dark, may be regarded as local con- 
centrations of interstellar matter, as may also to a lesser extent the absorbing 
doud considered in Chapter ix. As we shall see, it is possible to infer the 
presence of a galaotio doud from the principles of galaddo rotation, for the 
interstellar mattw must be expected to share in the rotation. 

The observational evidence, so frr as galaotio rotation is concerned, is 
based on the behaviour of the “stationary” H and K lines of singly ionised 
caldum atoms (denoted by Oa n; the neutral atoms are denoted by Ca i). 
It was first noticed by Hartmann* that the H and K lines were present in 
the spectrum of i Orionis, a spectroscopic binary of type BO, and that more- 
over they remained invariable in position whereas the hydrogen and helium 
lines, typical of a BO star, oscillated in the period of the binary. It was 
subsequently shown by J. S. Plaskettf that the stationary lines — ^which are 
characterised by their narrowness and sharpness — were present in the 
spectra of single stars of type 0 and also of some Wolf-Bayet stars in the 
spectra of which absorption lines are normally absent. Also, the radial 
vdodties deduced from the H and K lines differed appreciably in most 
instances from, and bore no relation to, the radial velodties deduced from 
the lines belonging normally to the types of stars concerned. The simplest 
explanation appeared to be that the stars were moving through a doud in 
which ionised caldum atoms were present in such suffident numbers as to 
produce the characteristic absorption lines of these atoms. 

Later, Eddington, by arguments into which we need not enter here, was 
led to the hypothesis that, except in the neighbourhood of the diffuse nebulae, 
space was ^ed with a highly rarefied gas with a density of 6 . 10~*^ gm./oub. 
cm. and a kinetic temperature (as defined by the atomic or molecular speeds) 
of about 10,000°. Although most of the caldum atoms would be doubly 
ionised at this temperature, it was estimated that the number of Ca n 
atoms would be suffident to produce unmistakable absorption lines provided 
the depth of the absorbing cloud was of the order of one or two hundred 
parsecs at least. 

The hypothesis of interstellar matter, of substantially uniform distribu- 
tion, leads to the two consequences that all distant stars, irrespective of 

* Ap. J. 19, 268, 1004. t ■V.iT. 84, 80, 1924. t Soy. Soo. A, 111, 424, 1026. 
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type, should show the statioiiary lines in their speotra and that the strength 
or intexisity of the absorption should increase with increasing distance of 
the stars. In types later than B8, the stationary lines are not generally 
separable from the stellar H and K lines derived from the atmospheres of 
the stars themselves, and in types from E onwards they are invariably 
swallowed up in the broad stellar lines. 

The detection of the interstellar lines depends then either on the complete 
absence of the H and K lines from the normal stellar spectrum or, if the 
stellar lines are present, on the sharpness of the latter and on an adequate 
Doppler displacement of about 50 km./sec. at least; in every instance the 
star concerned must be at a considerable distance from the sun. 

The substantial uniformity of the interstellar cloud was first demon- 
strated by O. Struve* from intensity measures of the H and K lines of over 
1700 stars of spectral types 0 to B3, the intensity being found to vary 
linearly with distance. 

11*45. The reseofrdhes of Plaakett cmd Pearce on inUfrstdla/r matter, 

Plaskett and Pearcef investigated the properties of the interstellar matter 
by considering the effects of galactio rotation; it was tacitly assumed, of 
course, that the cloud shared in the general rotation. The radial velocities 
deduced from the stationary lines for 261 stars, spread over about two- 
thirds of the galactio circle and mostly within 10° of the galactio equator, 
were first analysed for solar motion, K term and galactio rotation, the 
equation of condition being 11-41 (6). The solution yielded a negligible 
K term and a solar velocity of 19-9 km./sec., with the apex, however, about 
20° (mainly in latitude) from the normal position. As the distribution of 
the stars is clearly unfavourable for the determination of the galactio 
latitude of the apex, the results were taken to indicate that the solar motion 
with respect to the interstellar matter is very much the same as the solar 
motion with respect to the stars in the neighbourhood of the sun. The 
radial velocities were then correoted for the usual solar motion and the 
equation of condition used in the solution is now 1 1-41 (7). The results were : 

f4: + 7-9 ± 0-8 km./sec., 

K\ — 0-0 ± 0-6 km./sec., 

Gq: 332° ± 6°, 

the galactic longitude, Gq, of the centre being in good agreement with 
Shapley’s value of 327°. 

The stars were then arranged in magnitude groups, an approximate way 
of arr anging them according to distance. The solutions were then made 
* Ap, J. 67, 868, 1928. f M.N. 90, 243, 1980. 



ll'Sl Galactic Botation 387 

separatdy for the stars and for the corresponding interstellar Tslooities in 
each individnal group. Omitting the group of brightest stars, relatively few 
in number, we exhibit the results in Table 61. 

Table 61 


Group 

Number 
of stars 

m 

rA 

Stars 

COoud 

(a) 

46 

6*6 

+ 10-3 

+ 6-0 

(b) 

79 


+ 13*9 

+ 7-7 

(c) 

119 

7-1 

+ 16-6 

+ 8*3 

W 

69 

7-3 

+ 20*6 

+ 10*1 


If we adopt the value of 0‘017 for A, the mean distances of the stars 
reuQge from 600 parsecs-in group (a) to 1200 parsecs in group (d), and the 
table shows that, over this range in distance, the mean distance for the stars 
in a group is twice the mean distance for the absorbing matter; the conclusion 
is that the interstellar matter is, more or less, uniformly distributed. 

This result has an interesting application. Reliable estimates of the 
distances of novae are generally hard to obtain by ordinary methods; the 
measurement of the stationary H and K lines in their spectra enables us to 
find fA for the interstellar cloud and, with an assumed value of A (say 0'017), 
the distance, 2f , of the nova is then easily found. Estimates of the distance 
can also be obtained from the investigation of the intensities of the inter- 
stellar lines.* 

11*51. Dynamical reauUa. 

Following Oort, we take as a simple working hypothesis that the gravi- 
tational field of the galaxy is due to a central noass and to a umform 
distribution of matter, of total mass throughout a spheroid ooextensivo 
with the galactic system. This hypothesis can be regarded only as approxi- 
mating very roughly to actual conditions, especially as regards the second 
part. It may be anticipated, however, that the deductions from such a 
hypothesis will give at least the order of magnitude of the quantities arising 
in the problem. 

Let El and be respectively the gravitational attractive forces per unit 
mass due to the central mass and to the spheroidal distribution. We then have 


K = K^+K^ 

( 1 ) 

^ 1 F/, BdE\ 

( 2 ) 

EdB}’ 

* Of. E. 0. wmiarna, M,N. 95, 578, 1935. 



and by 11*23 (2) 
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K 


N, = DB, 

where 0 and D are oonstaats. I!rom these 

dZi 

dB 


11-61 

.( 8 ) 

,.( 4 ) 




dB, 

^B 




Qence, from (2), 

^ 4.BK’ 

(6) 

Also, 

B^A-l. 

R 

(6) 

Hence 

F/ir.+4i.y 

K )' 

(7) 

From (1), (6) and (7) we readily obtain, by eliminating F/Ji, 



44 

^8^ 


J: "3(4-.B)’ 



Thiu, when the values of A and B are known, the ratio : K can be derived 

from (8). 

The formulae for p and Pq oan now be written as 


3ZiF/ 1 


Writing ( 1 ) for F/J2 in (6), we find that (8) becomes 

A 


,..(9) 

.( 10 ) 

.( 11 ) 


Since, in the case under consideration, KfKi > 1, we have from (11) 

(a>\A^ ( 12 ) 

We note that if the galactic rotation depends on a central mass alone, we 


have, clearly, 


6) B ^A. 


11*52. The diskmee of 0ieeu/n from ^galaetio centre. 

The formula 1 1-61 (6) shows that if A and B are found from observations 
as described in previous sections and the value of F is known, the distance, 
B, of the sun from the galactic centre can be easily found. For numerical 
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pniposds ws lifiive the follo'wing detemdiiatioQs of ^ and S by Oort* 
by Plaakett and Pearoe. I 

Oort: ^ = 0-019; -0-024. 

Plaakett and Peoroe: A => 0-0166; 0-0120. 

Taking V to be 276 km./seo. 'we easily find from 11*61 (6) ‘v^nes of 
2Z to be, respectively, 

6400 parsecs, and 10,000 parsecs. (1) 

These values, Oort’s in particular, are on the small side u oomparpd with 
the distance estimated by Shapley i&om the study of the globular clusters 
even when the effect of absorption is taken into account. 

11*53. The value of KJK. 

Oort’s value being given first as before, we derive from 11*61 (8) the two 
KJK = 0 69 and KJK ^ O-IS. (1) 

The infarence is that the greater port of the central force is derived from 
central mass. 

Oort has also derived the value of BlJK from the proper motion com- 
ponents /ig, using 11*61 (10). We have 

(S) 

In this formula, ng is supposed to have been freed from the effects of the 
solar motion. With A derived from the radial velocdties, the formula (2) 
enables us to determine Oort’s resultj is = 0-29, whence 

Ei/jB: = 0-78, 

which points again to the predominance of the central mass in producing 
the rotational velocity. 

11*54. Formula for 

We consider first an ellipsoid of uniform density p, and of mass Jli^, the 
semi-axes being a, b and c. 

The components {X, T, Z) of acoeleration§ at any point P(f , 7, (|) within 
the ellipsoid are given by ' 

X = -Gapi, Y^-Gfipv, Z^-Oyp^, 
where 0 is the gravitational constant and a, /3 and y are defined by 

a r* dtt 

2»ro6c“Jo ’ 

in which Q* a (o * + it) (b* + it) (c* + «). 

* 4, 79, 1927. t -PmU. D.A.O. ( Vieloria), 5, 299, 1986. % No. 120, p. 282,1927. 

{ See, tar ewmple, Bonlh, AndIffUeal StaUei, VoL p. 106 (2Dd ed. 1002). 
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If now b=fl and a >e, we find tliat 

2a+‘y = 47r (1) 

and 2aa»+ yc* = (2) 

For the galaxy, a ia seTeoral times larger than c, so that (2) becomes 
approximately 2aa*+yc» = 27r\ic. (3) 

Hence from (1) and (8) a = 

n*c 

or, with Boffioient accuracy, a = —. (4) 

The mass, M^, is giyen by = ^a?cp. 

Hwce, we obtain 


Suppose now that the £-axis passes through the sun, which we aesume to 
be in tiie galactic plane; the coordinates of the sun are now {B, 0, 0) and 

X = -OapR = -^!!^^^ 
or, in the notation of section 11*23, 


. ZirQM^R 
* “ 41 § ’ 


( 6 ) 


in which we hare written for a. 

The most plausible estimate of the diameter of the galskotic system is 
about 30,000 parsecs. We accordingly take to be given by 


R^ = 16,000 parsecs. 


so that, if F = 10,000 parsecs. 



( 7 ) 

( 8 ) 


11 * 55 . AneaUmaUof the mass of the galactic ayatem. 

The formulae in the preceding sections can be used to give some idea of 
the mass of the galactic system if we base our hypothesis on a central mass 


and a uniform spheroidal distribution. 

From 11*23(1), we have F* = FJ?, (1) 

and from 11*23(3), (2) 

where m = V/B. 

Using (1), we find that (2) becomes 

1 


<0 



11*66 QaUuHe BotaHon 391 

Also KsK^+Kt^^+pGM,S, ' <4) 


in the second temu of whioh we have written p for 97rl4LJB[ in the expression 
for Z, given by 11-64(0). 


From (4), 

dK 2G]\£^ rmjf 

(6) 

and from (1) and (4), 

V* = ^+pGM^B!^, 


from whioh 

* Gfifi 
pGM^~(^ — 

(6) 

Consequently, from (6) and (6), 



dK . 3GMi 


so that (3) gives 

3G'Jfi 

(7) 

whenoe 

4(oB^A 

(8) 

From (6) and (8), we obtain, on inserting the expression for p. 



-- 4<i>(3(i>— 4A)i^ 

9nQ 

(9) 

Hence 

Mi l/Zi\*/<^ 4\ 

Jfi^TrVl/ U 3/ 

,....(10) 


It may be noted that (10) is consistent with the inequality in 11-61 (12). 

The formula (10) may be written in a slightly difierent form; from 
11-61(11), 

w_4/Zi+Za\ 

A-l\ 


Hence 


4_/^yZ, 

Jfj 37r\Jj/ Ki' 



For the purpose of making an estimate of the mass of the galactic system, 
we nha-11 use Plaskett and Pearce’s values for A and J? whioh are respectively 
0-0166 km./seo. per parsec and 10,000 parsecs. We also take RJH to be 3/2 
as given in 11-64 (8). 

We adopt the year, the sun’s mass and the astronomical unit of distance 
as the units of time, mass and length respectively; in this system 


G = 47r>. 
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TaMog F to be 276 km./seo., we have in the new nDitB 

F = B^ 

K ’ 

where k = 4*74; and 

B = lO^ooseo 1' 

= 2.10* astr. nnita, approximately. 

Ai A 0-0186 

Also A =• — - — aetr. nmts per anTinm per parseo 

0*0166 

* =■ ^ aatr. muts per annum per aatr. mut (12) 

, 276 

"-ins- (*») 

From (8), we find = 13 . lO'^*, (14) 

and, ficom (10) and (14), = 6 . 10“ (16) 

Thia laat reanlt may also be derived from (11) and the eeoond value of 
KJK given in 11*63 (1); it foUowB that 

Zi“3’ 

Thus -the -total maas of the galaotio system is approximately 

2.10“ (16) 

in terms of the solar mass as unit. 

We oonolude that, on the hypotheses stated, the observed featrures of 
galaotio rotation may be asoribed to a highly oonoentrated oentr^ mass 
together with a uniform spheroidal distribution of matter ( innlndiTig stars 
and the oosmio oloud) whose total mass, as given in (16), may be regarded 
as a rough estimate; it is to be remembered that the value of adopted in 
the oaloulations is somewhat uncertain. 

The period, P, of revolution in (droular orbits for stars in the neighbour- 
hood of the sun, is given by p ^ 2jr/w 

with the value of o adopted in (13), we find that, approximately, 

P = 2 . 10® years. 



CHAPTER Xn 


THE DYNAMIOS 07 THE GALAXY 


12*11. Formulae for Oort a constamta. 

In the pievious chapter we considered the phenomenon of galaotio 
rotation and, in particular, we derived the theoretical expressions for Oort’s 
oonstants A and B — 11*21 (8) and 11*22 (2) — in the form 


1 F_l^ 

2E 2dB‘ 





A—<a, 


( 1 ) 

( 2 ) 


in which the angular velocity o, at the distance B from the galactic centre, 
is given by VfB. In these formulae F and <a refer to the direction in which 
the rotation actually ocours, that is, in the retrograde direction — or opposite 
to that in which galactic longitude is measured. 

We shall assume that the galaxy is a system with imiaxial symmetry. 
In terms of cylindrical coordinates 
and in the notation of section 10*41, 
we represent the systematic trans- 
verse linear velocities at 8 and X 
(Fig. 69) by and 6^ and the dis- 
tances of iSf and Xfirom the galactic * 
centre, 0, by m and where 8 
refers to the centroid of the stars 
in the neighbourhood of the sun 
and X is any star more remote. The 
figure is supposed to be in the plane 
of the galaotio equator with the 
positive direction of the axis of symmetry through O and perpendicular 
(upwards) to the plane of the paper. The directional sense of dg, and of 
is thus the same as that in which the azimuthal angle, 0, of the oyhndrioal 
ooordinates is measured; also, the sense in which 9 is measured is the 
same as that of increasing galaotio longitude. 

We denote the angular velocity at 8 by Og, so that 




( 3 ) 
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12-11 

Also, ^0 F in (1) are the transverse linear vdooitieB at 8 but measured 

in opposite directions; hence 


6q = — F, and Wq = 

(4) 

We then have from (1) and (2) 



(6) 

2 dtcr 2 ur ’ 

JissA-UM — 

* 2 dm 2 w ' 

(6) 


As before, we denote by K the gra^tational attraotiTe force per mut 
mass at i9; if, as in Oort’s theory, the systematio transverse velocity is due 
to the gravitational force K, then 




(7) 


VJ 

It is easily 

seen from (6), (6) and (7) that, in this case. 



Oo ® 

4ts\ Kdm)’ 

(8) 



(9) 

or, by (3), 


(10) 



(11) 

Another expression for A is obtained as follows: 



dm m dm\m/ dm 

(12) 

fio that 

^ “ too dS© ' 

(13) 


It is to be remarked — ^from (11) — ^that 5^0 unless -Sr(ti7) varies as w~®. 
Also, from (13), since is negative, the actual rotation being in the 

retrograde direction, A is positive if ^ is negative. If £(tu) is given by 


K(w) = —i+Ika, 

tZT® 


.(14) 


as for a central condensation combined with a ^heroidal distribution of 


matter. 


£ 

dwXw 


30 


.( 16 ) 


Accordingly, in this case, A is positive. 
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12*12. Itdatimbehoem galactic r<4aii<m and star-streaming. 

We have seen in seotion 10*42 that, for a system 'with nniazial symmetry 
in a steady state, the spaoe-velooity frequency fonotion/is gi'ven by 

/{/7»+A«(©-6>o)«+Z*-2F0, (1) 

where 77, &, Z are the velocity components in cylindrioal ooordmates and 


A* = 1 -1- k^m^. 

(2) 




V®; 

F-7-hi 

(4) 


V being the potential.* 

The distribution of velocities in (1) is spheroidal with the equal and 
longer axes in the w and z directions, being positi've. Now dg ^ 
systematio linear rotational velocity at the point of the system under 
consideration, and if 'this point be taken at ^Sf in Eig. 60, we have from 


12-11 ( 6 ) 


2A . 

dm m 


Also 

From (3) and (2), 
Hence 


2B-^+29. 

dvj V/ 


2A 


2kik^m* 

A* ’ 


2B = _ 


2*1 

A*’ 


from which 


B _ 1 
B-A “A»’ 


and in consequence of 12-11 (6), 


1 , A 

To = 1 +~ • 

A* Wg 


( 6 ) 


Now in (1), 1 : A is the ratio of the semi-minor axis to the semi-major axis 
for the velocity spheroid; this ratio can, accordingly, be derived from (6). 

From 11-56(12) and 11-66(13) the values of A and Wg — ^we remember 
that Og — — o by 12-11( 4) — ^have been given as 


0-P166 _ 276 

■^“2/c.l0»’ ^/c.lO*' 


( 6 ) 


* F ifl not to be oonfiiBed with the velocity F oooorring In the definition of the Oort oonetanto. 
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TbjSBe may be i^arded as typioaJ nnmeoioal leaults with a sabatantial 
olaiwi to tehability. losertiQg these in (6) we obtain 

^-0*68, (7) 


whiohis in good agreement with the usual values ofthe ratio of the semi-axes 
found by the methods of Cha;pbei v (oompate, for example, the value 
KjH = 0*63 mentioned in 6*4). 

This aooordanee must not, however, be unduly stressed, for (6) is derived 
from a model of a spheroidal galaxy in a dynamioally steady state embodying 
the mathematioal implioation that the semi-axes of the veloaity ellipsoid 
are equal in the direotioa of the vertex (the Tn-direotion) and in the 
direction petpendioular to the plane of symmetry (the 2 -direotion). So for, 
the bulk of the observational evidence is oontrary to this equality. If we 
adopt a short time scale for the age of the galaxy, stars in theneighbourhood 
of the sun will have made but a few revolntions round the galaotio centre 
and it may be anticipated that the steady state contemplated in the theory 
and leading to (1) is not quite realised in the actual galaotio system. The 
model which we are now oonsidjartng must then be regarded as a kind of 
first approximation to the galaxy itself. 


12*13. Formulae for SehteamtckSdU vdooUy-la/w. 


If the function in 12*12 (1) is exponential as in Sohwatzsohild’s law, we 


can write fB«+a*-ar, , (e-e,)^ 

/= Pe ^ ^ K (1) 

where P and a are constants, or 

( 2 ) 

where (3) 

Also, ^ “ X’ 


If n denotes the mean of the peouhar speeds in the vj direction we have, in 
the notation of section 10*42, 


. 

2j cfc"^*/“*dCi 


whence 

Similarly, 


«-©o 



^ and Z 


Ifif' 


( 6 ) 

(«) 
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By 10*42 (19) the star-density, v, is given by 

p 

from whioh “ T (’*®*)* (7) 

A 

We shall require these formulae later. 


12'14. JAndblad^aderwatimofthedKpaoidaldiUtnlmtionofateCUtrve^^ 

Relative to the oentroid of stars in the neighbourhood of the sun the 
peculiar stellar velooities, in one coordinate, have an average value, taking 
all spectral i^ypes together, of the order of lOkm./sec. As this is but a very 
small fraction of the linear rotational veLooity near the sun, the orbits of 
the stars ae viewed from the galaotio centre do not differ very markedly 
from circles, on the average. Lindblad’s investigation,* whioh will now 
be described, is concerned with these orbits. 

We consider motions in the galaotio plane only. Consider a point, 8, at 
a distance m from the galaotio centre, C (Fig. 70). The angular rotational 
velocity at 8, relative to fixed axes OX and OT, will be denoted by o, 
measured in the direction of increasing galaotio longitude. As before, we 
denote by K(m) the attractive force per unit mass at a distance tzr from 0-, 

wo* =■ K(m). (1) 

Let P be a star near 8 with coordinates (£, if) relative to the axes 8B and 
8D as shown in Kg. 70. The co- 
ordinates of P with respect to the 
axes OB and OB are {rn+^,ijy, 
these axes form a rotating system, 
the angular motion being a. 

Let Wx denote the distance OP. 

In general, the motion of P about 
0 will be somewhat different from 
that in a oiroular orbit of radius 
UTi. The attractive force at P, per 
unit mass, has components E 

and -^K(mx) 
parallel to C!8 and respectively. 

* Arhwfdr MatmaUh, Aatronomi oeh rytik, Bd. 20, A. No. 17. 1927; Uptala Mtdd. No. 26, 
1927. 
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We aooordin^y have the folloving equations for the motion of P 
relative to O: 

( 2 ) 

^+2o)^{vf+i)-<i>hi = (3) 


We assume that ^/ts and ijjm are wwinll and we ahall neglect squares «»nd 
higher powers of these quantities. 

In (2) and (3), w and <i> are constants, sinoe we assume droular motion 
for S. 

Now = (ts+ g)*+ 7 *, 

from which, with the approximation in view, 

Wi = m+^. 

Then . £(vfi) = K(m) + . 


Making use of this result and also of (1), we find that (2) and (3) become 

(4) 

l5l+2<wg = 0. (6) 

Now, by 12'11 (10), Oort’s coefficient A, as defined for the point S, is given by 

<•) 

Hence (4) can be written i-2(i)^+4iioA^ = 0. (7) 

(6)» ^ = 2w(£i-^). (8) 

where gi is a constant of integration. Hence (7) becomes 

gH-4w(<u+.4)g = 4a»*gi. (9) 

If K{w) is defined as in 12*11 (14), we have by 12*11 (13) 

The coefficient of g in (9) is thus positive. Let 

= itii{<i>+A). (10) 

Then (9) becomes l+ 9 *g = 4o*gi. (H) 

The solution of this equation is 

g = c8ing(«-g+— gj, ' 

V 

in which c and tp are constants of integration. 


( 12 ) 
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12*15. lu 70 let 6 denote the angle which the rotating fois 08B 

with the fixed axis d. If (JT, Y) axe the coordinates of P with respect to 
the fixed axes, x = (w+f) oob(?-^ ain0^ 

r = (w+^)Bin5+7oosfl)’ 

from which, since 6 a), 

i = ^cosd— ^sind— oFt 

ss ^siad+^cosd+ox)’ 

Since the force is central, the radius vector GP will sweep out areas at a 
constant rate, say Now 

h^Xt-XY, 

which is readily found by (1) and (2) to become 

A = (tiT+f)iy— ^ 17 +<Ut!jf. 

But A is also given, by considering the radius vector 08, by 

A =n (OW*. 

Hence, to the first order of ijm and ijlm, 

(vj+^)ij-i7l + 2i(im^=‘ 0. (3) 

If (ij) denotes the value of ^ when = 0,^0 have, jfrom (3), 

W) = 0. 

It follows firom 12*14 (8) that = 0. 

Hence i^ + 2o)^ = 0 (4) 

and the solutions of 12*14 (11) and 12*14 (8) axe 

f = CBin^(i-g, (6) 

2(i)c 

7 = — O08?(<-«o)* (6) 

Thus the orbit of P relative to is the ellipse, with its centre at 8, 

^+£iV‘ = c* (7) 

and the relative velocity components £ and ^ satisfy the relation 

(») 


12*16. We consider now the orbits passing through a small volume of qiaoe 
surrounding the sun, 8^ (Fig. 71). Referred to 8 emd the axes^fifP and 8D, 
the coordinates of a star at, or very close to, Sq are (|, j/) and, to the order of 
approximation adopted, (1) 

where Wg is the distance C8o. 
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Let io, ^0 denote the components of vdlooily of a stai 'with respect to the 

axes and iS^o* Sinoe | is the 
component of velooity parallel to OB 
we have — ^neglecting small quantities 
of the second order — 

( 2 ) 

Also, refereed to a fixed axis with 
which OB is momentarily coincident, 
the ’velocity of the starpetpendionlar 
to this fixed axis is one. Similarly, 

referred 'to a fixed axis with which 
OBn is momentarily coincident, the 
'velocity of the star perpendicnlar to this fixed axis is '"'here oig is 

the'valaeofa)atiS^. Sinoe OBaaiA. are inclined at a small an^ we obtain, 
on ne^cting small quantities of the second order as before, 



ij+om = ^o+<^oVo> 

which can be written with snffioient accuracy 

iJo “ ^ + tDf(<l>-<Uo)* (3) 

Now, 6) is a function of ra and (Og is a fimotion of Wg; hence 

w-Wg = (ur-mg)^. 


Hence, from (1) and 12‘15(4), -the formula (8) becomes 


, wd(ii\ 

(4) 

But from 12*11 (12), A is defined for 8 by 


. tudo 

(6) 

-d =-X3-. 

2duj 

Hence (4) becomes ' ^ ' 

(6) 


Insertmg the -values of i and i}, given by (2) and (6), in 12*16(8) and 
remembering that g is given by 12*14(10), we find that |g and satisfy 
the relation 



flr*(<U+-4) 


^8 = c*. 


( 7 ) 


In this formula o and A, together -with g, refer to the point 8 in Fig. 71. To 
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the order of aoouraoy 'with whioh we are oouoemed we oau replace o), A 
and g by the Talues of these quantitieB at 8q. The formula (7) is then 

® ' ' 

in whioh A now denotes Oort’s constant for 3q and 

gl = 4<ao(Oo+^). (9) 


The quantitieB Oq, A and g^ are now constants independent of the position 
of 8 relative to 8,^, subject of course to the degree of approzimation already 
indicated. 

It is to he remarked that and ijo are the components of velodly 'to be 
associated -with the stdlar motions as observed at 8^^. Further, the equation 
(8) has been derived by oonsideiting the orbit of a star relative to a given 
point 8\ the orbit is found to be an ellipse with the radial axis of length e. 
When c is given, the oomponents and ijo> referred to axes through the sun, 
satisfy (8), and for a given c and varying positions of 8 there will be a family 
of orbits for each of whioh (8) 'will be satisfied. 


12*17. We have to consider the continuity condition at 8q. Referred to 
fixed axes OX, CY the kinetic energy Ts4(jt*+ ?*) is given — casing (1) 
and (2) of 12*16 and applying these formulae to the coordinate ^stem at 

^o-by , 

22P = ^+ij8-2Woi/o^o'i-2(yo(Wo+So)??o+‘"o(£o+®o +7o)* 

Let gi*Wo+£o. ?9 = 7 o* (1) 

The generalised momenta andpg (per unit mass) are given by 

_dT _dT 
die’ 

ag," aijo' 

Hence J>i = | ,2) 

3»2 = ^o+“o(^o+SoV* 

The equations of motion are then 

. dff . 0H 

^ dH . dH 

P>- ag? 

where SsT—V(m) is the Hamiltonian function. The g’s and p’s are 
canonical variables and by liouville’s theorem 

^^{dqidqtdpidpi) = 0 . 


8SD 


96 
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^ow dq^dq,dp^dp, - 

It is eacdfy seen from ( 1) and (2) that the yaliie of the Jaoobian in the previous 


expression is nnily. Eenoe 

(3) 

or ;§(4P)»0, (4) 

-where is the phase-element. 


If -we assume -that the number of stars per unit phase-element is a function 
^(o*) of the parameter c (the semi-major ams of the relative orbit), the 
number of stars in the phase-element dP is given by 

dN =« ^(o*)dP. 

Hence, by (4), ^ (dN) = 0, 

so that the necessary condition is satisfied. 

Thus, using 12*10 (8), it is seen that the number of stars, per unit area of 
the galactio plane, with velocities between (^, ij^) and (£o+<^o>^o+<^o) 



If ^ takes the form e~^, (6) is equivalent to SchwarzschUd’s ellipsoidal law 
applied to two-dimensional motion. The major ads of the velocity ellipsoid 
points towards the galactio centre and the ratio of the axes in the galactio 
plane is / \i 

agreeing -with the result of 12- 12. 

12*21. Asymmetry of stellar moiiona. 

We begin-with the formulae in section 12*13. Itisto be remembered that 
-we have defined -the systematic rotational velocity near the sun as 
positive in the sense of increasing galactic longitude. 

Erom 12*13(7) -we have 

d 


1 <2A 2 dF; 
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Now, sinoe A*— l+AjW*, = — and ^=« 
we obtain, on eliminating and it,, 


1 dv 
vdw 


a* m 


b 

o’ 


where 



( 1 ) 

( 2 ) 


Here, 0^ is the oiroular velooity at a distance tzr from the gaJaotio centre 
arising from the potential V of the field. 

We write S = 0^—0^. (8) 


Then dg « /9*+ 2/8®o 

and, if df is ■nwftH compared with d,* write with sufficient accuracy 

^-eg = 256»o. (4) 


Now by (3) and (6) of section 12*11, 

Hence, by (4) and (6), the equation (1) becomes 

o« (1 dv 1./, 

^ 4(J. — J5)\vdw'^U7\ o*//' 


( 6 ) 

( 6 ) 


We see from 12*13 (6) that aiB^Jn times the mean speed in the tc-diteotion 
(and aJso in the z-direction). We can thus regard a as a measure of the 
peculiar motions of stars in the system under consideration. If the peculiar 
motions are small, as for the majority of stars in the neighbourhood of the 
sun, a is small and, by (6), S is small; accordingly, 0^ approaches 
magnitude. The stars in such a system describe orbits about the galactic 
centre not difiering greatly from circles, and the systematic rotational 
Telocity 0^ is close to the oiroular Telocity 0g arising from the potential of 
the field. 

But for stars with large peculiar motions, such as the high Telocity stars, 
the deTiation between 0^ and 0g for this particular system is Tety much 
greater owing to the larger Talue of a. Accordingly, the high-Telooity stars 
hsTe a systematic Telocity (6^, — 0g) relatiTe to the stars with small peculiar 
Telodties, that is to say, relatiTe to the great majority of stars in the neigh* 
bourhood of the sun. 

According to Oort,* who has made eztensiTe calculations based on the 
observational material treated by Str6mberg,t the numerical Talue of the 


* B^.N. No. 1S9, p. 288, 1028. t ^P- 41, 808, 1926. 
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first term in (6) is greater that of the second term; also, if we make the 

reasonable aasnmivtion that v increases as we approach the galactio centre, 
dvjdm is negative. Hence the value of /S s 9o is negative, or the syste- 

matic relative velocity of the high-velooity stars, namely 6^ — is positive. 

Now 6>o and 0^ are measured in the sense of increasing galactio longitude 
and, as the actual rotation is retrograde, we write 

^o=~®o> 

where and Vg are the speeds concerned in the direction in which the rotation 
is obseiwed to take place. We then have that V^-Vg is negative; in other 
words, the systematio transverse speed, Tj,, of the hi^-velooity stars is less 
the systematio transverw speed, T^, of the majority of stars near the 
ffiiTi. Thus, the high-vdiooity stars appear to lag behind the normal stars and 
this is in conformity with the conclusions as summarised in section 11-14. 

AannTwiTig that the quantity within the brackets on the ri^t of (6) is 
substantially the same for various groups of stars with different velocity- 
dispersions O’ (where o’ is proportional to a), we can write (6) in the form 

S = c<r*, 

where c is a constant. This is a parabolic relation between the systematic 
motion of a group (relative to the normal stars near the sun) and the dis- 
persion. This parabolic relation was first obtained by Stromberg* from the 
observational material to which reference has already been made. The 
dynamical theory which we have just outlined is thus in accordance — at 
l^t, qualitatively — ^with the observational evidence. 

It is of interest to add that the average value of ^ ^ as determined by 
Oortt from Stromberg’s data is — 0-00010. 


12-22. Lmdblad has arrived at a HiTnilii,T conclusion by a slightly different 
procedure,! substantially as follows. 

SYom 12-13(7), 

log V = log {P(7ro*)*} - log A -1- ^Fi(u7) . 


Similarly, if is the density at a distance tui from the galactio centre, 
logi/i = log{P(7ro»)»}-logAi-l-^Fi(wi), 
where Aj = (1 -1- ifejwj)*. 


Writing 
•we have 


Vi = ve-*. 


,, /l-|-l!.®?\ 2 . m \ i:?(t!7f — U7*) ) 


-■( 1 ) 

-( 2 ) 


* Ap. J. 61, 870, 1926. t Ko. 169, p. 282, 1028. 

I Stockholm Oha, Annaler, 12, No. 4, p. 15, 1036. , 
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We now aasome thAt has been ohosen so that — w) is small oompared 
with or. It is easily found, by means of the leduotionB of the previous 
section, that g. f ^ 

"“4(9oWi-w V »vr 

We suppose tv and tv^ definitely known, the former being the sun’s HiafaLTinA 
from the galactic centre and the latter having the already 

indicated. As the density, v, is supposed to be known as a function of tv, the 
value of X oua then be determined from (1). 

We may proceed in a sh^tLy different way by choosing x to be unity; 
then tvj can be determined from (1); in this case, we may define tv^ as 
“effective limit”, its value depending of course on the densiiy-gradient 
dvjdm. If the limitation regarding (tv^— tv) stilL holds, the formula (3) is 
the paraboUc relation connecting 8 and a already found in the previous 
section. 

It may be added that, from Stromberg’s observational data already 
referred to, lindblad* finds that, for x = 1> 


TU-y — tET 

m 


» 0*23. 


12*31. Oeneral kinemaHcal amstderationa. 

In Oort’s theory, as we have seen, it is assumed that the galaxy is rotating 
about the galactic centre and that the consequences of this assumption are 
expressed in terms of equations giving the differential effects for radial 
velocities and for proper motions. It has been shown independently by 
Pilowski,t Ogrodnikofi and Milne§ that the forma of these equations do not 
depend uniquely on the particular dynamical theory envisaged but are 
deduoible from the simple hypothesis of 
the existence of a space-velocity frequency 
fimotion for the assembly of stars con- 
cerned, provided that this function is 
continuous with respect to the coordinate 
system by which it is described. As Milne’s 
investigation is the most general of those 
just mentioned, we shall consider it here. 

Consider on assembly of stars whose 
positions are referred to non-rotating axes AT/ 

OX, OY, OZ (Fig. 72). Let the coordinates 
of the sun, jSq, and of a star, 8, be respectively (Xg, Igi ^o) ^)* 

* Handbvck Her Atlrophysik, 5 (2), 1061, 1988. 
t ZsUa.f, Atarothyrih, 3, S8. 279, 291, 1981; 4, 896, 1982. 
f an. 4, 190, 1982. S M.N. 95, 660, 1986. 



s(x,y,z) 


(Xb»1o»Zo) 


Xig. 72 
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Let' the hnear velooily oomponents of jSq and of be 

{U, F, TF). We assoine that a qpaoe-Telooity Amotion / ezista so that, if dN 

denotes the niunber of staxs in the volixme-element at S, dN is given by 

dN = dXdTdzjjjfit; X, 7, Z; U, F, W)dUdVdW, 

where the integration is taken over aJl possible values of U, F and W. 

If V denotes the number of stars per nnit volume at 3, we have 


v = J | J /(<; X, 7, Z; U, V, W) dUdVdW ( 1 ) 


In (1) we have written the frequency Amotion as d^nding explicitly on 
the time, so that a steady state is not assumed. 

The mean velocity component, rr,ofstarsintheimmediatenei^bourhood 
of the sun is given by 


vU^jjjufdUdVdW. 


( 2 ) 


There are two similar egnatioiis giving F and W. 

In the same way we can derive the mean oomponents Vq, W^) for the 
stars near the son. 

If components of the solar motion with req>eot to the 

centroid of the nearby stars, we have 

( 8 ) 


12 * 32 . JRadicd vdoeUka. 

Let p denote the radial velocity of a star at 8 relative to the sun. If 
{ie,y,z) are the coordinates of 8 with reqieot to axes through 8^ parallel to 
OX, 07, OZ, we have 

P»(17-17o)*+(F-Fo)^+(1F-1Fo)?, 

where r is the heliocentric distance of 8. 

Averaging over all the stars near 8 we obtain the mean radial velocity 
p, rdlative to the sun, given by 

vp = ^JJJ{(I7-17o)*+<F-Fo)y+(»F-lFo)*}/dl7dFdTF. 

It follows from (2) and (1) of the previous section that 

p = l{(?7-I7o)»+(F-Fo)y+(Tr-Wo)*}. 

Now U-Uo=U-U^-(U^-U^), 

whence, by 12-81 (8), 


( 1 ) 
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Then (1) becomes 

P + ^ (€* + W + €*) “ J ^ - ?7o) * + ( 7 - 7o) + ( IT - Fo) 4 


Now 




is the component of the solai motion in the direction of 8^8", <lftTin tin g it 
Po> have 


P+Po = ^{(*7-?7o)®+(^-T^o)tf + (^-1'^o)»}. ••v(2) 


Now t7 is a fimotion of X, T, Z and t, and similarly 17, is a fbnotion of 
•^oi To, and t’, to the first order* ijix,y and e we can write 

^ 

where the zero snfiSz indicates that (dt7/8X), etc. are to be evaluated for the 
coordinates of jSq. It is assumed that these difierential ooefiGioients exist. 
We obtain iriT¥ii1ii.r equations for V and W. 

Let Pi denote the mean radial velocity of stars at 8 with the solar motion 
component removed. Then (2) becomes 


Pi = -{aa!*+by*+cz^+2fyz + 2gzx+2hxy), (4) 

‘"(It).' 

■"©••(S?).- 

or, if (2, m, n) are the direotion-oosines of the vector 8q8, 

Pi ■■ r(oZ* + 6m* + on* + ^mn + 2giil + 2A2m). (7) 

We can define (2, m, n) in terms of angles A and fi regarded as analogues of 
longitude and latitude with reepect to the system of axes OX, GY, OZ] then 

2 = oosAoosy?, m = sinAooB^, n = sin/? (8) 

and (7) becomes 


Pi “ j[(a4-6 + 2c) + (o + 6-2c)cos2yff+4(/sinA+^cosA)sin2^ 

+ {{o - 6) cos 2A + 2A sin 2A} {1 + cos 2yJ}] (9) 

The expression for pi in this equation thus consists of a constant part 
f (o + 6 + 2c)/4 independent of the position of 8 on the celestial sphere, and 
a part depending on the coordinates of 8 with respect to the system of axes 

• Aw j> HMmrinn WAtm** imalyA to ■eoond.ordtt temu has bemieomity made by TM i mwid tc n, 

M,N. 97 , 478 , 1987 . 
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ohoBen. If the radial Tdodties in difisrent parts of the shy are analysed 
aooording to (9), we should regard 


j(a+6+2o) 

as the “K term” which, we notice, Taries as the distance, up to the order of 
approziination' adopted. 

If we obtain the values of for all small areas of the celestial sphere and 
take the mean — which we denote by pg — ^we obtain 
_ /•*» /•*/« 

^Pa= piOoeSdSdA.. 

jx-ojfim-wla 


Now J*JPoos^d/?dA = aj J otxPfi ooe*\dfidX^^, 

with similar results for the integrals inyolving m* and n*. Also, over the 
sphere, f f 

I ymooefidfidk » 0, 

with similar results for the integrals involving mn a<nd nl. Hence 


?« = ^(«+6+c)- 


( 10 ) 


Milne regards this last expression as the ”K term 
If we are analysing the radial velocities of stars situated on a great circle 
of the celestial sphere — ^we have in mind the concentration of the 0 and B 
type stars towards the galactic equator — ^we can choose our axes so that the 
plane of the great oirole is the plane 2 = 0. For such stars we have from (9), 


on putting y? = 0, 

Pi = ^{a+6+(o— 6)oos2A+2Aain2A}, (11) 

in which a, 6 and A now refer to the new system of axes. 

In (11) write 

2A = 2Poos2Ag, a— 6 = — 2Psm2Ao, (12) 

from which tan2Ao = -5^, -^ = {(^^)* +**]*• (^3) 

Hence (11) becomes 

Px = "^^*1 ®™2 (A— Aq) (14) 


This is of the same form as Oort’s equation for the radial velocities of stars 
lying in the galactic equator, with the addition of a “K term”, equal to 
r{a+b)l2, varying with the distance of the stars concerned. It follows that 
the observational verification of (14) is not sufficient evidence in favour 
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of any paitioolar dynamical theoiy, for the equation, as we have seen, 
follows from the assumption of the existence of a spaoe-velodty frequency 
Amotion, whether the system is in a steady state or not. 


12*33. Proper motions. 

We consider, as before, the general system of axes in Eig. 7 2 and we denote 
by /i}^, Pf the proper motion components in “longitude” and “latitude”. 
If «, V, w are the linear components of velocity of S relative to we have 

u=U-Uo=U-Uo-i. ( 1 ) 

Similarly v=V—V^—ii, 

• to=F’-ir,-C, 

where (^, axe the components of the solar motion. 

Erom (3) and (4) of section 1-33 we obtain, in the usual system of units 


with r m parsecs and k = 4*74, 

xT/t;^oos^ = — usinA+vcosA, (2) 

srpi,^ -ttcosA sin/?— vsinA sin/ff+iocos/? (3) 

Erom (1) and (2) 

Krpj^oosP = —{U — ?7j)8inA+(F— T o)oo8A+Q, 


where Q = gsinA— ^cosA. 

Here Q is the effect produced by the solar motion. If we assume now that 
Px ^4 Pfi have been corrected for the solar motion, we write 

«r/t;i008^ = — (17— C70)8inA+(7— 

Krpf — —(U — Uq)cobX sinyJ— (F— To)8iiiA sin/ff+(lF-^)oos^. ...(6) 
Erom (4), by averaging for all the stars in the neighbourhood of 8, wo obtain 
KrpxOOBfi = — (t7 — ?7Q)8inA+(r— 


and, expanding V, V to the first order in x, y and *, we find 


H-oosAla: 




Since x = rcosA co8/9, y — rein A cos/?, s == rain/? we obtain, us in g the 
notation in (6) and (0) of section 12-32, 


+tan/!{<>osA(|g)^-6taA(|2)J («) 
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If we oonfiae oarselves to observatioiia made on the great Girdle /i — 0, 
(6) is lednoed to 

k7»a = ®s+ {(^^) + **}* 2(A - Ao), (7) 

and A« is defined as in 12-32 (13). 

.Again, (7) is aiwiilar to Oort’s eqnation for proper motions of stairs in the 
galaotio equator. 

In the same way we derive from (6) 

Kjif = — ^^ooB2Aain2)ff— ^ain2Asin2yff— ^ain2yff 

+^oosAoos2^+/sinAooa2yff-||^|^j -|^j|oosA 

-M(S).-(w)J“^ <*> 

For stars situated on the great oirole yff = 0 we have from (8) 


ra 






sin A. 


(9) 


Unless j <uid Bie both zero, the general frequency fdnotion 

will give rise to a oomponent depending on the ‘’longitude ” in the great 

oirole »» 0. 


12*34. d.ppUcaiton to fAe gia2aei»c ayafem. 

We identify the origin 0 in Fig. 72 with the galaotio oentre and the plane 

XOY with that of the galaetie equator. We assume that the galaotio equator 

isaplaneofsymmetrysothatTP' « 0 and that t7 and 7 are independent of Z. 

It follows that . . 

c=/ = y-0. 

We then have firom 12-32 (9), expressing our results in galaotio ooordinates, 


Pi = ^oos*0{a+&+(a-&)oos2G‘j+2Asm2G']} (1) 

and from (6) and (8) of section 12-33, 

K]i0 = (i),+Aoos2(?i— ^(a— &)sm2C)‘i, (2) 

ic]ig- — ^sin2gF(a-|-b-|-(a— &)oos2G‘i+2Aain2G']}, (3) 


where 0^ is the "longitude” measured from an arbitrary position of the 
X-axis. 



]:2>34 The Bynamice of the Chdaxy 411 

TraoBfoim to oylindiioal coordioates so that with leapeot to 0 tho 
Si(X,Y) <K>OTdiDates of 8 are {rn,d,g) aod the 
linear oomponents of vidooity are 
(17, S, Z). In Fig. 78 iSi is the projection 
of 8 on the plane of symmetry; also, 
6 is the angle between 08^ and 08i. 

We have to evalnate dUldX, eto. for 
So in terms of dlljdvr, eto. We choose 
the X-aids to pass through ^o* 

X = vjooaO, 7>=«7smd, (4) 

17 = iloosS— ®sinS, F = J7sinS+6>oosS. (6) 

(4), = oosS, = Bins, 

8S _ siaS dd oosS 
dX w ’ dT w 

From (6), 



(Galaetie 

Centre) 


ng. 78 


w 

ax 


^as\ 
I am ax''' dddx) 


cos S — llsin S ^ — sin S ^ © 008 S ^ . 


The value of dU jdX at Sq is obtained by putting 6 = 0 and ra 
expression. We thus obtain 



We then have the following relations: 

-6 = /—--—-^ 

* ~ \am m as m/o 

- _ dll d& 

” ym as dm m/o 

„ (d& 1 dU 6\ I 

\am m as m/oJ 


mo in this 


( 6 ) 
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12*36 


12‘36. Oaiaetic rotation. 


Vox simple galaotdo rotation, -we have 

a£d. Then , . 

' o+6=a— 


n =0 and 8 (s 8o) is independent 
6 = 0 


and -we obtain &om 12*34 (1) 

Pi = rAoos*p sin 26^1. (1) 

In this formula is the “longitade” meaeored from the X-axis, but as we 

have now ^dfied the X-axis as passing through Sg, (1) becomes 

^i = r6oos*ysin2((3*— Gj)’, (2) 


where G is the galaotlo longitude of G, as usually defined, and Gg is the 
galaotio longitude of the galaotio centre. 

Also, sinoe $ = (9o, we observe that h is simply Oort’s constant A. Thus 


(2) is Oort’s equation for the radial veloaities. 

Similarly, s/tg = jB+Aoob 2(G— Gg), (3) 

where JB is identified with &>,. 

Also, = - JAsinSI? sin2((? — Go). (4) 


The formula (3) is Oort’s equation for the longitude component of the 
proper motions. 


12*36. GaJacHc rotation and expansion. 


The general equations for Pi and are given by (1) and (2) of section 


12*34, namely, 

Pi = ^oos*p{(o-f-6)-|-(o-6)oos2(G-Go) + 2Aain2(G-Go)}i (1) 

K]io=:<i)g+hooB2{G-Gg)-i(a-b)Baxi2{G~Gg), (2) 

in which we have replaced by (G — Gq), ad in the previous section. IntrO' 
duoing Aq and P as defined in 12*32 (13), we have 

Pi = 4r(o + 6) cos* p+Pr COB* gr sin 2(G— Go— Ao), (3) 

ic^a = (a,-t-PcoB2{G— Go — Ao). (4) 

In Oort’s formula for the radial velooitieB, pi vanishes when 


G=Go+»»r/2 (w=0, 1,2,3) 

and the K term depending on r is absent. If the galaxy is rotating and 

expanding (or contracting), it is seen from (3) that the variable part of pi 

vanishes when ^ n . i , /» 

G = Go+Ao+»nfl'/2; 


one effect of expansion is thus to increase the apparent longitude of the 
centre, as determined by Oort’s method, algebraically by Ao- A «riTni1ii.r 
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oondiision follows from a ooiuddsration of the formula (4) for the proper 
motioDB in longitude. 

To form the equation of condition to be used, in the analysis of the radial 
yelodties we write (8) as follows: 

Pi = Jfi+-^*»'o<»“?+»’oo8*PHin2(Q‘-G‘o),Poos2A* 

- r cos* poos 2(0- Go). P sin 2A, (6) 

where ^(a +b) and. is a possible systematic effect arising, for example, 
from an inaccurate knowledge of wave-lengths; is thus equivalent to the 
£ term originally introduced by Campbell. 

In (6) we suppose that the value of Gg — ^the longitude of the galaotio 
centre — is known from considerations, independent of dynamical theory, 
as in Shapley’s investigations. Also, it is assomed that the distances, r, of 
the stars are known with sufficient accuracy; the 0 and early B type stars 
will be mainly used in investigationB of this type, arranged in groups 
according to distance. 

The quantities to be determined from a numerical application of (4) are 
Ki, Poob2Ao, Pain2Ao. 

Similarly, the quantitieB to be determined from an analysis of (6) are 


<i>s, P COB 2Ao, P sin 2Ao. 

Prom 12-34 (6), we obtain 



+ (’) 



W 


A full analysis of the observational material will thus give the values of 
the quantities on the left-hand sides of (6) to (9). 

An attempt has been made by Pilowski* to apply these formulae to the 
results of Plaskett and Pearoef obtained from their investigation of the 
0 and B type stars; but it would appear that Pilowski’s conclusions must be 
considerably vitiated owing to Plaskett and Pearce’s erroneous procedure 
in dealing with the K term.:( 

* A.lf. 367, 226, 1986. 

t M.N. 94, 679, 1984; Me abo PM. D.A.O, ( Vietorta), 5, No. 4, 1986. 

t W. M. Smart, M.N. 96, 668, 1636. 
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It is very doubtfolif wehave at the present tima adequate observational 
material (radial velocities and proper motions), ooveting a soffioient range 
in distance and distributed over all galaotio longito^, to justify 
somewhat elaborate analyBis required in the problem discussed in 
section. 

\ 

12*41. ThedirecHonofskvr-gkemMng. 

We have seen that in the theory of galaotio rotation the axia of greatest 
mobility on the galaotio plane is direoted towards the galaotio centre. If, 
however, the system of stars is ezpandiog (or oontraotipg) tid& 'reiEeEenoe 
to the galaotio centre, the projection of the velocity hT> 

plane may have its nxaj or axis at an anj^ ^ with tbe h-tHs by jdning 

the galaotio centre and the sun. This is Illustrated in Eig. 74, which is drawn 
for the galaotio plane, the 
direction in which galaotio 
longitude is measured being 
indioated by the arrow. If 
is positive (as in the figure), 
the direction of the vertex of 

preferential motions is ^ven C 7 y/ ^ 

by S7, so that the longitude I 

of tbe vertex exceeds the 

longitude of the galaotio oen- ongitudB 

tre, Q. Eddington’s disoussion ''•- 

of the Boss stars (of all types) places the longitude of the vertex at 
346°, just about 20° greater than Shapley’s value for the longitude of 
the galaotio centre; several other iuTestigationB are in support, at least 
qualitatively. On the other hand, if we oonsider only the evidence firom the 
B fype stars, from which the oharaoteristios of galaotio rotation— deduced 
from radial velocity measures — can only be satisfiEKitorily determined, the 
results are oonflioting. For example, the longitude of the vertex as deter- 
mined by lindblad* for stars of types BO to B7 is 289° (it is to be remarked, 
however, that, as the projection of his velocity ellipsoid on the galaotio 
plane is nearly circular, the longitude of the vertex can be but uncertainly 
defined) ; more recent vainest for B type stars are 336° and 301°, the former 
for stars close to the galaotio equator and the latter for stars within a fairly 
narrow zone centred at 20° north or south galaotio latitude, n.TiH Nord- 
strom’s valuet of 816° for stars of types 06 to B6 brighter thari the sixth 

* MJr. 90, 509, 1980. 

t W. M. Smart and H. B. Qieen, MJf. %, 479, 1980. 

i LuM MM. Bar. n. No. 79, p. 187, 1936. 
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magaitade. In any OTont, aJl these results oarry a ooDEiderable porobable 
error (of the order of ± 6°), and it is fairly evident thalt in fhia oonneotion 
theoretioal investigationB must not- be strained too far in aUianoe -with 
observational results. The following theoretioal disoussion is based on work 
by Shi-veshwarkar.* 


We consider only the motions of stars in the galaotio plane, With -the 
usual notation the equations of motion are 


- — + z » 0, 

(1) 

d + — - 0, 

m 

(2) 


in which K is the attractive force per unit mass; it is assumed that £ is a 
function of vs only. Also, the direction of 9 is in the sense of inareasing 
galaotio longitude. 

The equation of continuity for the firequenoy function/ is, in two dimen- 


Bions, 


Dt~ dvs^^de'^^dn^^de 


0 


or, by (1) and (2), 

y + /rif 4 . ® _rAM. _ „ 0 m 

dt^ dw^ vsdd'^ \vs jdll vs dO ^ 

Let ITo, Sf, denote the values of the radial and transverse velocities for the 
mean of the stars close to the sun; for stars at some distance from the sun, 
the observed quantities -will be i7— /7o and ('the effects of the ordinary 

solar motion being supposed removed). If, as in Eig. 74, the major «bzis of the 
velocity ellipse is inclined at an angle ^ to the axis defined by the galaotio 
radius through the sun, Sohwarzsohild’s ellipsoidal distribution of vejboities 
-will be represented in two dimensions by the velocity ellipse 

A(fT-i7o)*+m(f7-i7o)((9-€>o) + *(®-0o)* - 1. W 

and the frequency function may be -written as 

yf „ (6) 

in which it is assumed by Shiveshwarkar that/g, h, m and k are functions of 
the coordinates alone. 'Writing x and p for IT— ITq and 6>o respectively, 
we have the velocity ellipse given by 

hz*+mxp+kp* = 1, (6) 

for which the X and 7 axes are as shown in Eig. 74. 

* MJf. 9 S, ess. 193 S. 
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Tho (Mseatatioii of the maj or axis of this dlipse 'with lospeot to the x-azds 
i.gi™iby <«>!¥■ m 

BifEerentiate (6) logarithmioally -^th respect tow, 6, 11 and B in suooes- 

hf 

don and sabstitate the Tesolting expiesdons for -g^and ^ in (3); 

we obtain 

+I7^(2W7,+m©o) 

L/o oxn oxn , oxb oxu cxu 

+ B^{2kBii+ndTff)- -^(hni+mll^Bft+hBl)^ 

* IKi 

+ ©^(2i©o+mi7o) (W?o+*«^o®o+ *®o)J 

- -K^ [2W7+«»©- (2W7o+»»0o)] 

1TB ' 

+ \2k& + mil — {2kB^ + ntiTo)] = 0. (8) 

X3J 

This equation must be satisfied identioally for dl values of II and &. We 
obtain, on equating to zero the ooeffidents of IP, IPS, B*, IIB*, IP, IIB, B*, 
n, B and the independent term in the order indicated, 

3A - , . 

as-"- (*> 

dm 



(^i) 

dk dm 

+ (12) 

^(2W7o-f f»(9o) = 0, (13) 


m-^(2kBf,+mno) + ^{2ihIIo+mBa)-(2kBo+mno) = 0, (14) 

^(2t©o+ffliIo) + (2W7o+m©«) = 0, (16) 

^Qogf^-hni-mnoBo-kei,) + 2hK = 0, (16) 

o 

^Oogfo-hIIl-mnoBo-kBl)+mwK==0, (17) 

2Mlo+mBo = 0. (18) 
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Ha-ving regard to (18), we observe that (14) becomes 

tJ7^(2l!©o+*»»^o)-(2*6o+«i^o) =* 0 (19) 

0 

and that (15) becomes ^ (ikS,, + m77o) = 0. (20) 

The equations (19) and (20) give immediately 

2kS^+mII^ = pvf, (21) 

where j) is a constant of integration. 


12 * 43 . Aj^Ucatum to obaervationa. 

In Fig. 76 8 denotes the mean of the stars in the immediate neighbonr- 
hood of the sen and X a star at a heliocentric distance r and distant w+dvf 
from the galsictio centre 0. 

Let Xr denote the difference 
((?— (?o) of galactic 
longitudes of X and 0; 
then the angle between 
G3 produced and 8X is 
L + n. The systematic 
motions at 8 are ilo ctnd 
00 — ^the latter in the sense 
of increasing longitude — 
and at X they are IJi and We assume that Ui and are fonctionB 
of the coordinates at X. 

Then ill - n^+^dm+^de, 

e, = eo+^dm + ^dd, 

to the first order in dm and d6. 

Also, firom the figure, 

duj = roo8(X+»r) = — rcoslf, ......(1) 

urdd =» rsm (X+ff) = — rerinX. (2) 



Let p and T denote the radial and transverse linear velocities relative to 8 
(the latter in the sense of increasing longitude). Then 

p = i7iOoe(X+7r— d0) + 0isin(X+7r— dd)— I7o008(X+7r)-(9o8in(X+»r), 

( 8 ) 

T = 0iOoe(X+n'— «W)— /Tiain(X+7r— eft?) — 0o®o8(X+7r)+/Z‘osm(X+»r). 

•(4) 
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Siinplifyjiig (S) and (4) and iifdng (1) and (2) 'we ol^tain, to the first order, 

p=Br{A + Btm2L+OooB2L), ( 6 ) 

T = r{Ai—0^2L+BooB2L), (6) 


wheare 



9^0 

, l9®o 


dm ^ m dd ’ 



laiZo 

dm 


UT dd ’ 


.El. 

1900 

dm 

vr 

~m W 



l9i7o 

tI7 + 

dvt 

vf dd ■ 


The formula (6) oan be expressed in a form suitable for use with the com- 
ponent, /ig, of the proper motion by writing T = Krpg. 

The analysis of radial velocities and proper motions will fixmish the 
numerical values of A, B, 0 and A^. 

The equations of motion at 8 oan be expressed in terms of the coefficients 
A, B, 0, Ai as follows: 


Now 

Hence (11) becomes 


a4r at m 

jj dll^ &QdIlQ 

dt ^ ^ dm ^ m dd ' 


Similarly, the seo6nd equation of motion 


|(u;«^)s|{w6>o) = 0 


oan bo written 

Hence (12) and (13) become, with the help of (7) to (10), 
(A -1- C)no+ (B-Aj) Og+K = 0, 
(5+^)/Zo-l-(.l-C')6>o = 0. 


12*44. TJte formula for ^ in terms of A,... A-i. 

From 12*42 (21), by difierentiatmg with reepeot to tu, we have 


( 1 ) 
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Also, since by 12*42 (18) =» — 2A, 

"0 

we have, on difierentiating with respect to ttr and using 12*42 (9), 

(S) 

dTfh 

Eliminate from (1) and (2); there results 
ow 

<») 

or, in terms of the coefficients A, ...A^, 

p = 2©o|^+2ifc(B+Ai)-l-m(8A + 0). (4) 

Again, difierentiating 12*42 (21) with respect to 6, we have 

2*-g^ + 2©o^+no-g^+m-^ = 0. (6) 

But, by 12*42(11), 

and, by (12) and (18) of 12*42, 

3»» dk 6 q 

Hence (6) becomes 

dk 2* / 30o\ «» /(Q 3^o\ 

from which 0i^ “ — C7) — m(^i — B). (6) 

Substitute the expression for dkjdw^ given in (6), in (4); then 

p = 2ifc(B+Ai)+m(3A + (7)+^{2i(A-0)-m(Ai-B)} (7) 

iio 

Also, by 12*42(21), p = 2k^+n&-^. (8) 

U7 CS^Q TO 

G 0 — A n 

Equate (7) and (8) and write w for and ^ for ^ as derived from 
12*43 (16). After some reduction we obtain 

2ifc(Ai+B + w)»mj3A + 0+M5^+^^w} (9) 

Also, 2W7o-l-m6>o = 0 

or 2A(A-C') = »n(Ai+J?). 

37-a 
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Heaoe the deviation, defined in 12-42 (7) is given by 


2oot2j^ 


A^+B 

A-C 


|a4+o+ 


2{A\-B^) 

A-0 


A- 




jB + Ce> 


( 10 ) 


OgrodDikoff* has stumnarifled the values of B, 0 and obtained by 
several investigators from the analysis of the radial velodty and proper 
motion material then available. For purposes of oaloulation in (10) we 
take the set 

A = 0-0301, B = 0-0168, 0 = - 0-0061, A^^- 0-020. 

Also, if 300 kna./seo. and xu = 10,000 parseos, we have <y = — 0-03. 

Substituting these values in (10), we find 


Thus the longitude of the vertex exceeds the longitude of the centre by 1 1°. 

This result is in qualitative agreement with oonolusions drawn from the 
analysis of proper motions of stars of aU spectral types according to the 
two-stream or ellipsoidal hypothesis. It is to be remembered, however, that 
the information concerning the values of A, B and C comes fix)m the radial 
velodtieB of B type stars alone, and the evidence is somewhat conflicting 
and inconclusive as to the longitude of the vertex derived from these stars. 
For example, Lmdbladt and NordstromJ obtained values for the longitude 
considerably less than 325*^. On the other hand, the values found by Smart 
and Green§ are 336° from 281 B type stars within 10° of the galactic equator, 
301° for 263 stars between north and south galactic latitudes 10° to 30°, 
and 330° for 630 stars lying within 60° of the galactic equator; the probable 
error of the last result is ± 3°. 


12*45. It is easily seen from the expression in 12-42 (6), defining the 
frequency frmction /, that the star density v is given by 

vs r * f “ fdiids = — . 

J-mJ-J (4AA-m*)* 

If the potential is due entirely to the system of stars under consideration, 
Poisson’s equation must be satisfied, namely, 


IJ _ 37r«Q/o 

mdm ’ 


•( 1 ) 


If, on the other hand, we regard the system of stars under observation — ^for 
example, the B type stars — as a subsystem, the potential under which such 


• Zeita.f. A^rophyrib, 4, 190. 1982; see ako Shivediwiirkar, M.N. 95, 662, 1935. 
t MJf. 90, 503, 1930. 
t Lund Medd. Ser. n. No. 79, p. 162, 1936. 
s Mjr. 96, 479, 1936. 
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stais move will be that produced by the entire galootio system, and in thia 
case the formula (1) does not require to be satisfied. 

The group of equations (9) to (21), however, impose certain conditions 
on the form of the fimotion K, as first shown independently by Heokmann'^ 
and Lindblad.t 

By 12-42 (9), A is a function of 6 alone. Hence, from 12-42 (10), 

am*"®’ 

Consequently, m = Cm+D, (2) 

where 0 and D ore, at present, arbitrary functions o£6. 

Also, fix>m 12-42(10) and (2), 

1 “^- ( 3 ) 

Prom 12-42(11), 

aid from Ii!-42(12) m^+^+2|+2«, - 0. 

whence, by (2), (3) and (4), 

We must then have 

d*0 ^ ^ , a»z> ^ 

■^ + 0 = 0 and ■^^+42) = 0, 

BO that C = acosO + bsind?, (6) 

D = —2a sin 25 +2/? cos 2^, (6) 

where a, b, a and are constants. 

Hence m = tz7(acoB5+68in5) — 2a8in25 + 2/5oos25 (7) 

and A = aooB25+/5Bia25+7, (8) 

in which y is a constant. 

A1 Jl. lA ^ ( h\ 1 0m 2A 

AJbo from 12-42(12), 

from which it is readily found that 

k = ut(6cos 5— asin5)— aoos25— ;5Bm25 + y+/CTJif*, 
where k is a constant. 

Prom (16) and (17) of section 12-42, we have 

2K^ = ^(mmK). (9) 
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* JII.N. 96, 67, 1986. 


t M.N. 96, 69, 1986. 



422 


The Dynamics of ihe OaUtsey 


12-46 


fU 0Jf 

This bdoomes, on 'writing F(w)s-^ , 

vr{F(m)+2}(a6bed+b^0) — 2{F(m) — l}(aBia20—pooB2&) = 0. 

( 10 ) 

This equation must hold for all vahies of m and d. We then have the following 
oases. 

(i) a ■= 6 = a = /J = 0. 

The fonotion F{vr ) — and oonsequently the fonotion K — ^is aooordinj^y 
arbitrary. 

We have A =» y; »» =» 0; k = y+mu*, 

and from 12-42 (18) and (21), 


Iln — O and (9n = - 


pw 


.O-V -0-2(y + ^)- 

These resnlts are the same as those obtained in the theory of gsJaotio 


rotation disoussed previously. 

(ii) a^Q or b^O] a <= /i >= 0. 
Then 

whence 


J'(oy) + 2 s= 0, 

Jf(®) = £i- 

TZ7* 


The attraction in this case is due 'to a central mass. 

(iii) 0 = 6 = 0; or fi^O. 

Then F{w) = 1, 

whence -^(w) == srn. 

The attraction in this case is due to a uniform spheroidal distribution of 
mass. 

The conclusion follows that if there is expansion (or contraction) Shivesh- 
warkar’s theoretical derivation of a vertex deviation is legitimate only if 
'the attractive force is due either to a central mass or to a uniform spheroidal 
distribution. 

Lindblad’s derivation* of the preceding resul'ts foUo'ws simply from (2), 
(3) and (9). We have at once 

vj dK _D--2mC . . 

K'^~ D+vjC ' 

The left-hand side of ( 1 1) is a function of ur alone. Hence, if ( 1 1) is to be valid 
for all values of vr and 6, either D = 0 or (7 = 0, so that 

w dK _ , 

jraur“ ^ 

The results for K foUow as in oases (ii) and (iii). 

* JI.N. 96, 71 , 1986 . 
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12*46. The analytieai forma off^. 

In (16) and (17) of section 12-42 we write 

log/o - W7J - m/7o ® log/o - -P s Q. 

Now, by (18) and (21) of section 12-42, 

„ pmvj « _ iphw 
4AA-fn*’ ®"4Ajfc-m»* 


Hence 


pVm* 

m-m^‘ 


( 1 ) 


Considering case (ii) of the previous section (K — qjw*), we have 
A = 7; m Bs tzr(aooBd+&Bind), 
h = tcF(— asind-f 6oosd)+7-f-sTff®. 

We then write (16) and (17) of section 12-42 as follows (using (11)): 

or ^+g(osind-6oosd)| =» 0, 

— ^+g(asind— 6cosd)| = 0. 


Hence 


Q = — ff(asind— 6cosd)+c, 
w 


where c is a constant. Th\is 


In the first term on the right the expressions for h and m are to be substituted. 
In case (tii), am and 

h = a COB 2d +/? sin 2d +7, 
m = -2a sin 2d +2/9 cos 2d, 

h =a — A+27 + S7I7*. 

^(Q+Aflw*) = 0, 
d 


We have 
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This last eqaation is equivalent to 

= 0 . 

Henoe 

where is a constant, the expressions for h, k and m being supposed sub- 
stituted in the first term of the right-hand side of this formula. 


12*51. Oort’s investigation of the acederation perpendicular to the galactic 
plane. 

With the usual notation we take z to be the perpendicular distance of a 
star from the galactio plane and Z the corresponding component of velocity. 
The aocdieration in the z-direotion due to the gravitational field of the 
galaxy will be denotedby K{z). From the observed fact that the distribution 
of stars, especially of the later types, is fairly symmetrical on either side of 
the galactio plane, it is reasonable to assume that the function K{z) is such 
as to be capable of maintaming, at least approximately, the present observed 
distribution and that, so far as the z-direotion is oonoemed, the stars are, 
on the whole, well mixed. As we shall see later, the distribution of the 
^-components of velocity is also symmetrical about the galactic plane. 
The following analysis is due to Oort.* 

The equation of motion of a star in the z-direotion is 


whence = 2 j* Z^(z)e2z+ constant. 

If is the value of Z for z = 0, this last equation gives 

Z* = ZJ + 2jK(z) da. ( 1) 

From (1), Z sdz/di is a function of Zg and z; call it F(Zg, z). Hence 


dt = 


dz 


( 2 ) 


The period of a star’s osdllation in the z-direotion is then obtained by inte- 
grating (2) between the appropriate limits of z. Thus the period is a function 
of Zgj we denote it by I'(Zg). 

The fraction of the period spent in the layer between z and z+dz is 
evidently 2iz 

the factor 2 accounting for the upward and downward passage through the 
layer. 


* BJiJf. 6 . m, 1932 . 
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Let/(^g) iIZq dsnote thie total nanibeir of stais, above or bdow miit area 
of the galaotio plane, -with oompooente of velodty at 2 sa 0 between and 
Zff + dZ^\ let ^( 2 , Z) dzdZ denote the average number of stars in the element 
of volume between z and z+dz with velooity components between Z smd 
Z -f dZ, We then have 

il>{z,Z)dzdZ=f{Z,)dZ,^^y 
But, from (1), dZjZf^ a dZJZ. 

Honoe („ 

Accordingly, ^(z, Z) is a function of Z^, alone or, by (1), of 

jz*-2|'A:(z)dzj. 


If the distribution of the Z-components for stars on the galactic plane is 
Gaussian, it follows that the distribution of velooities at a distance z is also 
Gaussian. For, if v(0) denotes the stellar density for z 0, we have 

^(0, Zg) = v{0)^er^‘<f, (4) 


sinoe v(0) is the value obtained by integrating ^(0, Zg) over all possible 
values of Zg. Also, sinoe ^(z, Z) is a function of Zg alone, we must have, by 
means of (1) and (4), 


^{z, Z) = v(0)e 








< 6 ) 


which is a Gaussian distribution for the Z-oomponents. By integrating (6) 
over all possible values of Z, we find that the density, v{z), at a distance z 
from the galaotio plane is given by 


v{z) = v(0)e 




(«) 


If the observed velooity distribution is not quite Gaussian it can, according 
to Oort, be represented satisfactorily, as a rule, by the sum of two Gausaian 
distributions. The relevant formulae are then 




(7) 

wd 


(8) 


in which 1 anddj+dg » 1. 
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!For an arbitrary distribution of the Z-oomponents the appropriate rela- 
tion between v, K(z) and the mean, 2?, of the squared vdlodties is 


K(z) 


1 8(vZ«) 
V dz • 


(9) 


If K(z) is expressed in om./Beo.*, and Z and z, as usual, in km./Beo. and 
parsecs respeotiTely, (9) can be wiitten* 

«:(*)- 7*48 xlO-»Z»|-Log(vZ«). (10) 

oz 


12'52. Oort’s application of the formulae in the previous section will now 
be briefly noted. 

The distribution of the Z-components of Unear vdocity was first in- 
vestigated by means of radial velodiies of stars within 60° of the galactic 
poles — in this conneotiop the radial velodties are assumed to be corrected 
for the effects of the solar motion. For a star situated at one or other of the 
galaotic poles the radial velodty and the Z-oomponent are evidently 
identical. For stars in the galactic zones considered, a suitable factor was 
applied to the radial velodties to transform them to the Z-oomponents. 
Qenerally, the Z-distribution was found to be represented satisfactorily 
by a sum of two Gaussian distributions and the values of li, and 6^, of 
formulae (7) and (8), were obtained for each spectral type. A subsidiary 
investigation showed that the Z-distributions were substantially symmetrical 
above and bdow the galactic plane, which supports the assumption on which 
the formulae of the previous section are based. 

To determine the variation of density (v) with distance from the galactic 
plane, Oort utilised van Bhijn’s resultsf concerning the numbers of stars 
between given limits of parallax and absolute magnitude. Thus the values 
of Log v(z) and djdz Log v(z) were obtained for values of z up to 600 parsecs 
in four groups of absolute magnitude ranging from — 1’°'^*6 to -I- 6’°'‘‘6. 

With the data indicated and values of Z* for different distances, numerical 
estimates of K(z) for the four magnitude groups were calculated by means 
of 12*61 (10). Table 62 shows the values oiK{z) averaged for the four groups. 


Table 62. Folztea of K{z) 


z 

(parseos) 

K(z) 

(om./Beo.*) 

z 

(parseos) 

K(z) 

(ran./seo.*) 

60 

-0-77X10-* 

260 

-3-78X10-* 

100 

-1-65 

300 

-3-86 

150 

-250 

400 

-3-68 

200 

-3*62 

600 

- 4.44 


* 6, 261, 1932. t Qrmwngen PuU. 38, 1980. 
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The Dyncmica of the Qalaacy 

In paftioiilai, the data of the table enable ns to derive a value (at least 
approzunate) of dK(z)ldz for s s 0 — ^that is, for the nei^bonihood of the 
snn; this value is 6 . 10-*® sec.-*. 

Oort then attempted to obtain some idea of the density of dark matter 
near the sun by oonsideiing several models of the galaxy. For example, if 
the model consists of a central mass and a uniform ^heroided distribution, 
-with semi-axes a and c, we have 

= ( 1 ) 

in which 0 is the gravitational constant, y is a number depending on the 
ratio of a : e — the value of y can be easily found from the formulae (1) and 
(2) of section 11'64 — and A is the total density, including stars and dark 
matter. Formula (l)then enables us to calculate the value ofd near the sun. 
Oort investigated four difierent models, the total masses being conditioned 
by the consideration that the forces exerted in the galaotic plane balance the 
centrifugal force arising from a rotational velocity of 300 km./sec. at a 
distance of 10,000 parsecs from the galactic centre. It was found that A 
varied between 0'076 and 0-108 solar masses per cubic parsec, with an 
average value of 0-092. The stellar density near the sun is estiinated to be 
0-038 O p^r cubic parsec for stars of absolute magnitude brighter than 
13-6. MaTring an allowance for intrinsioally fainter stars, Oort oondluded 
that the density of dark matter near the sun is not likely to exceed 0-06 O 
per cubic parsec or 3 x 10-** gm./om.* 
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ASTEONOMIOAL CONSTANTS 


[Coordinates are fw epooh 1Q00<0; T is measured in Julian oenturies 

from IQOO'O.] 

Constant of gravitation: 6’668xl0~^ o.g.B. units. 

Velooity of li^t in vacuo: 299,774 km./8eo. or 186,271 miles/seo. 
1 Astronomioal unit: 149*6xl0‘km. or 92-9x10* miles. 

1 Farseo: 80-84x10’* km. or 19-16x10“ miles. 


1 Ii^t-: 7 Bar: 9-463x10“ km. or 6-880xl0“mileB. 

1 Parsec = 3-26 light-year. 

1 Light-year = 0-307 parsec. 

IdasB of Earth: 6-98x 10*^ gm. 

Mass of Sun: 2-00xl0“gm. 

Annual general precession (Neuwomh): 60''-2664-f- 0*-0222 T. 

Annual precession in BA.. (Newcomb) : m = 46'-0860 -f 0**0279 T 

= 3*-07234-i-0*-00186r. 

Annual precession in Deo. (Newcomb) : n — 20'-0468 — 0'-0086 T. 

Obliquity of ediptio (Newcomb) : e = 23° 27' 8'-26 — 46* -86 T. 

Qalaotio equator: — 

Pole:a=190'’,8 = -f28°. 

Longitude of asoendiog node on ecliptic: 266°-96 -f l°-40 T. 

„ „ „ „ „ equator: 280“-00 -I- 1‘’-232’. 

Inolinatian to ecliptic: dO^-SS. 

„ „ equator: 62°-00 -I- O^-dST. 

Coordinates of galactic centre : 0 — 327°, fir » 0°. 

Sun’s distance from galactic centre: 10,000 parsecs. 
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Solar motion (Ccm^gbAt and Moon ) : 19*7km./fieo. 

{Smart and Orem ) : 10*6km./seo. 

Apex of Drift I (Eddington ) : a = 91®, 8 = — 16®. 

„ „ „ n „ a=288®.S=-64®. 

Vertex of star-Btreaming (Eddington ) : a =» 274®, 8 = — 12®. 

0=347®, fl( = 0®. 

Solar motion -with respeot to dusters (Edmondson ) : — 

T^=274km./seo.; Apex: 0 = 67®, (^ = +1®. 

Oort’s oonstants: A = 0'017 km./seo./parseo. 

B=-- O'Oldkm./seo./parseo. 

Mass of galaxy: 2xlO“0'“^xlO“gm. 

Orbital period at sun’s distance from galaotio centre: 2x10* years 

Galactic absorption (7’ruinpler) : 

Visual; O^^'SS per Idloparseo. 

Fhotographio: 0®'67 „ „ 
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